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Introduction

QCD is the theory for strong interaction. In this manuscript, we will concentrate on the short distance dynamics
of QCD, that is on the perturbative approach, which is applicable whenever one can show that a hard scale is
available in the process under investigation.

The factorization between short distance and long distance dynamics of QCD has been studied since the
very beginning of QCD. In the standard Operator Product Expansion, either for space-like (DIS) or for time-like
processes (eTe™ annihilation), one is able to justify this factorization, relying on the twist expansion in a fully
controlable manner. This gives a systematic way of isolating long distance matrix elements from short distance
coefficient functions. The physical observables are then expressed as convolution (in longitudinal momentum
space) of these quantities, to be desentangled by suitable Mellin transformations. Given a renormalization
scheme, these quantities satisfies renormalization group equations, and the corresponding anomalous dimensions
have been computed to higher and higher orders, now up to 3 loops. The solution of these renormalization
group equations can be expressed in Mellin space relying on the asymptotic freedom of QCD. This treatement
provides a very efficient treatment, at the level of one percent typically, both for pure QCD studies and for
studies of the electroweak sector of the standard model, where precision measurements requires clean evaluation
of QCD effects.

Both experimentally and theoretically, efforts where first devoted to the study of inclusive observables, in
particular to Deep Inelastic Scattering (DIS), which settled down the fact that QCD was the correct theory
for strong interaction. The studies related to exclusive processes were mainly devoted to hadronic form factors
and fixed angle elastic scattering, for which several tools were elaborated during pre-QCD times and then
incorporating perturbative QCD developpements, combined with non-perturbative tools like QCD sum-rules.

Since a decade, interest for exclusive processes has been renewed. This was partially due to the possibility
to access the detailled angular momentum content of the nucleon, after it has realized by Ji [1] that the quark
orbital contribution could be extracted through Deep Virtual Compton Scattering. Since then, much effort have
been devoted to exclusive processes, which began to be accessible in high resolution detectors at high luminosity
accelarators (CEBAF, etc...). This gives the possibility to study the structure of hadron through the use of
(virtual) photon probes, from pure diagonal observables (parton distributions) extended now more and more
to non diagonal observables (Generalized Parton Distributions (GPDs), Generalized Distribution Amplitudes
(GDAs), Transition Distribution Amplitudes (TDAs), etc...).

In a rather parallel way, and somehow independent approach for a long time, tremendous efforts were
initiated in the sixties in order to understand the strong interaction in the very large center of mass energy limit
(large s and fixed ¢ Regge limit), and led to the introduction of the concept of Pomeron, and later on of Odderon.
Such problems were addressed again almost immediately after QCD was settled down, within the framework
of Quantum Field Theory, for observables for which perturbation theory could be trustable (excluding proton-
(anti)proton cross-sections for example), leading to the seminal work of Balitski, Fadin, Kuraev and Lipatov
(BFKL) [2-5] on the hard Pomeron. The starting of HERA in 1992 renewed the interest for these questions,
and the so-called small-z; physics (which corresponds to the large s limit & la Regge) started to be tested by
H1 and ZEUS collaborations, in e*p DIS.

The natural question which was first adressed, apart from the formal interest of studying QCD in the Regge
limit, was to know whether this was needed by the data, or asked in a pessimistic way, if standard renormalization
group treatment could not be sufficient even at very low values of xp;. At the same time, HERA was considered
to be the best place to see the onset of unitary corrections, which should manifest themselves through non-linear
saturation effects, first emphasized in the comprehensive Gribov, Levin and Ryskin review [6]. In this spirit,
the discovery of the geometrical scaling phenomenum in HERA data can most probably be considered as a
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manifestations of saturation effects.

It has been realized that even with the very high statistics of HERA data, such a question of clearly seeing
linear perturbative QCD evolution a la BFKL could not be answered based on inclusive data. This explains
the increasing interest for exclusive processes when considering QCD in the Regge limit, making some bridge
between the “low energy” community involved in GPD-like physics and the “high-energy” community involved
in small-zp; physics. Meanwhile, it was also the reason why we got interested to exclusive processes, which
at early time of HERA was considered to us as another world, rather low energy oriented, and (for unjustified
but cultural reasons) not fascinating. Though, while used at first stage as a tool to investigate further the
perturbative Regge dynamics, we soon realized that the study of hard exclusive processes was a very active
field, with a strongly based starting-from-first-principle approach. This was the reason why we started, in a
continuous way, to get strongly interested in both domain, trying to use and develop concepts and implementing
phenomenological idea from one side to another one, and vice-versa.

This manuscript is thus a footprint of this activity (in a reversed historical perspective). The production
of p—meson will one of our main Ariadne’s thread, which will be investigated through many aspects: twist 2
factorization within GPDs, GDAs, TDAs, factorization beyond leading twist in relationship with polarization
effects, diffractive production in the perturbative Regge limit...

The manuscript starts by giving an (incomplete) overview of the collinear approach of hard exclusive pro-
cesses, in Part. L.

In Chap. 1, we will review the basics of factorization of exclusive processes, at leading twist, from form-
factors to DVCS. We will introduce the whole set of GPDs and discuss their basic properties. We will then
turn to the extension of DVCS to hard electroproduction of vector mesons. As an application, we will show
how one may access the GPD helicity-flip through a very exclusive process, which should however become soon
accessible.

In Chap. 2, we will extend the collinear approach to less diagonal quantities than GPDs. First, we will
elaborate on the properties of GDAs, for which we will present with some details the evolution equations and
their solutions. We will illustrate the factorization of GDA in the case of the vv* — =~ exclusive process at
threshold, for which we will exhibit an evolution equation with an anomalous contribution. Next, we will extend
the notion of GPD to the case of an exchange of mesonic or baryonic quantum numbers in t—channel, leading
to the introduction of TDAs. Both extensions will be then illustrated in the exclusive process v*v* — pr pr,
for which we exhibit factorizations involving a GDA or TDA depending on the energy and on the photon
polarizations. Further, we will show how collinear factorization at dominant twist 2 provides a way to get
access to hybrid exotic mesons, in electroproduction and in v ~v* collisions, with presumable high counting rates.

In Chap. 3, we will present a non-covariant scheme (Light-Cone Collinear Factorization) when dealing with
factorization beyond leading twist, and show its equivalence with the Covariant Collinear Factorization at twist
3.

The developements of QCD based on the dynamics specific to the perturbative Regge limit will be presented
in Part II.

In Chap. 4 we will review the theoretical status of QCD in the perturbative Regge limit, including BFKL
Pomeron, Odderon, impact factor representation, higher order corrections and saturation effects.

In Chap. 5 the various tests of BFKL dynamics will be rewieved, in hadron-hadron collider, at HERA and
at LEP2. This includes in particular our very recent complete NLLx study of Mueller Navelet jets.

In Chap. 6 we will show in detail how it is possible to use in a very efficient way the Light-Cone Collinear
Factorization for the practical computation of the twist 3 v* — pr impact factor.

The Chap. 7 will be devoted to studies the possibilities offered by )™ colliders for studying QCD in
the perturbative Regge limit. In particular, we will give some basics on photon colliders and on ILC project.
We will then concentrate on two situations. The first one deals with the diffractive production of p mesons in
v*~v* collisions. The second one present a study of an exclusive observable sensitive to the Pomeron-Odderon
interference, in order to find the elusive hard Odderon.

This manuscript will concentrate on perturbative QCD, only barely considering non-perturbative aspects
when needed for phenomenology. We will try to be rather explicit when needed.
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Collinear Factorization in QCD






Chapter 1

From inclusive to exclusive processes

1.1 Introduction

Since a decade, a tremendous effort is being performed to extract exclusive data. They are now coming with
increasing precision (DVCS, meson production, polarized experiments, ...) at moderate and high energy. During
the same period, there have been much theoretical developpements in hard exclusive processes, and the basis of
collinear factorization were settled down, starting from the DIS and Distribution Amplitudes (DAs). The first
investigation in the spirit of exclusive processes was the studies of form factors accuring in the hard reactions
like v*7 — 7 or v*p — p. It was first shown that a counting rule [7, 8] could predict the scaling behaviour
of the form factors for large Q2. Mainly relying on dimension analysis, they ultimately led to the microscopic
description of the coupling of the hard photon probe to the constituent of the hadron, known since the end
of the '60s as quarks, in the spirit of the parton model. In terms of Feynman diagram, the simplest possible

hard partonic process

Figure 1.1: Parton model for describing a hadron form factor, in the elastic scattering e”p — e~ p. The dotted
part corresponds to the hard part of the process. Bold line denotes hard propagators.

configuration describing the hard coupling of a hard photon (denoted hereafter as v*, with a virtuality Q?)
to a hadron which remains intact after the scattering is illustrated in Fig. 1.1. This can be justified for an
hard process, when the virtuality of the hard photon probe is much higher than the any typical hadronization
scale, relying on the fact that correction are suppressed by powers of the strong coupling, which is small due to
asymptotic freedom. The main difference with the usual partonic description of Deep Inelastic Scattering (DIS),
illustrated in Fig. 1.2 and the elastic case is due to the fact that the bound state, which for the illustrative
example of the proton is to be understood as a gqg Fock state in the parton model, should remain intact while
it scatters off the ~v*. Therefore, gluonic exchanges should occur in order that the partons “turns” and do not

11
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*«_ hard partonic process

\q

Figure 1.2: Parton model for the Deep Inelastic Scattering e”™p — e~ X.

fragment. This explains why, contrarily to the DIS case, for which scaling invariance occurs, the form factors
dramatically falls off when Q? increases, due to the presence of hard propagators in the hard subprocess (bold
line in Fig. 1.1).

This can be most easily understood when using the Breit frame. In the case of DIS, introducing the usual
Bjorken variable

Q2
- 1.1

the momentum of the photonic probe reads, in the Breit frame,

q=1(0,01, —22B;P)=(0,0.,Q) (1.2)

which means that the parton (of momentum «P with # = xp;) which is scattered by the photon faces a turn
back of its momentum before and after the interaction:

pi=zp=(xP,0L,2P) pitqg=zp+q=(zP,0.,-zP).
SN - (1.3)
before scattering after scattering
In the peculiar case of elastic scattering, zp; = 1 and ¢= —29. In the Breit frame, which is a peculiar infinite

momentum frame, one can safely neglect any transverse momenta (their order of magnitude is typically the
hadronization scale) with respect to the longitudinal momenta in the z direction (which is the direction of the
boost when passing from the rest frame of the hadron to any infinite momentum frame). In the parton model,
each incoming parton thus carries a longitudinal momentum ; p (3> x; = 1) while each outgoing partons have
a longitudinal momentum z, p’ (3 2} = 1).

Let us consider for a moment the hard part of Fig. 1.1. Each hard gluonic propagator contributes with a
factor ~ 1/Q? while the fermionic propagators contributes with a typical factor ~ 1/Q. In order to get the
scaling of the whole amplitude [9], assuming factorization between the long and the short distance dynamics,
one may assume, like in the partonic model applied to DIS, that the fermions behaves as free particles before
and after the hard interaction. This means technically that one can simply replace the incoming and outgoing
fermions by their free spinors. Since the spinor of a massless fermion or equivalently a massive fermion in a
large boosted frame is

u(p) ~ VZEE (L4)

where ¢ is one of the 4 elementary spinors (1,0, 0,0), (0,1,0,0), (0,0,1,0), (0,0,0, 1), each incoming (outgoing)
spinor contributes with a weight ~ /z; [p| (~ /2 |p’]), or equivalently, ~ /@ (except in the end-point regions
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x; — 0 or z; — 0 which we do not consider for the moment). Thus, in the case of the pion form factor, the
elastic amplitude scales like 1/Q? (1/@Q)* = 1/Q. Turning back to the structure of the matrix element of the
electromagnetic current for scalar particles, which reads

const

const ,
~|lp+tp )u?

[P ulp)] ~ (1.5)

one deduces that the pion for factor should scale like 1/Q? for asymptotic Q.
The same counting rule applies to the baryonic case, giving a typical behaviour like (1/Q?)2(1/Q)*(v/ Q)% ~
1/Q? and thus

const - const
(BEIBO) ~ G ~ |0, 5 (16)
where U and U’ are baryonic spinors. From this one may deduce that the Sachs form factors should scale like

1/Q%

More generally, considering the form factor of a hadron with n minimal constituents (n = 2 for a meson and
n = 3 for a baryon), one immediately generalize the previous counting rules: the lowest order diagram involves
n — 1 gluonic propagators (1/Q? contribution) to force the constituents to turn due to the v* scattering (which
means that the corresponding Feynman diagram should be connected), with n — 1 fermionic propagators (1/Q?
contribution). Each (anti)quark external line contributes with a factor /g, and an additional prefactor 1/Q
should be added when relating the amplitude to the form factor definition. This finaly leads to a contribution
1/Q*»=1 1/Q=Y Q" 1/Q and thus to the counting rule

2

Note that this counting rule can be obtained by dimensional analysis, without refering to detailled structure
of the hard part as we have done above. For further use, it is instructive to get the same result by using the
Sudakov decomposition, or equivalently to use a light-cone basis. For any vector (v°, v!, v, v®) one defines in
the usual manner

1
et = —(2" + 28
RS
- Loo_ 3
T = —@' -z
=
z = (2?,2%) (with euclidian metric). (1.8)

The scalar product between two vectors v and vy reads
vie = v vy +oTvd —vg v (1.9)

The Sudakov basis is defined through the introduction of two light-cone vectors pi(2y (+(—) directions) with!
2p1-p2 = 5). In the peculiar example discussed here, a natural choice is given by choosing py(1y as the incoming
(outgoing) hadron momentum, and Q2 = s. Any momentum is then expanded as

k = apr + Bp2 + ki,
¥ - i (1.10)
examplifying the relationship with the light-cone coordinates. In particular the momentum square reads
B =afs+k? =afs—E =2k —k*. (1.11)

Within this basis, the hard part of the form factor can be drawn as illustrated in Fig. 1.3. In this light-cone
decomposition, external (on-shell) lines attached to the soft (non-perturbative) part carry momenta flying only
along + or — directions, while due to the kink, an exchange of both large + and — is needed within the hard

n general applications s will play the role of a large parameter. Its relation with external kinematical parameters will depend
on the specific process under consideration.
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N

7" + - -

Figure 1.3: A typical contribution to the hard part of the hadron form factor. The 4+ and — indicate the large
light-cone momentum flowing along the corresponding lines. Bold line denotes hard propagators.

part. One can check on the example of Fig. 1.3 that the typical values of a3s is of the order of @2, the hard
scale, for any propagators entering the hard part. Such a diagramatic analysis is at the heart of any proof of
collinear factorization.

A similar analysis based on counting rules can be applied to large angle elastic scattering processes hq hy —
ha hy, i.e. in the regime where all s, ¢ u invariants are large [10], leading to a similar counting rule as the
one obtained for the form factor. However, in this latter case, the analysis is complicated by contributions
which are disconnected, when analysing the hard part from the point of view of Feynman diagrams [11], as
illustrated in Fig. 1.4 for 7(p1) w(p2) — m(p}) w(ph) scattering. The underlying assumptions is that there exist

T1p1 U1 p'1

D2 P2

Figure 1.4: A typical contribution to large angle 7(p1) w(p2) — 7(p}) w(ph) scattering which is not governed by
hard counting rule. The two bold gluon lines denotes hard propagators. The grey blobs symbolize vertices of
non-perturbative nature.

peculiar configurations in the hadron bound state in which each constituent is assumed to carry a fraction
of the momentum of the bound state, i.e. x and & for the case of a meson (we denote Z = 1 — z), with a
negligible transverse momentum. Such configuration leads to an amplitude which dominates the pure hard
configuration, when evaluating the loop momentum integral, which is dominated by a pinching. It means that
when writing the diagram in a standard Feynman parameters representation (or equivalently in the Schwinger o
representation) in order to analyze the loop momentum integration, the leading contribution when s, ¢, u — oo
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is not dominated by end-point cointributions of these parameters, as usual for hard part occuring in collinear
factorization (as it would be the case e.g. in the form factor discussed above), but rather by configurations of
these parameter inside their domain of variation (see the illuminating example of a scalar diagram discussed
p.159 of Ref. [12]). Although these “pinched” contributions may be of importance for phenomenology, their
contributions are expected to be suppressed by Sudakov effects (which suppresses configurations where internal
constituent of hadrons are forced to be collinear) [13,14]. In practice, since this suppression only occurs in the
asymtotical regime, large angle pp data [15] require a combination of both type of contributions [16-18]. Note
that such a complication due to pinch singularities and Sudakov resummation effects does not occur as soon as
the process involves at least one external photon [19]. We will not discuss further these type of contributions
starting from now, except briefly in the case of photoproduction of mesons at HERA. For a rather comprehensive
review of factorization before the more recent developments in DVCS and related process, see Ref. [20].

1.2 From DIS to DVCS

1.2.1 Kinematics of DVCS

We consider the Virtual Compton Scattering process:

7*(q) p(p) — ¥ (d") p(®') - (1.12)

This process includes in particular the Deep Virtual Compton Scattering (DVCS) process for which ¢? is
large while the outgoing photon is on-shell. Another process which belong to this class is Timelike Compton
Scattering (TCS), in which the incoming photon is on-shell while the produced one is timelike, corresponding
to production of a pair of leptons. Finally, the more general case corresponds to the Double Deeply Virtual
Compton Scattering (DDVCS), in which both the (spacelike) incoming photon and the (timelike) out-going one
are far off-shell. Factorization is expected whenever at least one of the two scales |¢?| and /or |¢"?| are large,
when the Mandelstam variable s,, is large, with fixed |¢?|/s,, and |¢’?|/s,, ratios and fixed ¢ (this should
be contrasted with fixed angle scattering for which ¢ is also asymptotically large). We define the transfered
momentum by

A=p' —p=q-¢. (1.13)

As usual, one defines Q2 = —¢? and Q"2 = +¢'?. The first scaling variable to be defined is the standard Bjorken
variable ) )

Tp; @ @ (1.14)

- 2 q TW2irQro M2
The skewness £ is defined in a covariant manner by

(¢-4d) (g+q)

€Z_(p+p’)~(q4rq’)'

(1.15)

Expressing the various scalar product through the invariants W2 = (p+¢)? = (p/ + ¢)? and u = (p — ¢')? =
(p' — q)?, combined with the relation u + W2 +t = —Q? + Q"2 + 2 M? leads to

Q2 + Ql2

5:2W2+Q2—Q’2—2M2+t'

(1.16)

Neglecting t with respect to Q% and/or Q"2 and with respect to W? means that it is possible to choose two
light-like vectors p; (+) and p2 (-) such that the incoming and outgoing proton flies (almost) along po, the
proton receiving a kink A along ps and L directions only. The skewness can thus be written as

(p=p)-(a+d)+ _ (p—1)-

£~ = 1.17
p+p)-a+d)+  (P+p)- (10
Defining now the average momentum of the nucleons as
/
p_PbtP (1.18)

2
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which has two components, along - and | directions, one can rewrite the — components of p and p’ in the
convenient form

po=1+&P_andp_ =(1-¢&) P, (1.19)

while the — component of A reads
A_=-2¢P . (1.20)

1.2.2 DVCS and GPD

We now consider the DVCS v*(Q?) p — 7 p, which opened the way to the introduction of non-forward parton
distributions, now called GPDs 2. This subprocess can be experimentally studied in the process ep — ep~.
From Eq. (1.16) one deduces, since Q"% = 0, that

:L'Bj
= — 1.21
=52 (1.21)

which relates the skewness to the usual xp; parameter. This shows in particular that at small-xp;, which is
typical for HERA collider (H1, ZEUS experiments), skewness effects are presumably rather small, and were in
particular overcome in the seminal paper [28] on diffractive electroproduction, which was devoted to HERA
kinematics. We will not discuss here in detail the methods which have been developped [29] and are now used
for extracting GPDs from DVCS studies . Data on DVCS which support the factorization through GPD are
now coming from HERA [30-35] and JLab [36—40] with increasing precision, allowing for detailled studies of
GPDs. Further results are expected from COMPASS [41,42]. For a very recent review on experimental results,
see Ref. [43].

There are several ways to attack the problem of factorization of hard (inclusive of exclusive) processes. The
first one, which we will mainly deal with in this manuscript, and which we briefly illustrated in the previous
section, relies on the analysis of a given set of diagrams which are expected to dominate, which are then
factorized in a hard and soft part. Then, considering diagrams which does not allow for factorization, one
can practically show that they are suppressed in power of the hard scale (). This is the basis of the classical
hand-bag diagram analysis of DVCS [44] and of hard electroproduction of vector mesons [45].

In some cases, from this educated guess, one can infer a proof of factorization, for arbitrary diagrams,
leading then to “factorization theorems”. The basic tool for such an analysis is an appropriate expansion in
powers of the hard scale, like Q? for DVCS. In the Schwinger o representation, this large parameter appears
as multiplied by « dependent terms in the argument of an oscillatory exponential. These terms are ratios of
polynomials which are dependent of the topology of the given diagram. (see [46] p. 294 and [47] for details).
The large Q? limit is thus dominated by diagrams for which this ratio vanishes. This leads to a systematic
analysis of the amplitude as a convolution of “reduced” diagrams (hard part), convoluted with long-distance
contributions. This the basis of the Radyushkin approach already used for the factorization of the pion form
factor [48] and which lead to spectral properties of multiparton distributions functions [49,50] - among which
are Partons Distribution Functions (PDFs). This led to an all-order proof of factorization for DVCS and hard
electroproduction of vector mesons in the seminal and pedagogical paper? [51]. Another approach, this time
in Feynman parameter representation (which is completely equivalent with Schwinger « representation by a
simple rescaling of a—parameters) lead to an equivalent result for hard electroproduction of vector mesons,
in the seminal work of Collins, Frankfurt and Strikman [52]. In this proof, the analysis relied on the Landau
theory [53] of pinch singularities, in order to extract the dominant diagrams when carrying the expansion with
respect to the large parameter (here Q?), and in particular on the Coleman-Norton theorem [54] which gives a
simple tool to classify the various soft contributions which may occur in terms of classical allowed trajectories.
In both treatments, the non-trivial step is to prove that diagrams, which have a non factorizable topology are
suppressed in the 1/Q power counting. This relies in particular on the Ward identities of QCD, which complicate
the counting rules in comparison with scalar theories. Similar tools were used in the proof of factorization of
DVCS of Refs. [55] and [56]. Any of these proofs relies on rather technical arguments with would need too much
developments, and we thus refer to the quoted literature.

2For early reviews on GPDs, see Refs. [21,22]. See Refs. [23,24] for more recent reviews. Up-to-date reviews on models and
data can be found in Refs. [25-27].

3See section 9 of [23] for a detailled review.

40One can find there a account of the main idea based on a detailled analysis of the box diagram in scalar field theory.
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There exist actually others more formal proofs, which originate from DIS. Let us recall that DIS deals with
the total v*(Q?)p — X cross-section, which is related to the forward amplitude of the v*(Q?)p — v*(Q?)p
process through the optical theorem. The factorization of the DIS cross-section can be formally proven based on
the coordinate space Operator Product Expansion (OPE). It involves the convolution of a coefficient function
(hard part) with the forward matrix element of a light-cone operator. Historically [57—60] this was proven and
studied based on the relationship between moments of the structure functions and local light-cone operators,
and using these sets of operators to perform an OPE. The structure function are reconstructed based on the
knowledge of an infinite set of these moments. This is intrisically due to the fact that the operator product
expansion in the limit 22 — 0

J(@)J(0) =D Cu(@®) & - 2" Op,y oy, (0), (1.22)
n=0

involves an infinite set of local light-cone operators and of Wilson coefficients (hereafter also called “hard part”).
It turns out that the problem of resumming an infinite sum can be overcome by considering non-local light-cone
operators. One of the practical advantage of considering such operators is that they satisfy renormalization group
equations which leads, when considering specific matrix elements (forward hadron-hadron matrix elements for
PDFs, non-forward hadron-hadron matrix elements for GPDs, vacuum-hadron matrix elements for DAs, etc...),
to various sets of QCD evolution equations: Dokshitzer, Gribov-Lipatov, Altarelli-Parisi (DGLAP) [61-64] for
PDFs and Efremov-Radyushkin, Brodsky-Lepage (ERBL) [48,65,66] for DAs. Non local OPE was investigated
long before the more recent interest for DVCS [67,68] (see also [69]), in particular in order to understand
factorization of DIS and inclusive eTe™ annihilation [70,71]. Its use for DVCS and hard electroproduction lead
to the classical approach of the Leipzig group [72].

+- +

Q*— o0
—

vl

p=p2+

Figure 1.5: Momentum space factorization of the DVCS amplitude in the hard regime. The signs 4+ and —
indicate corresponding flows of large momentum components, with respect to which transverse components are
neglected.

We will now explain how factorization of the DVCS amplitude in the large Q? limit occurs, without giving
any argument of the reason why other non factorizable diagrams are suppressed, refering to the literature for
proofs. The factorization follows two steps.

Factorization in momentum space

First, one should factorize the amplitude in coordinate or momentum space. We will deal here with the
factorization in momentum space, which makes the connection with Feynman diagrams more direct. This can
be set up more easily when using the Sudakov decomposition (1.10), this time with ps chosen in such a way that
P =Z(p+p') (see Eq. (1.18)) reduces to ps in the limit of P? — 0 we are interested in, i.e. the — part of P is
identical to ps, and other components are unimportant from the point of view of factorization (it matters for
the soft part, but not for the hard part). The vector p; is somehow arbitrary, and can be choosen in convenient
way by relating it to the external kinematics, in such a way that

2

Q
= — S py. 1.23
¢=p1— 5P (1.23)
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This choice means that the outgoing photon satisfies

up to a term proportional to ps to satisfy the mass-shell condition. Another choice of kinematics is possible,
by chosing p; to be along p,. This as to be kept in mind when we will implement a double factorization when
replacing the produced photon par a vector meson, in which the second factorization goes along the py direction.

We will discuss in detail the arbitrariness related to the choice of p; in Chap. 3, for the case of exclusive
hard processes beyond leading twist. We will for the moment restrict ourselves to the twist 2 dominant case. In
the limit Q% — oo, the only component of the momentum % to be kept in the hard blob H is k_ . In particular,
this means that the quark-antiquark pair entering H can be considered as being collinear, flying in the direction
of the ps momentum. Therefore, the amplitude reads

[d* S(k, k+A)H(q, k, k+A) = [dk~ [dktd?ky S(k, k+A) H(g, k=, k= + A7),

as illustrated in Fig. 1.5 with po = %(p +p"), A =p'—p. The fact that this approximation in the hard part leads
to the dominant contribution in the 1/Q power counting can be checked explicitly in the case of the hand-bag
diagram. This relies on exactly the same idea as the one used for the counting rule of Sec. 1.1: at twist 2
the hard part can be computed by keeping the dominant term in the Taylor expansion around the dominant
light-cone momentum carried by the partons.

Factorization in the space of quantum numbers

Additionally to the infinite representations of the Lorentz group considered above, one should as well consider
representation of finite dimensions, of spin 1/2 (quarks, antiquarks) and of spin 1 (gluons). At the same time,
a factorization in color space is needed. In the specific case of the two partons (quark-antiquark) contribution,
this means that one should factorize the amplitude in spinor space and in the fundamental representation of
SU(N). Both of these factorization can be achieved based on the Fierz identity (see [46] page 160). Let us
recall that in 4 dimensions, there are 16 independent Dirac matrices

I's ry Iy 181 I'p
_ (1.25)
I oo =5yl iy
Denoting®
= ()"t (1.26)
On readily gets that
(7#)71 =T = FV,LL s (O—ﬂy)il =0 = FT,ul/ s
(1.27)
() =y =Tan,  (°)'=—ir®=T5".

Since the hermitian conjugate of the matrices I'* is obtained through intertwining with the v° matrix
@)1y =1

this immediately implies that WI'®W are hermitian quantities. When considered as to non-local operators, these
are the basic objects used for describing the soft part involved in the factorization of hard exclusive processes.
From (1.27), one immediately gets the key relation

TrI°Ts = 403 . (1.28)

from which one can identify the coefficients of the decomposition of any 4 x 4 matrix in the basis of ['* matrices

1 1
X = o = {1 Tr (XTa) = 1T Tr (XT*), (1.29)

5For «* , this is compatible with the fact that (y#)~! = v,, obtained when using the metric tensor g. .
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from wich one deduces the Fierz decomposition of the identity in the tensor product space (denoting bispinor
indices with latine letters and labelling the Dirac matrices with greek letters)

1
Opp daa = 7 Tapa Lap - (1.30)
This identity can be illustrated graphically as
b b -
- - b b
1
== 1.31
- . 4
_ a a
a a

The Fierz identity in color space goes along the same line, and a graphical rule can be given for practical
use [73]. A graphical representation of generators of the Lie algebra of SU(N) in the fundamental representation

t7; 1s given by
i =
; , ti; - (1.32)

i
) 7

where the fundamental line carry an index to distinguish N and N representations. Generators are convention-

naly normalized as

Tr (1% t%) = %5“’). (1.33)
This relation, similar to (1.28), enables to prove the Fierz identity
ti the = l (51-4 Ok — iéij 5k4) . (1.34)
2 N
which is proven by expanding an arbitrary N x N hermitian matrix on the basis I and t* (a = 1,---, N2 —1).

This Fierz identity can be illustrated graphically as
1 14 1

¢ il
s T = 1
' 20 N NS (1:39)

or equivalently, in the form to be used below,

i L

j/\k )C +2 DYW( (1.36)

k

The Fierz identity in spinor and color space then shows that the DVCS amplitude completely factorizes, as
illustrated for quark-antiquark exchange in Fig. 1.6. The above Fierz relations fixes the Feynman rules when
computing the hard part, as we will illustrate in details in Chap.6 in the example of the v* — p impact factor.
The final form of the factorized DVCS amplitude thus reads symbolically:

M = GPD ® Hard part. (1.37)

We will now present with some details the structure and properties of GPDs.

1.3 GPDs: some basics

We now define and review basic properties of GPDs. We will here adhere on the conventions of Ref. [23].
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Figure 1.6: Factorization of the DVCS amplitude in the hard regime. The blob with a cross denote a set of I"
matrices. In the above (hard) part, the lines entering and exiting the crossed blob carry spinor and color indices
but do not propagate any momentum. The corresponding momentum are on-shell. The whole momentum
structure is contained in the blob H.

1.3.1 Definitions
Helicity non-flip GPDs

As explained above, the factorization of DVCS into a hard and a soft part naturally involves generalized parton
distribution [1] which are defined through matrix elements of quark and gluons non-local operators with a
light-like separation. We restrict ourselves for a moment to the GPDs in which the total transfert of helicity is
zero. Using the conventions of Ji [74], the quarks GPDs are defined as®

F= %/ E o g 32) v a(32) o)
= 2}% {Hq(:c,«s,t)u(p')v‘u(p) +Eq($,§,t)u(p’)%u(p):| ,
Fo= %/%ewﬁ(p'lq(—%Z)v‘%Q(%Z)lp) oo
- 21-% {Hq(z,é,t)a(p’)vw)u(p) +Eq($,§,t)ﬁ(p/)%u(p>:| _ (1.38)

The Lorentz invariance implies that the GPDs H?, E4, H9, E4 only depend on the kinematical variables z, &,
and t. Note in particular the fact that they thus do not depend on individual plus-momenta, but only on x and
& which are minus-momentum fractions. This is due to the invariance of the above GPDs with respect to boost
along the z—axis.

The above definitions are valid in the light-cone gauge A~ = 0. For arbitrary gauges a Wilson line

6We use non-standard labelling of large momentum in order to prepare our focus on electroproduction: thus P~ is large for the
hadronic probe.
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[—12%, 227] should be included along a light-like path between the two fields at positions —32z and 1z, with

1
[21, z2] = Pexp z'g/dt (z1 — 22) APt 21 + (1 —t) 22| (1.39)
0

defined in accordance with the convention
i Dy=10,+9A,, (1.40)

for the covariant derivative. This Wilson line ensure the gauge invariance. From a physical po“int of view,
in the hand-bag factorized picture, this Wilson line in fact resums the infinite set of longitudinally polarized
gluon exchanged between the fermion line joining the two photon vertices and the nucleon, which are not 1/Q
suppressed. Any emission from the external lines joining the photon vertices to the nucleon compensate based on
color neutrality, through unitarity arguments (see for example Ref. [9] p. 180 or Ref. [51]). This resummation
has the nice feature to factorize completely from the hard part and can therefore be attributed to the non-
perturbative correlators defining the GPDs. The same feature will occur for any non-perturbative correlators
involved in collinear factorization. In a light-cone gauge, this Wilson line turns to unity, in agreement with the
fact that gluon are only physically polarized in such gauges. Note that these non-suppressed gluons should not
be confused with the exchange of transversally polarized gluons, which are 1/@Q suppressed and which contribute
starting from twist 3. Such twist 3 gluonic contributions will be considered with much details in Chap. 3 for
DAs.

The distributions defined above have support in the interval z € [—1, 1], which can be separated three regions
(see Fig. 1.7):

e for z € [¢,1] both momentum fractions = 4+ £ and x — £ are positive; the distribution describes emission
and reabsorption of a quark: this is the usual DGLAP region for quarks

o for x € [—¢£,&] one has x + & > 0 but  — £ < 0. The second momentum fraction is now interpreted as
belonging to a an antiquark with momentum fraction £ — x emitted from the initial proton: this is the
ERBL region in which the picture of a t—channel exchanged meson emerges

e for z € [-1,—¢] both z + £ and = — £ are negative; one has emission and reabsorption of antiquarks with
respective momentum fractions £ — x and —& — x: this is the usual DGLAP region for antiquarks

The interpretation of the 3 above regions in terms of density number operators [74-76] can be made explicit
in the framework of light-cone quantization [77-80]. Note in particular that in the light-cone quantization, the
fact that the support of GPD is € [—1,1] can be understood in an easy way, relying on similar arguments
as for usual PDFs. Indeed, light-cone quantization (i.e. at fixed light-cone time 2z~ instead of fixed time z°)
involve intermediate states which should be on-shell (contrarily to usual covariant quantization), with a positive
light-cone energy k*. This energy being related the momentum along the P~ direction through the on-shell
condition kT = (m? + k?)/(2k~), this implies when applying this constraint to all remnant in the emission of
a parton by a hadron that |z| <1.

Two peculiar limit are of special interest. The first one occurs when & — 0, for which only the two DGLAP
regions remain (including a possible non zero A, ). The second one is obtained when £ — +1, for which the
only remaining domain is the ERBL one.

The gluon GPDs are defined according to

X
Fo— o [ e WG G G
= L e nae)yul) + B t)a@')wu(m}
2P~ L 7 77 2m ’
- +
Pro— e [ Gt T WIET 4G G
= L i@ty al )y asul) + B t)u@q%ﬁ‘u(p)] | (1.41)
2P~ L i > 2m
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Figure 1.7: The parton interpretation of GPDs in the three a-intervals [—1, —¢], [—¢, €], and [, 1]. Figure from
Ref. [23].

Various equivalent parametrizations of GPDs have been introduced at the end of the "90s [51,52,75]. We refer
to [51] and [75] for their comparison and for explicit dictionnaries.

For completeness and further use when introducing GDAs, we now define analogous GPDs for pion. Due to
the fixed parity of the pion, there are only 2 helicity non-flip GPDs, which reads

1 [det  p- o+ Ny _
Hiwst) = 5 [ G e w3y ada) ey
g 1 dz* ixP~ 2T 41 —u 1 —/1 +
Hi@&t) = 5= [ G T @ WICTH G G el (a)

Helicity flip GPDs

On top of the GPDs introduced above, one can introduce GPDs which describe the fact that the quarks
exchange in t—channel may produce a transfert of one unit of helicity, and similarly for gluon which may
produce a transfert of two units of helicity. In that situation, helicity is not anymore a suitable basis for these
GPDs, and it is more convenient to deal with the notion of transversity, i.e. to deal with linearly polarized
states instead of circularly one. In the quark case, one will therefore deal with the probability to find a quark
with spin polarized along the spin of a polarized nucleon minus the probability to find it polarized oppositely.
Thinking for a moment to the DGLAP picture in the quark sector (i.e. £ < x < 1), since chirality = helicity
for quarks, it is clear why the operators encountered in the definition of non-flip GPDs were chiral even (for
example Ag = ¢ T —q | involve separately ¢ T (¢ |) for which the quark keep its + (resp. -) helicity during the
scattering process). This situation should now be reversed, calling for chiral-odd operator matix elements. This
means that one should consider the following operators

go'q, %[G_iGj_ + G—J’G"—] 397 GG, ij=1,2 (1.43)

Following [81], this leads to introduce 8 transversity GPDs’. For the quarks, they read

1 d2+ izP~ 2zt — . —q
3 [ S e Wla- i G | (144
1 _ i s PTAT— AP NTAY— AT TP Pyt
— Fu(p/) {H% ic”' + H} — + E% B + B4 S— u(p),
and similarly for gluons:
]. dZ+ . P*Z‘F — i
o [ S WS G GG (1.45)
g 1 P AI—A—PI
() 9p= " 2mP-
. PTA'"— AP TAT AT L P — P~~*
xa(p') [Hg o™ + Yy ————— + B L == iy ] T u(p),

7A first attempt in this direction, though uncomplete, can be found in [82].
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where S(,,,) denotes the standard symmetrization operator with removal of the trace (here in the two transverse
dimensions). Note that the definition for quark distributions can be equivalently® expressed in terms of 0= %~5 =
+1ie P95 and is given in [81].

An important property of helicity-flip distributions is that they evolve independently in the renormalization
scale p, i.e., quarks do not mix with gluons and vice versa. In particular, gluon transversity probes glue in the
target which is “intrinsic” in the sense that it cannot be generated from quarks by the perturbative DGLAP
parton splitting processes.

Before studying the elementary properties of GPDs, a comment is in order to relate the various non-local
correlators with twist counting. In fact, the natural set of I' matrices components (e.g. v~ ) occuring in these
above correlators, due to the peculiar kinematics encountered in the large Q2 limit, can be understood in a
more formal way. Indeed the four-component fermion field ¢/ can be decomposed as the sum of two terms 4,
using the projection operators [77]

1
1/} = 1/}+ + ’l/), ’ 1/& = Hi’l/)v Hi = EVq:’yi . (146)
These two terms 1+ have the following light-cone spin:
+7 1
2TTE =F5v%, (1.47)

where X/ = 1[y# ~] is the spin tensor. From the canonical dimension of the fermion field [d] = 3/2, one
deduces that the ¢¥_-component has a twist 7, = 1 since its spin is s, = 1/2. Similarly, for the 1, -component
one finds s, = —1/2 and thus 7, = 2. Therefore, only the 1)_ component enters a nonlocal operator of the
minimal twist. In the literature, this component is usually refered as the “good component”, while the other
one is the “bad” one. Using the chiral projection, one can additionaly select definite helicity components. A
similar treatment can be applied to the field strenght tensor F#”. This leads to a complete set of non-local
operators (the presence of the Wilson line does not change the twist) which where used above when defining the
quark and gluon GPDs. A pedagogical construction of these twist two operators based on this line of thought
can be found in [24].

1.3.2 Elementary properties of GPDs
Reduction to PDF's

The above GPDs can be related to the usual PDFs: indeed, when considering the forward limit p = p’ and
restricting ourselves to equal helicities for the initial and final state hadrons, the matrix elements in (1.38) and
(1.41) reduce to the ones defining the ordinary spin independent or spin dependent densities g(z), Ag(x) for
quarks and g(z), Ag(x) for gluons. In the case of the nucleon, introducing distribution with a support along
[—1, 1], this implies for quarks that

Hi(z,0,0) = f(z) = () 0(z) - q(=2) 0(~), (1.48)
H(z,0,0) = Afi(z) = Aq(z) 0(z) + Ag(—=z) 0(—=x), (1.49)
and similarly for gluons:
I;Ig(z, 0,0) = zg(z)(z) — zg(—x)0(—x), (1.50)
HI(x,0,0) = zAg(z)0(z) + zAg(—x)0(—x), (1.51)

while there is no corresponding relations for the quark and gluon distributions £ and F in the nucleon, since
the equations which define them involve a factor A which vanishes in the forward limit.

Among the 8 transversity GPDs, H7 is the only one which survives in the forward limit, again due to
prefactors proportionals to A. The corresponding relation reads

H1(2,0,0) = df9(x) = dq(x) O(x) — 6q(—x) O(—x), (1.52)

8Note that we use here and hereafter %123 = 1 which differs with the convention of [81].
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where dg(x) (usually also denoted hq(x)) is the quark transversity distribution, the only PDF which is not very
well known experimentaly (see [83] for a review on transversity, and [84] for a recent overview of the field.).
This PDF was introduced in 1979 in a seminal paper of Ralston and Soper [85] on Drell-Yan with polarized
beams. It was then rediscovered at the beginning of the '90s [86-88], and the possibilities to measure it in
hadron-hadron or lepton-hadron collisions was investigated [89,90]. It turns out that Drell-Yan production with
two transversely polarized hadrons is one of the most favourable reaction (through the study of double-spin
transverse asymmetries) [85,91]. Another possibility relies on semi-inclusive DIS with unpolarized lepton beam
and transversally polarized initial hadron, with two detected hadrons in the final state. The corresponding
cross-section is sensitive to h; coupled with an interference fragmentation function (the Collins fragmentation
function) [92-95]. The first measurement through this channel was obtained by the HERMES collaboration [96],
and the COMPASS experiment recently also reported a transversity signal through this measurement [97]. Since
the access to hy is very difficult, one may expect a hard day for the GPD case. We will discuss this within the
case of exclusive processes later.
For pions, the following limits hold:

Hi(2,0,0) = fl(z) = q(2) 0(z) — q(—x) 0(—x), (1.53)
and similarly for gluons:

HI(2,0,0) = zg(x)0(x) — xg(—x)0(—2x). (1.54)

Symmetry properties

Let us first consider the non-flip GPDs. From their definition through the non-local correlators (1.41), one
readily obtains, after performing the replacement © — —z, then using translation invariance on the obtained
correlator, performing the change of variable x= — —x~ and using the fact that A field commute on the light
cone, that

Hg(_xagat) = Hg(.’L',f,t) and Eg(_xagat) = Eg(.’L',f,t) (155)
Hg(—z,§7t):—gg(z,§7t) and Eg(fz,§7t):—E~’g(z,§7t). (156)

The quark sector is more involved: since the quark is not its own antiparticle, the above series of transformation
not not give any simple symmetry. One should additionaly use the charge parity operator, denoted as C when
acting on the fields, and insert the identity in the form of CC~! inside these correlators. The transformation of
the non-local operator can be obtained using the well-known transformation properties

CU(z)Ct =ncCUT(z) and CU(z)CT =n5 0T (x)C, (1.57)

where C =CT =C~' =C7" = —C and Cv,C = —75 . However, since the nucleon themselves have not a fixed
C —parity, this does not give any simple relation. If the initial and final state would have a definite C'—parity,
denoted respectively as C; and Cf, then one would get by comparing the correlator obtained after insertion
of CC~! with the one obtained after using the above transformations which we performed for the gluon case
that H9(—x,&,t) = —C; Cy Hi(z,&,t) = —C H9(x,&,t) where C is the C'—parity in the t—channel. The same
relation holds for E9, while for HY one gets® HI(—x,&,t) = +C; Cp Hi(z,&,t) = +C H(x,&,t), and similarly
for H?. It is thus natural to introduce GPDs corresponding to fixed C-parity in t—channel. For C' = 41 in the
t-channel, one thus defines

Hq(+)(.’L"§,t) = Hq(xagat) - Hq(—.%',f,t), (158)
HI M (x,6,t) = Hw,&t)+ H(~x,6,t) (1.59)

and similarly for E? and E?. These GPDs are usually called “singlet” (even when the flavour is fixed). In the
forward limit they reduce to
HY(2,0,0) = [q(x) + ()] 6(z) — [a(~2) + a(~2)] 6(~2) (1.60)
HY(@,0,0) = [Aq(z) + A@(2)]0(2) + [Aq(—) + Aq(~2)] 0(~a) (1.61)

9The sign differs due to an additional v° matrix entering the non-local operator.
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Similarly, one defines GPDs corresponding to C' = —1 in the t-channel, called “nonsinglet” or “valence” GPDs,
as
HY O (@, 6,t) = H(x,&1) + H(~x,61), (1.62)
f{q(_)(xagat) = f{q(,’L"gﬂf)—f{q(—x,g’t)_ (163)

and similarly for E? and E9. In the forward limit one has

{JQ(_)(%O,O) = lg(@) — q(@)] 0(x) + [g(—2) — g(—2)] 0(—2) (1.64)
H'(2,0,0) = [Aq(x) — Aq(2)]6(x) — [Ag(—z) — Ag(—2)] 6(~z). (1.65)

The GPDs (1.58, 1.59) can be extracted for example in the transition v* — V' where V is a vector meson, and
the GPDs (1.62, 1.63) can be measured through in the electroproduction of a pseudo scalar meson, as well as
in the production of hybrid vector meson like 1~ which will discussed in Sec. 2.5. Of course, as we have seen
above, for processes involving probes of fixed parity, like a 7%, the only surviving GPD is the C' = + one.

The symmetry property with respect to ¢ can be obtained when inserting the identity in the form 7 7!
where 7 is the antiunitary operator which implements time reversal in the Hilbert space, therefore satisfying
(T ¢| T ) = (]| ¢). In practice, one should also combine this with the insertion of the identity in the form
PP~ where P is the unitary operator which implements parity. This is due to the fact that the light-cone
coordinate z1 combines time, which changes under time reversal, and the third coordinate, which is invariant,
thus turning z* into —z~ . This mixing of 2T and 2~ coordinate is avoided when using P parity combined with
T symmetry. This leads, for each of the 8 non-flip GPDs, to relations of the type!®

H(z,—¢,t) = H(z,&,t). (1.66)

On the other hand, using hermiticity one gets from the matrix elements of the non-local operators that
H,~60)] = H.¢0) (1.67)

and similarly for E, H, E. Combined with (1.66), one therefore deduces from (1.67) that the non-flip GPDs
are real valued functions. The same relations (1.66) and (1.67) hold for the pion GPDs HY and HY .

In the case of GPDs with helicity flip, the constraints obtained from time reversal invariance and hermiticity,
for both quarks and gluons, are the following: for Hy, Hr and Er, they read as (1.66) and (1.67), while for Er
(again both for quarks and gluons) an extra minus sign appear and one has

ET(xagvt) = _ET(xa —f,t), [EN‘T(wag’t)] = _ET(x’ _E’t) . (168)

For pions, there is a direct relation between isospin and GPDs of given C-parity. It is standard to define the
combinations

H'td=fg*+ HY and H"%=H"-H? (1.69)
which enable one to define the isosinglet GPDs
o' = g = g (1.70)
and the isotriplet combinations
HY ' =-H""%  HY%Y=0. (1.71)

Since the gluon distributions are isosinglet, they are identical for the three pion states. The charge conjugation
invariance is implemented as above by insertion inside the correlator of the identity in the form of CC~!. Using
the fact that C-parity exchanges 7™ and 7~ states, and using isospin invariance (1.70) and (1.71) implies
respectively that

H (g, 6 t) = —H T (—x,€,t), and HY Y(a,&t) = H 4 —x,6,t). (1.72)

By comparison with (1.58) one thus deduces that the isosinglet sector corresponds to C' = 41 while comparison
with (1.58) shows that the isotriplet sector corresponds to C' = —1.

10Note that time reversal makes an interchange of initial and final state; moreover exchange of p and p’ means £ — —¢&.
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Relation with local matrix elements and polynomiality

It turns out that the moments of order n of GPDs with respect to the variable z (i.e. integrals of GPDs
multiplied by ™ over & € [—1,1]) are polynomials of the variable £ of degree at most n 4+ 1. The coefficient
of these polynomials are the form factors appearing when decomposing the local twist 2 operators of usual DIS
on the basis of P* and A" vectors. The highest degree term £™*! only occurs in the C' = + sector, and called
D—terms. We will not discuss in detail here the proof of this polynomiality condition, and will refer to Ref. [23]
for a review on the various relations satisfied by the whole set of GPDs. We will study with much more details
the corresponding relations in the crossed-case of GDA in Sec. 2.1.2.

Evolution equations

When writing the symbolic factorization formula (1.37), we have hidden the fact that a factorization scale should
be introduced in order to separate long distance degrees of freedom, belonging to the GPDs, from the short
distance one, which belong to the hard part. From the technical point of view, such a scale is required by the UV
divergencies. Indeed, GPDs are defined as matrix element of non-local twist 2 operators, according to Eqs. (1.38,
1.41, 1.44, 1.45). The matrix elements diverges in the UV limit 22 — 0, calling for a renormalization. This is
done at the scale % . From the point of view of the hard part, this factorization scale is required by collinear
divergencies appearing due to the fact that the quarks and gluons are on the mass-shell. The renormalization
of these IR collinear divergencies is performed at this scale % . Additionaly, when computed at a given order in
perturbation theory, the hard part faces UV divergencies, calling for an additional renormalization, at a scale
u% . This implies a residual dependency over u% for the whole amplitude at given order of perturbation theory.
On the other hand, order by order in perturbation theory, the amplitude is independent of the factorization
scale p% .

The fact that the amplitude is p%-independent and that the hard part is u%-independent implies evolution
equations. For the forward case, i.e. £ = 0, these are the DGLAP equations [61,63,64] (these equations are
valid for arbitrary value of A ) for usual PDFs. In the spirit of the above meaning of 3., these equations were
obtained based on various methods. The partonic approach relies on the computation of logarithmic divergent
diagrams occuring due to the mass-singularities of the hard part. See Ref. [98] for a comprehensive review of this
method. The historical operator approach, based on the renormalisation of matrix element of light-cone local
operators, i.e. of Mellin moment of structure functions, was obtained in Refs. [59,60,99]. The implementation
of the p%-independence of the Wilson coefficients led equivalently to these evolution equation. The approach
based on the renormalization of non-local operators was developped by the Leipzig group [100-103] and by
the Gatchina group [104,105], and first lead to recover the known DGLAP result without appealing to matrix
elements nor local operators.

In the non-forward case, the evolution equation combines the two limiting kernel: DGLAP, for ¢ — 0
and ERBL [48,65,66] kernel, for £ — +1, corresponding to the physical limit of the exchange of a meson in
t—channel. This equation was obtained either using old-fashioned perturbation theory on the light-cone, in
the light-cone gauge [66] or based on the analysis of the renormalization of local operators [48]. The general
kernel was obtained early in Refs. [106,107], based on a momentum space computation. The first form of
the LLQ kernel obtained within the context of GPDs was given in Refs. [72,108] of the Leipzig group, based
on the renormalization of the non-local light-ray operators, in coordinate space. It was also reconsidered and
recomputed in Ref. [109], as well as in Refs. [51] and [110]. Other proofs based on the renormalization of
light-ray operators can be found in Refs. [111] and [112,113]. In Ref. [51,114], the evolution kernel for double
distributions is computed.

Based on the support properties of the kernel, and on the fact that the ERBL kernel, when Fourier transform,
has a unique analytical continuation, which is the Fourier transform of the kernel for light-ray operators [72], a
check of the consistency between the NLLQ ERBL kernel, computed in Refs. [115-118], and the NLLQ DGLAP
kernel [119-121] was performed, when taking appropriate matrix elements.

The NLLQ kernel was then obtained in Refs. [122-127], based on conformal field theory as well as the
continuation discussed above, starting from the pure ERBL kernel. See Ref. [128] for a simple introduction to
conformal symmetry method (applied there to the Next-to-Next-to-Leading hard contribution to the photon-
to-pion form factor).

We will not give here the explicit expression of these evolution equations. We refer to Ref. [24] for explicit
expressions. For a detailled and pedagogical construction of the LLQ kernel in coordinate space, see Ap. G-5
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of Ref. [24], and for the corresponding construction in momentum space, which was first used in the pionering
but hard to read Refs. [106,107], see Ap. G-6 of Ref. [24].

1.4 The illuminating example of p—electroproduction

1.4.1 p—meson production: from the wave function to the DA

[ aet

_|_
Jdie ¢ =pf fdu ©

Figure 1.8: Factorization of the amplitude of hard p—electroproduction.

We now replace the produced photon by a p—meson, described in QCD by its wave function ¥ which reduces
in hard processes to its Distribution Amplitude. Following the same line of thinking as for GPDs (actually DAs
where introduced long before GPDs, for form factor studies, see Sec. 1.1. We here follow a non-historical
presentation, more convenient from a pedagogical point of view), this DA should be defined by integrating over
the £~ momentum as well as over the £/, momentum, the hard part on which it will be connected by collinear
partons being only ¢*-dependent. This DA is defined thus as [129-133]

AR

O (u, p%) :/dﬁ/ d*0, (el ¢—p,). (1.73)

As for DVCS, in the limit Q% — oo, the amplitude of diffractive electroproduction of a p—meson can be written
as

3] < p%
[diesa ee—pyuiei-p,) = [acara e e - [ae [ @ewe-p)

(see Fig. 1.8). Here 1/up give the typical scale down to which the transverse degrees of freedom are integrated
out in the wave function, thus fixing the typical resolution. It is related to the non-local matrix element
(0|a(2)yud(—2)|p~ (P, A)) by Fourier transform (detailled expression are given in next sections) with respect to
the longitudinal — coordinate (conjugated to the longitudinal + momentum) of the quark-antiquark fields, at
zero + coordinate and (almost) zero transverse coordinate. The reason why is it only almost at zero transverse
coordinate is the same as for GPDs: it lays on the fact that this correlator of a non-local operator faces UV
divergencies when 2% — 0 which are regularized at the renormalization scale u2% . Physically, the scale u% sets
the boundary between the low and the high-energy part in the process, the short distance modes belonging to
the probe, i.e. to the hard part, while the long distance one belongs to the DA. Note that the “hard” part itself
can also contain long-distance effects, as we discuss next, due to other hadronic states which participate to the
process, like in meson electroproduction. However these hadronic states are assumed to be well separated from
the rho by a proper choice of the kinematics, in particular fixed ratio W2/Q? in order to avoid the region were
a resonance could occur between final states, through long-distance effects, which would spoil the perturbative
approach.

1.4.2 p—meson production: factorization with a GPD and a DA

The description of hard exclusive processes involving the production of a meson was initiated in [28], in the
special limit of HERA kinematics (small-zp; region, i.e. small £ limit, see Part. II) for which the ¢—channel
exchange is dominated by gluons. For general xp;, a first description was provided in Ref. [134], including the
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effect of GPDs and describing the production of the meson through a dipole approach, i.e. a quark-antiquark
pair in coordinate space. A proof of factorization at the leading twist 2 and at any order in perturbation was
then given in Ref. [52], and shortly after in [51] (see the above discussion in Sec. 1.2.2).

Figure 1.9: Full factorization of the amplitude of hard electroproduction of a p—meson.

Combining the previous factorizations involving a DA (see Sec. 1.4.1) and GPDs (see Sec. 1.2.2), one can
describe the hard electroproduction of a p—meson in a fully factorized form involving a GPD and a DA, as
illustrated in Fig. 1.9. The corresponding amplitude reads

/d4k d* Sk, k+A)H(q, k, k+ A) U (L, £ —p,) = /dk‘dﬁ* (1.75)

K] < nf, 3] < u,

x/dk* / ki S(kk+A) H(q k™ k™ + A7 05,07 —pf) /de—/ d*0 V(£ —p,).

GPD F(z, &,t, uF,) Hard part T(z/€,u, p, i) DA ®(u, i)

where we have assumed that a suitable Sudakov basis has been chosen, in such a way that the p-meson flies
along the + direction, while the t—channel momentum is along the — and the transverse direction. In such a
basis, which differs from the one used for DVCS (where no emphasis was put on the momentum of the produced
photon), the virtual photon has now components along the +, — and transverse directions.

1.4.3 Chiral-even DA

As discussed above, DAs are obtained from wave functions through [ d¢~ [ d?¢, integration, and thus related to
non-local correlators between fields separated by a light-like distance z (along ps, conjugated to the + direction
by Fourier transformation). The vector correlator reads [135-137]

. 1
7 - € Z (u—u)p-z
<0|u(z)7ud(_z)|p (PA)) = Tomp [pu D2 /0 du, =P olh (u, ,u%)
L M\ . 1
) i(u—a)p-z (V) 2 1 e Z. 2 i(u—a)p-z 2
+ eJ_#/O du e v=mp g (u, ug) — 3 ”—(pmz)Qmp/O du e v=®p g3(u,,uF)] (1.76)

where ¢, gf), g3 are DAs respectively of twist 2, 3 and 4, with p=p1, P =p,.
Correspondingly, the axial correlator calls for the introduction of a twist 3 DA, as [135-137]

_ _ 1 My + My vo A ! i€p-z (a

(Ola(2)yrsd(=2)lp™ (P.N) = 5 [fp - prT] mp 6,07 pa 2 / duc g\ (u i), (LT7)
P

the normalization being fixed from the local limit:

(0]@(0)7,d(0)|p~ (P, A)) = fympeM (0](0)0,.,d(0)|p~ (P, A)) = ifF (NP, — e{VP,) . (1.78)

Mmoo
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All four functions ¢ = {¢, gS’), gf), g3} are normalized as

/Oldud)(u) =1.

A simple way to understand this twist counting relies on the fact that when using an infinite momentum frame,
e.g. the Breit frame (1.3), the only component of p is the + component, of order @, while p -z ~ 1 implies
that z ~ 1/Q . The polarization vector scales like e .z~ 1 and ef) ~ 1. This is enough to obtain the above
indicated twist counting. From the point of view of Feynman diagrams, this can be checked by inspection when
combining hard parts with the above DAs and extracting the corresponding @)-scaling. This will be explicitely
illustrated in our computation of the twist 3 4v* — pr impact factor in Chap. 6. We refer to Ref. [138] for

analogous definitions of the pseudo-scalar mesons DAs.

1.4.4 Equations of motion

Dirac equation leads to

—

(i(P (0)%(0))a ¥s(2)) = 0 (1.79)

where the covariant derivative is defined in Eq. (1.40). After applying the Fierz decomposition to 2 and 3-parton
correlators, the Dirac equation implies Equations Of Motion (EOM) relating the various 2 and 3-body DAs (see
Sec. 1.4.8 for the definition of 3-parton DAs), which are therefore not independent. We will rely on this method
in Sec. 3.4 when dealing with factorization beyond leading twist in the Light-Cone Collinear Factorization.

In fact, another way of obtaining these equations relies on exact operator identities between non-local
operators (see Refs. [105,139,140]). The corresponding matrix elements of the various terms arising in these
identities lead to integral relations between 2 and 3 partons DAs. We refer to Ref. [136] for the use of this
method.

1.4.5 Collinear conformal invariance

The use of conformal invariance in physics turn back to the beginning of XXth century, when it was noticed
by Cunningham and by Bateman that Maxwell equations are conformal invariant. It was then mainly used
within the context of scaling violation of quantum field theories, in particular for the study of second order
phase transition, starting from the 60s. In the special case of two dimensional theories, this initiated the
developpement of a whole branch of mathematical physics. In QCD, the interest for conformal invariance has
been much recent, mainly starting with the study of DAs and of their evolution equations [48,66]. We will
only give here some very basic informations and refer to [141] for a comprehensive review, including the use of
conformal invariance for the above mention computation of NLLQ kernels.

The full conformal group SO(4,2) is defined as transformations which only change the scale of the metric,
and has 15 generators. In the limit Q2 — oo, hadron states are replaced by a bunch of partons that are collinear
to p1, which thus lives along ps, implying that z is the only remaining variable. The transformations which
map the light-ray in the py direction into itself is the collinear subgroup of the full conformal group SO(4,2),
that is SL(2,R), made of translations z — z + ¢, dilatations z — Xz and special conformal transformations
z— 2 =2z/(1+2az). The Lie algebra of SL(2,R) is O(2,1).

In fact, starting from the full conformal group SO(4,2), there are two generators whose action on the light-
ray z is a dilatation: the dilatation D and the Lorentz rotation M, _ leave the light-ray invariant, acting on z
as dilatations. It is possible to combine these two generators in order to get an operator i/2(D — M, _) which
behaves like the identity on the ps axis: it is the collinear-twist operator. The remaining combination i/2(D +
M_ ) combined with the generators of translations on the ps axis and of special conformal transformations on
the po axis then realize a representation of the Lie algebra of the above mentioned SL(2,R) group. Note that
another conformal symmetry appears in high-energy QCD: it is the global 2-dimensional transverse conformal
symmetry of QCD in the perturbative Regge limit. In that case the group is SL(2,C) (see Sec. 4.6.1).

Interestingly, the light-cone operators which enters the definition of DAs can be expressed in terms of a basis
of conformal operators. Since conformal transformations commute with exact EOM (they are not renormalized),
EOM can be solved exactly (with an expansion in terms of the conformal spin n + 2). For example the twist 2
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DA for pr can be expressed, for unpredicted all (1), as [140,142]

¢y (u, po) = 6ut Z al (1) C3/%(u — ) C3/2 = Gegenbauer polynomial . (1.80)

n=0

An elementary proof of this expansion is given in the appendix B of Ref. [9] as well as in the appendix of
Ref. [143]. We will recover in a pedestrian way this structure when studying Generalized Distribution Amplitudes
in Sec. 2.1. The coefficients of the expansion (1.80) are not prescribed by pQCD. They can be obtained for
example based on QCD sum rules [144] applied to the non-local correlators which define the DAs [145-147] or
any non-perturbative approach, like the lattice [148-150]. We refer to the Ref. [151] for a very recent overview
of the shape of the pion DA based on various models, which is beyond the scope of this manuscript. For a
recent review of lattice results on hadronic observable, see Ref. [152].

1.4.6 Renormalization group equations

In a similar way as we have discussed above the u% dependency for the factorization of the DVCS amplitude,
the factorization (1.74) or (1.75) of the process in term of a DA, which symbolically reads

M(Q%) = " (2, uF) © Tu(z, Q% i), (1.81)

also involves an arbitrary factorization scale p2 . This arbitrariness leads to the ERBL equation [48,65,66] for
the DA ®(u, p2):

0
u%a 5Oz, pp) = V(z,u,pp) @ O(u, uf) .
HF

The explicit form of the kernel can be obtained in various ways. The first point of view relies on the fact that
the hard part satisfies the analogous equation

0
Hig o T, Q% pp) = = V(@ pi) © Tra(u. Q% i)
F

based on the fact that the whole amplitude should not depend on the factorization scale. The computation of
V relies on the analysis of the IR singularities of the hard part Ty, occuring when the regulator p2 vanishes.
Indeed, two kinds of IR singularities may occur in QCD (or in QED): the soft singulatities, and the collinear
singularities. Except for the |; prescription of the obtained kernel, we will not be concerned by the first type of
singularities here. These kind of singularities are responsible for BFKL dynamics at small-z, see Chap. 4. On
the other hand, the collinear singularities are responsible for logarithmic contributions of the type as In Q%/u2. .
This is the essence of the DGLAP approach for DIS structure functions, which sums up the whole series of
terms like >, (a5 In Q?/u%)"™, corresponding to ladder-like diagrams in a physical gauge [66,98]. Another point
of view relies on the fact that the hard part diverges in the UV, and is therefore calling for a renormalization
procedure. The introduction of an arbitrary renormalization scale ,u%% in order to implement this renormalization
of the hard matrix element leads to renormalization group equations equivalent to Eq. (1.82), this time for the
Wilson coefficients.

The renormalization group equation can be solved based on the conformal invariance discussed above in
Sec. 1.4.5. Since the LLQ renormalization of the conformal operators is diagonal in the conformal spin (coun-
terterms are tree level at this accuracy and they thus respect the conformal symmetry of the classical theory),
this implies that

Qs (N) 02/2 (u _ @) = 6ui asymptotic DA (1-82)

279 /Bo
s (o) )

¢y (u, ) =6un_ all(uo) (

n=0

with the anomalous dimensions

7<0>=CF<1—;+27§1> (1.83)
" 2 (n+1)(n+2) m)’ '

m=2
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At NLLQ conformal symmetry is broken; studying conformal anomalies provides the NLLQ anomalous dimen-
sions and the corresponding ERBL kernels [122-127].

A convenient choice of renormalization and factorization scale is provided by ,u% = p% = Q?. One should
however keep in mind that in any hard process, the choice of the renormalization scale u% , although arbitrary, is
of practical importance when dealing with a fixed order computation (which is always the case in practice, since
no all-order are known!) and that this dependency corresponds to higher order contributions which one may
want to minimize. Various approaches have been proposed in the literature: the Principle of Minimal Sensitivity
(PMS) [153,154], the principle of Fastest Apparent Convergence (FAC) [155-157] and the Brodsky-Lepage-
Mackenzie (BLM) [158] scheme. We end this discussion with the fact that the doubly factorized amplitude
(1.75) involves two factorization scales, which are independent and arbitrary, and that the hard part involves
a renormalization scale p%, . Again, a convenient choice is to consider pf, = pf, = pg = Q. See [159] for
a clear and pedagogical discussion of the role of the factorization and renormalization scale in hard processes
(illustrated there for the pion transition form factor F. ).

1.4.7 Selection rules and factorization status

The selection rule for the meson electroproduction can be obtained in a simple manner. Since for a massless
particle chirality = + (resp. -) helicity for a (anti)particule and based on the fact that QED and QCD vertices are
chiral even (no chirality flip during the interaction), one deduces'! that the total helicity of a ¢ pair produced
by a v* should be 0. Therefore, the helicity of the v* equals the z projection of the ¢ angular momentum L%9.
In the pure collinear limit (i.e. twist 2), the ¢¢ does not carry any angular momentum: L%9 = 0. Thus the
~* is longitudinally polarized. Additionaly, at ¢t = O there is no source of orbital momentum from the proton
coupling, which implies that the helicity of the meson and of the photon should be identical. In the collinear
factorization approach, the extension to ¢ # 0 changes nothing from the hard part side, as we have seen above
in our description of the factorization theorem, the only dependence with respect to ¢ being encoded in the
non-perturbative correlator which defines the GPDs. This implies that the above selection rule remains true.
Thus, only 2 transitions are possible (this is the so-called s—channel helicity conservation (SCHC)): v — pr,
for which QCD factorization holds at t=2 at any order (i.e. LL, NLL, etc...) [52] and v}- — pr, corresponding
to twist t = 3 at the amplitude level, for which QCD factorization is not proven. In fact an explicit computation
of the pr electroproduction [160] at leading order shows that the hard part has end-point singularities like

1
du du
- d 1.84
/u a /17u ( )
0

0

occuring when the momentum fraction carried by the quark or the anti-quark vanishes.

1.4.8 Some solutions to factorization breaking?

In order to extend the factorization theorem at higher twist, as well as to improve the phenomenological
description of hard exclusive processes at moderate values of the hard scale, several solutions have been proposed.

DAs with higher number of partons

One may add contributions of 3-parton DAs [136,137] for pr [161,162] (of dominant twist equal 3 for pr).
Denoting the field strengh by G, = 0,4, — 0, A, — g[AM, A,], the chiral-even three-particle DAs of p reads
[136,137]

(012(2)g Cruv (v2)7a75d(—2) |~ (P, A)) = fit my palpy €0 — py e )] Alv, p2)

+f3 pmpp—Z[Pu Jow = Pv 9o, ®(v,p2) + f3,m, oz b [P 20 — pu 2] ¥ (v, pz) (1.85)

HThis is the same reason which explains the vanishing of Fy, in DIS.
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and

(012(2)g G (v2)ivad(=2)|p™ (P)) = £3, mp palps ) = p, ] V(w, p2)

e ., s e .z

[Pu G = Pv 9o )@ (v, 02) + f3,m) a2 PelPu v = oy 2 (0, p2) (1.86)

14 3
+f3pmp 2

Among these DA, A and V contribute to twist 3 while <T>, @, ®, U conttibute to twist 4. Note that we use here
the usual notation when dealing with the Fourier transform

A(v,pz) = /Da e_ipz(o‘“_o‘derg)A(g)

and similarly for V. « is the set of three momemtum fractions: o = {aq, o, oy} The integration measure is

defined as
1 1 1
/DQE/ dad/ dau/ dagé(l—Zai). (1.87)
0 0 0

This in fact does not solve the problem, while reducing the level of divergency, but is needed for consistency.

Sudakov resummation and Improved Collinear Approximation

On top of the potential end-point singularities discussed above, phenomenologicaly the use of simple asymptot-
ical DAs lead usually to a too small ERBL contribution in hard exclusive processes, a situation which is not
improved by NLO corrections. It was suggested by Chernyak and Zhitnitsky [9] to use DAs which would be
mostly concentrated close to the end point, and not identical to the asymptotical DA, a solution which indeed
improve very much the description of the data, for example of the pion form factor. However, since close to the
end-point one may face theoretical inconsistencies when justifying the factorization, Li and Sterman [163] then
introduced an Improved Collinear Approximation (ICA). They suggested to keep a transverse ¢, dependency
in the ¢, ¢ momenta. Soft and collinear gluon exchange between the valence quarks are responsible for large
double-logarithmic effects which exponentiate. The corresponding study is made easier when using the impact
parameter space b, conjugated to ¢, , leading to the Sudakov factor

exp[—S(u,b,Q)], (1.88)

a factor already involved in previous studies of elastic hadron-hadron scattering at fixed angle [164]. S di-
verges when by ~ O(1/Agcp) (large transverse separation, i.e. small transverse momenta) or small fraction
u~ O(Agep/Q) . This thus regularizes potential end-point singularities, even when using non asymptotical
DAs. See Ref. [165] for a detailled and pedagogical discussion in the case of the yy* — ¥ form factors. These
Sudakov effects have been implemented outside of pure QCD processes, in particular for the study of semi-
leptonic B — 7 decay [166]. In this ICA, a dependency of the hard part with respect to the partons transverse
momenta is kept. This suggested Jakob and Kroll to keep such a dependency also inside the wave function of
the produced meson. This was implemented in the form of a an ad-hoc non-perturbative gaussian ansatz [167]

exp[—a® |k1|/(uw)], (1.89)

and other similar ansétze, which give back the usual asymptotic DA 6 u % when integrating over k; . These
gaussian ansitze combined with the perturbative Sudakov resummation tail effect were then implemented for
various phenomenological studies like the pion form factor [167], the meson-photon form factor [168,169]. The
phenomenological description of the pion form factor is then improved, but is still below the data, even with
the Chernyak and Zhitnitsky model. For other observables for which one really faces a end-point singularity,
like the above example of pr-electroproduction, the same approach seems to allow for a consistent treatment,
and at least to interesting models [170-173] which can describe the meson electroproduction data, in particular
the HERA data at small-zp; which will be discussed in Sec. 5.2.4.

We will see in Chap. 6 that at small zp;, relying on the kr—factorization, the off-mass-shellness of the
t—channel gluons can serve as a regulator, preventing from facing end-point singularities.
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1.4.9 Chiral-odd sector
The + chiralities are defined by the decomposition

q+(2) = %(1i7 Ja(z) with  q(2) = ¢+(2) +4-(2), (1.90)
implying that
Gx(2)7"qx(=2)  or  Gx(2)y"7°qx(—2) (1.91)
conserve chirality (chiral-even) while
G (2) - 1-ge(=2), Ge(2) 7" ax(=2)  or  qx(2)[v",7"]ax(=2) (1.92)

change chirality (chiral-odd). The production of a transverse p is dominated by its twist 2 chiral-odd DA, as
expected from the selection rule of Sec. 1.4.7. Defining as usual

[V Vol (1.93)

N | =

o

the chiral-odd p—DAs read [135-137]

1
(Ola(2)omd(—2)|p~ (PA)) = ifT [mpu eDpy) / du e =IPEG | (u, 1)

o) . m2 1
+(ppzv — Pvz ”)(6p 5m /dueZ(Q“ Dy Zhl(lt)(u u?) + 2(683,2”—65:\32”)1)—2/0 du ' =IP 2 g (4, 12 [ (1.94)
and
_ — . My + My ! i(2u— z1.(s
Ol (P = =i (15 = 1,75 @ g [ O, (199)
D

The DA ¢, of pT is of twist-2, while hl(l *) and hl(l ) of pr, are twist-3. Finally, hg of pp is of twist-4. These DAs

o= {(]ﬂ,h‘(‘S oy ,hg} are normalized to fo du ¢(u) =
The 3-partons chiral-odd reads (we refer to Refs. [136,137] for complete formula)

Ola(z)70p g G (v)d(=2)lp™ (P, V)
N .
e z . .
— fT 2 )[papugﬁu pgpugolw - Papu!]éu +p5pugofu] 7 (v,pz) + 4 DAs involving pr  (1.96)

where 7 of pr, is of twist 3 while the 4 DA of pr are of twist 4. Other 3-partons DAs are defined through the
remaing 3-partons correlators as

(01a(2)g G (v2)d(=2)|p~ (P,N) = ifTm2leP)p, — eNp.] S(v,p2) (1.97)
(01a(2)ig G (v2)y5d(=2)|p~ (PN) = ifTm2eP)p, — eNp.] S(v,p2)

where S and S of pr are of twist 4 .

1.5 Measurement of helicity-flip GPDs through a non-zero mixture
of chiral-odd GPDs with chiral-odd p-meson

Based on [W26], to be submitted. See [W57] for a preliminary version as conference proceedings.

Transversity quark distributions in the nucleon remain among the most unknown leading twist hadronic
observables. This is mostly due to their chiral odd character which enforces their decoupling in most hard
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amplitudes. As we shortly reviewed in Sec. 1.3.2, after the pioneering studies [85-87,89], much work [83,84,174]
has been devoted to the exploration of many channels but experimental difficulties have challenged the most
promising ones.

Access to the chiral-odd transversity generalized parton distributions [81], noted Hp, Er, Hr, Er (see
Sec. 1.3.1), has however turned out to be even more challenging [175,176] than the usual transversity distri-
butions : one photon or one meson electroproduction leading twist amplitudes are insensitive to transversity
GPDs. Indeed, since QED and QCD are chiral even, chiral-odd objects can only appear in pairs. The amplitude
of pr electroproduction on linearly polarized N vanishes at leading twist 2, as illustrated in Fig. 1.10 at Born
order [175]: a single gluon exchange between hard lines is not enough to prevent the vanishing of the Dirac
trace v [v*,7"] 7o = 0. This vanishing remains valid at all order [176].

* *

Y i

N N’ N N’
Figure 1.10: Two contributions to the amplitude of hard pr—electroproduction at Born order.

A possible way out is to consider higher twist contributions to these amplitudes [177,178], which however are
beyond the factorization proofs and often plagued with end-point singularities. The strategy which we follow
here, as initiated in Refs. [179,180], is to study the leading twist contribution to processes where more mesons
are present in the final state; the hard scale which allows to probe the short distance structure of the nucleon is
now the invariant mass of the meson pair, related to the large transverse momentum transmitted to each final
meson. In the example developed previously [179,180], the process under study was the high energy photo(or
electro) diffractive production of two vector mesons, the hard probe being the virtual ” Pomeron” exchange (and
the hard scale was the virtuality of this pomeron), in analogy with the virtual photon exchange occuring in the
deep electroproduction of a meson. A similar strategy has also been advocated recently in Ref. [181] to enlarge
the number of processes which could be used to extract information on chiral-even GPDs.

The process we study here

Y+ N —at+ 0%+ N, (1.98)

is a priori sensitive to chiral-odd GPDs because of the chiral-odd character of the leading twist distribution
amplitude of the transversally polarized p meson. Its detailed study should not present major difficulties to
modern detectors such as those developed for the 12 GeV upgrade of Jlab or for the Compass experiment at
CERN. The estimated rate depends of course much on the magnitude of the chiral-odd generalized parton
distributions. Not much is known about them, but model calculations have been developed in [180] for the
ERBL part and in Refs. [182-186]; moreover, a few moments have been computed on the lattice [187,188]. To
supplement this and use the recent phenomenological knowledge acquired on the transversity quark distributions
through single inclusive deep inelastic data, we will propose a parametrization of the (dominant) transversity
GPD HY. based on the concept of double distributions.

Let us now explain how we factorize the amplitude of this process and what is the rational of this extension
of the existing factorization proofs in the framework of QCD. The basis of our argument is two-folded.

e We use the now classical proof of the factorization of exclusive scattering at fixed angle and large energy
[133], on which we briefly commented in Sec. 1.1. The amplitude for the process vy + 7 — 7 + p is
written as the convolution of mesonic distribution amplitudes and a hard scattering subprocess amplitude
v+ (g+3q) — (¢g+ q) + (¢ + q) with the meson states replaced by collinear quark-antiquark pairs. This is
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Figure 1.11: a (left): Factorization of the amplitude for the process v+ 7 — m + p at large s and fixed angle
(i.e. fixed ratio t'/s); b (right): replacing one DA by a GPD leads to the factorization of the amplitude for
Y+ N — 7w+ p+ N’ at large M2,,.

described in Fig. 1.11a. The absence of any pinch singularities (which is the weak point of the proof for
the generic case A+ B — C + D ) has been proven in the case of interest here [19].

o We extract from the factorization procedure of the deeply virtual Compton scattering amplitude near the
forward region the right to replace in Fig. 1.11a the lower left meson distribution amplitude by a N — N’
GPD, and thus get Fig. 1.11b. Indeed the same collinear factorization property bases the validity of the
leading twist approximation which either replaces the meson wave function by its distribution amplitude
or the N — N’ transition to its GPDs. A slight difference is that light cone fractions (z,1 — z) leaving the
DA are positive, but the corresponding fractions (x 4+ £,£ — ) may be positive or negative in the case of
the GPD. The calculation will show that this difference does not ruin the factorization property, at least
at the order that we are working here.

One may adopt another point of view based on an analogy with the timelike Compton scattering
YN — ~*N' — ptu~ N, (1.99)

where the lepton pair has a large squared invariant mass (2, is instructive. This process has been thoroughly
discussed [72,189] in the framework of the factorization of GPDs, and it has been proven that its amplitude was
quite similar to the deeply virtual Compton scattering one, being dominated at lowest order by the handbag
diagram amplitude convoluted with generalized quark distributions in the nucleon. There is no ambiguity in
this case for the definition of the hard scale, the photon virtuality @ being the only scale present. Although the
meson pair in process (1.98) has a more complex momentum flow, we feel justified to draw on this analogy to
ascribe the role of the hard scale to the meson pair invariant squared mass. However, to describe the final state
mesons by their distribution amplitudes (DAs), one needs in addition a large transverse momentum (and thus
large Mandelstam #', see Fig. 1.11b). Practically, we consider kinematics in which [u/| ~ [t'| ~ |p7.| ~ M2, We
cannot prove, at the level of our study, that M2 , is the most adequate hard scale. Indeed, applying a definite
strategy to define a factorization scale requires at least a next to leading (in the strong coupling) analysis
[W14,190] and this is clearly a major work to be undertaken.

For both point of view, in order for the factorization of a partonic amplitude to be valid, and the leading
twist calculation to be sufficient, one should avoid the dangerous kinematical regions where a small momentum
transfer is exchanged in the upper blob, namely small ¢’ = (pr — p,)? or small v’ = (p, — p,)?, and the regions
where strong interactions between two hadrons in the final state are non-perturbative, namely where one of the
invariant masses (pr + pn')?, (pp + pnv)?, (Pr + pp)? is in the resonance region. We will discuss the necessary
minimal cuts to be applied to data before any attempt to extract the chiral odd GPDs. However, although
the ultimate proof of the validity of the factorization scheme proposed in this paper is based on comparison of
the predictions with experimental data, on the theoretical side it requires to go beyond Born approximation
considered here which is beyond the scope of the present work.
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In this study, we will concentrate and provide results on the unpolarized differential cross section in the
kinematics of two specific experiments : Hall A/B and Hall D at JLab where S,n ~ 20 GeV? and Compass at
CERN where S,n ~ 200 GeV?2

As a final remark in this introduction, let us stress that our discussion applies as well to the case of elec-
troproduction where a moderate virtuality of the initial photon may help to access the perturbative domain
with a lower value of the hard scale M,. It is only a matter of further technical complications to extend our
computation to that cas.

1.5.1 Kinematics

We study the exclusive photoproduction of a transversely polarized vector meson and a pion on a polarized or
unpolarized proton target

Y(q) + N(p1,A) = 7(pr) + pr(pp) + N'(p2, X, (1.100)

in the kinematical regime of large invariant mass My, of the final meson pair and small momentum transfer
t = (p1 — p2)? between the initial and the final nucleons. Roughly speaking, these kinematics mean a moderate
to large, and approximately opposite, transverse momentum of each meson. Our conventions are the following.
We decompose momenta on a Sudakov basis as '2

E* =an® +bp" + k| (1.101)
with p and n the light-cone vectors

V5

S

S

p# = _(150705 1) nt = (150705 71) p-n= fa (1102)
2 2 2
and
K= (0,k",kY,0), k? = —k2. (1.103)
The particle momenta read
M? M? + A?
) m u (1 — H Tt R AP H — pH 1.104
P=0+&p tag ” ( §)p+s(17§)n+ Yaogt =0k, (1.104)
5 — A, /92)2 2 AH
PR = Oén“r(pt /2) +m“p“+pi*—L,
as 2
(Bt + A¢/2)% +m2 Al
P, = ont+ s P“—Pi—Ta (1.105)

with @ = 1 — o and M, m,, m, the masses of the nucleon, the pion and the p meson. From these kinematical
relations it follows

(B — $8¢)% +m2 N (P + 54¢)* +m2
S

26 = (1.106)
«Q sy
and )
2¢ M? A2
l—-a—a, = + . 1.107
i) T 0 1400
The total center-of-mass energy squared of the v-N system is
Syn = (g+p1)? = (L+&)s+ M. (1.108)

12The convention used here differs from other chapters. The momentum of the nucleon is along the + direction, while the photon
has a momentum along — direction. We here denote as k; any euclidian two-dimensional vector.
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£ is the skewness parameter which can be written in terms of the 7 variable used in lepton pair production, as

M2 —t
=, Tt (1.109)
— T

§

On the nucleon side, the transferred squared momentum is

L+& 5, 403

t=(ps—p1)?=— — . 1.11
(p2 —p1) et 1_¢2 ( 0)
The other various Mandelstam invariants read
2¢ M? 2ol €
ro= . 2= M2 =2s(1—-———- | -AZ__"> 1111
S (p +pp) ™o €S 8(1*52) tlfg’ ( )
5, — Ay /2)% + am?
LY = —(py—g?= P t/a) +amy (1.112)
o 2 (ﬁt+&t/2)2+(1*0‘p)m§
u = (pp Q) = a,
and
5 — Ay /2)% + m? M2+ A2 1.’
M2y —s[1-ey P B n L 7o) (p4=A 1.113
TN 5( £+ o a+s(1—§) Pt ( )
(B + A¢/2)% + m? M? 4 A? 1.\?
M3y, =s|1— L — =g - =A) . 1.114
pN S( £+ sa, a”+s(1—§) Pt — 58 ( )

The hard scale M2 o 1s the invariant squared mass of the (7 F, p°) system. The leading twist calculation of

the hard part only involves the approximated kinematics in the generalized Bjorken limit: neglecting Al in
front of p| as well as hadronic masses, it amounts to

2 Pt
M Ll 1.115
o~ L (1.115)
a, ~ l—-a=a (1.116)

M2

~ mp 1.117
TR Sn-w (1.117)
—t' ~ aM;, and —u'~aM;,. (1.118)

The typical cuts that one should apply are —t',—u’ > A* and M2y, = (pr + pnv)® > Mp, My, =

(pp + pNe)? > M122 where A >> Agcp and Mg is a typical baryonic resonance mass. This amounts to cuts in
a and & at fixed M2 ,» Which are easily translated in terms of u’ at fixed M. 2 ,- These conditions boil down to a
safe kinematical domain (—u/)min < —t < (=t )mar which we will discuss in more details in Section 5.

The squared invariant masses (1.113) and (1.114) can be approximated when neglecting m? m? and A2 by

M2y ~sa(l—€) —p - A+ M2, (1.119)
and .
M2y~ sa(l—&)+pi- A+ M?. (1.120)

The lowest value of M2, is obtained when p; and &t are parallel, and can be estimated as a function of u’ as

S’yN 1_5 72|&t|

M2y, 2 —u l + M?, (1.121)

and a similar equation for MPQN, . One can show that this relation (and the similar one for M2,;,) implies that the
absence of resonance is automatically satisfied in the region of phase space which dominates the cross-section,
as soon as the constraints on u’ and ¢’ in order to have factorization are satisfied.

In the following, we will choose as kinematical independent variables ¢, u’, M2 5
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1.5.2 The Scattering Amplitude

We now concentrate on the specific process

(@) + p(p1, A) = 7 (px) + P (pp) + 1(p2, X') - (1.122)

Let us start by recalling the non-perturbative quantities which enter the scattering amplitude of our process
(1.122). The transversity generalized parton distribution of a parton ¢ (here ¢ = u, d) in the nucleon target at
zero momentum transfer is defined, in agreement with Eq. (1.44), by

<n(p2). N (=5) 05%u (5) Ip(pr), A >
1 ) B
= @(pa, ') o7 u(pr, \) / dp e~ 3* TPV gud( ¢ 1) (1.123)

-1

where A and ) are the light-cone helicities of the nucleons p and n. Here H%? is the flavor non-diagonal
GPD [191] which can be expressed in terms of diagonal ones as

H* = HY — HY. (1.124)

The chiral-odd light-cone DA for the transversely polarized meson vector p., is defined, in leading twist 2,
by the matrix element (1.94) which reads here, for the p°,

1
V2 0

where € (p,) is the p-meson transverse polarization and with fj‘ = 160 MeV.

OO0 @)l (. c2)) = (0 — L) [ du e 6, () (1125)

The light-cone DA for the pion 7+ is defined, in leading twist 2, by the matrix element (see for example [138])

(0ld(2)7"7 u(=2)|7 " (p)) = ip”fw/O du e”"PUIPE @ (y) (1.126)

with fr = 131 MeV. In our calculations, we use the asymptotic form of these DAs : ¢, (u) = ¢, (u) = 6ui.

We now pass to the computation of the scattering amplitude of the process (1.122). As the order of magnitude
of the hard scale is greater than GeV?, it is possible to study it in the framework of QCD factorization, where
the invariant squared mass of the (7 7+, p°) system Mgp is taken as the factorization scale.

The amplitude gets contributions from each Er , Hr , Ep , Hr. However, all of them but Hr are accompanied
by kinematical factors which vanish at A, = 0. The contribution proportional to Hr is thus dominant in the
small £ domain which we are interested in. We will thus restrict our study to this contribution, so that the whole
t—dependence will come from the t-dependence of Hr, as we model in Sec. 1.5.3. The interesting extension of
considering each of the four transversity GPDs - in particular with respect to the impact picture of the parton
content of the nucleon [192-197] - is left for further work.

Note that within the collinear framework, the hard part is computed with Ay =0.

Thus we write the scattering amplitude of the process (1.122) in the factorized form :

A(t,sz,pT) = % [1 dx/o dv/o dz (T"(z,v,2) — T x,v,2)) Hi(z,&, )P, (2)® 1 (v), (1.127)

where 7% and T¢ are the hard parts of the amplitude where the photon couples respectively to a u-quark (Fig.

1.12a) and to a d-quark (Fig. 1.12b). This decomposition, with the % prefactor, takes already into account
uti—dd

that the p’-meson is described as i
For this process, one has two kinds of Feynman diagrams: some without (Fig. 1.12) and some with a 3-gluon
vertex (Fig. 1.13). In both cases, an interesting symmetry allows to deduce the contribution of some diagrams

from other ones. This is examplified in Fig. 1.12. The transformation rules

x — - u — a v — T €y — €d (1.128)
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gl

H%d(x7 ga tmzn)

a b

Figure 1.12: Two representative diagrams with a photon u-quark coupling (a) and with a photon d-quark
coupling (b).

N N’

Figure 1.13: Representative diagram with a 3 gluon vertex.

relate the hard amplitude of Fig. 1.12b to the one of Fig. 1.12a. This reduces our task to the calculation of
half the 62 diagrams involved in the process.

Let us sketch the main steps of the calculation on the specific example of the diagram of Fig.1.12a, in the
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Feynman gauge. Using the usual notation ¥ = k,y", the amplitude reads:
Tio(x,v,2) = Trl(ifapey”)(—igy" ) F () + Opp + 2px) (ieuf (@) F (0} — vpp — Zpr)

(—igy")(0*?°) (—ig7u) (2i07eP £ ) (—ig7)]

X Trc[t*tbtt?]

1 ;o _
— 1.12
(8NC)2 4NCG(p2 + UpP)G(UpP + Zpﬂ') ) ( 9)

where the fermion propagator is (we put all quark masses to zero) :

i

iF) = (1.130)
and .
g™ Gk = =9 (1.131)
k2 + e

is the gluonic propagator. T'r¢ is the trace over color indices and the factors m and ﬁ come from Fierz
decompositions. The corresponding expression for the diagram 1.12b

Tgy(x,0,2) = Tr(ifzpey®)(—igy") (20077 f1)(=igy” ) (o)
(=ig7u) F (py + 0pp + 2px) (ieaf(0)) F (p1 — vpp — Zpx)(—igmn)]
x  Trolt*t’tt?] (8]\1f E ﬁG(—p’l +vp,)G(—0p, — 2px), (1.132)

justifies the symmetry we quote a few lines above. Thus the hard part of the diagram 1.12a is proportional to

1
(B + 0By + 2Px)? + i€][(P1 — vbp — 2Px)* + i€][(Ph + Vpp)? +i€][(vp, + Zpx)? + ie]

T3, (1.133)
and the ie prescription in the 4 propagators leads to the fact that the scattering amplitude gets both a real and
an imaginary parts. Integrations over v and z have been done analytically whereas numerical methods are used
for the integration over = (cf Appendix).

Lorentz invariance and the linearity of the amplitude with respect to the polarization vectors and with
respect to the nucleons’ spinors allow us to write the amplitude as:

/

A = (¢i(pp) - Nax) ey - pr)A + (€5(pp) - €41)(Nasa, - p1) B’
+ (€2(pp) - pr) (N3, - 641)C" + (€(pp) - pr)(Nay s, - P) (€41 - p) D’
+ (€2(pp) D) (Niya, - €y L) E + (€1(pp) - P) (N3 a, - P7) (61 - pT)F (1.134)

where A’, B’, C', D', E', F' are scalar functions of s, £, o and M?

T
e (p,) = <pp R *) 1.135
% (Pp) ot (1.135)
is the transverse polarization of the vector meson p, with €, = —%(il, 1,0), 6: | the transverse polarization
of the on-shell photon and
2
1L _
Ny, = 0 (e, Ao )y u(pr, Ar) (1.136)

is the spinor dependent part which expresses the nucleon helicity flip with ¢/ = diag(0,—1, —1,0). To be more
precise, the expression of this 2—dimensional transverse vector reads

Nk, —4i\/1-€2(0,1,0,0) N . =4/1-¢2(0,0,1,0) (1.137)
Nt = —4y/1-¢€20,0,1,0)  NZE_ . =4i\/1—¢€2(0,1,0,0), (1.138)
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assuming that these nucleons are polarized along the  axis.
Since the DA of p% (see below) introduces the factor € (Pp)p), — €4 (pp)p}, any term proportional to p/ in
its polarisation does not contribute to the amplitude. On may then replace

_ Pr- €+ o
hip) = 255 —=m () + (0.
-
Dy - €+ Dy Pt - o
= 20— |[1—-=—|p'+2=—=———p 0 . 1.139
aas—i—p [ aQS}p * 72s+_QT+(’ei) ( )

Consequently, the amplitude of this process can be simplified as

A = (N @) E)A+ (N &) (- €1)B
+ (N ) (& - €5)C + (Ng - 5) (Bs - €44) (B - €5)D (1.140)

where A, B, C, D are also scalar functions of s, £, o and Mgp.

1.5.3 Transversity GPD and Double Distribution

In order to get an estimate of the differential cross section of this process, we need to propose a model for the
transversity GPD HZ(x,£,t = 0) (¢ = u, d). Contrary to what Enberg et al. have done [180], here we must get
a parametrization in both ERBL ([—¢;¢]) and DGLAP ([—1; —¢] U [&;1]) domains.

We use the standard description of GPDs in terms of double distributions [51,114]

(w6t =0) = [ d3da 55+ o~ ) 735t = 0). (1.141)

where f1 is the quark transversity double distribution and Q = {|3|+ |a| < 1} is its support domain. Moreover
we may add a D-term contribution, which is necessary to be completely general while fulfilling the polyno-
miality constraints. Since adding a D-term is quite arbitrary and unconstrained, we do not include it in our
parametrization. We thus propose a simple model for these GPDs, by writing f7 in the form

[1(B, 0t = 0) = 11(8, )dq(B)O(3) — II(—3, a)dq(—B)O(-p) , (1.142)
where II(5, ) = %% is a profile function and dq, 6¢ are the quark and antiquark transversity parton

distribution functions (PDF). The transversity GPD HY. thus reads

1—

T 3(1l-z4&y)? -y
o> [ dy 3o (e~ )

Tte
+eE> > ¢ [/g oy SOV gy

Hi(2,§t=0)

B3t -gy)?® -y
- 9(—§>:c)/_ﬂdy1 (ETETE 0q(—x +&y) . (1.143)

For the transversity PDFs dq and 07, we use the parametrization proposed by Anselmino et al. [198]

Su(r) = 7.5-0.5(1—2)°(zu(z) + zAu(z)), (1.144)
su(z) = 7.5-0.5(1—2)°(xa(z) +zAu(z)), (1.145)
sd(z) = 7.5-(=0.6)(1 —2)°(xd(z) +z Ad(z)), (1.146)
5d(x) 7.5-(—0.6) (1 — 2)*(xd(x) + v Ad(z)), (1.147)
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where the helicity-dependent PDFs Ag(x), Ag(z) are parametrized with the help of the unpolarized PDFs ¢(x)
and g(z) by [199]

() = Vzule), ( )
Au(z) = -0.32% a(x), (1.149)
(z) —0.7 Vx d(z), ( )
() = =03 204 cZ(ac), ( )

and the PDFs ¢(z), g(x) come from GRV parametrizations [200]. All these PDFs are calculated at the energy
scale pu? = 10 GeV2. Fig.1.14 represents H%(z,&,t = 0) and H%(x,f,t = 0), respectively, for different values
of &, which are determined through (1.109) for S,nx = 20 GeV? of JLab and for M2, equal 2, 4, 6 GeV?,
Similarly, Fig.1.15 represents H%(z,¢,t = 0) and H(x,&,t = 0), respectively, for different values of ¢, which
are determined through (1.109) for S,y = 200 GeV? of Compass and for Mgp equal 2, 4, 6 GeV?2.

These two GPDs show some common features like a peak when x is near £, their order of magnitude and the
fact that they both tend to zero when x tends to +1. The main difference is their opposite sign. The restricted
analysis of Ref. [180] based on a meson exchange is insufficient for this study since it only gives us the transversity
GPDs in the ERBL region. The MIT bag model inspired method of Ref. [182] underestimates the value of
Hyp(z,€) in the ERBL domain because this model does not take into account antiquark degrees of freedom.
One can notice that these GPDs have the same order of magnitude but some differences with other models like
light-front constituent quark models [183,184], principally due to the fact that in [183,184], parametrizations
have been done at u? ~ 0.1 GeV? whereas our model is calculated at u? ~ 10 GeV2. Other model-studies have
been developed in the chiral quark soliton model and a QED-based overlap representation [185, 186].

The t-dependence of these chiral-odd GPDs is related to the impact picture of the parton content of the
nucleon [192-197]. We use here the simple multiplicative ansatz

Hi(x,&,t) = Hi(z,6,t =0) Fg(t) (1.152)
where
02
Fu(t) = (=0 (1.153)

is a standard dipole form factor with C' = .71 GeV?2.

d _
HY(x, &, t=0) HT(x, &, t=0)
5

1.5

1.q

10 —05 10

10 05 N 5 0%
-1.0

a b

Figure 1.14: Transversity GPD H%(x,&,t = 0) (a) and H4(x,&,t = 0) (b) of the nucleon for ¢ = .111 (solid
line), £ = .176 (dotted line), & = .25 (dashed line), corresponding respectively to M,%p/SvN equal to 4/20, 6/20
and 8/20.
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Figure 1.15: Transversity GPD H%(x,&,t = 0) (a) and HE(z,£,t = 0) (b) of the nucleon for ¢ = .01 (solid line),
& = .015 (dotted line), & = .02 (dashed line), corresponding respectively to M,EP/S,YN equal to 4/200, 6/200 and
8/200.

1.5.4 Unpolarized Differential Cross Section

Starting with the expression of the scattering amplitude (1.140) we now calculate the amplitude squared for

the unpolarized process
1 1
2 - - *
IM|* = (2) (2) E AA (1.154)

A1 A2

It can seem odd to study the chiral-odd quark content of the nucleon by calculating the cross section of an
unpolarized scattering but it is enough for now in order to reach this unknown structure. Of course it is possible
to consider the polarized one by producing the spin density matrix, which will be done in a future work.

We now present our preliminary results on the cross-section as a function of ¢, M2 o> —u’ which reads

do _ |M|?
dtdw dMZ, | 3252, M2, (27)°

=tmin

(1.155)

Let us first discuss the u’ dependence at fixed M2 , and at ¢ = £y, We show, in Figs. 1.16 and 1.17, respectively,
the differential cross section (1.155) as a function of [u/| for M2, = 6 GeV? fixed at S,y = 20 GeV? i.e. £ = 0.176
and at Syn = 200 GeV? ie. £ =0.015.

The physical region over |u/| is contained between —u/, ,,, and —u/,,, due to the typical cuts —t/, —u’ > A?
=1 GeV>. Here a table where is written the minimal and maximal values of —u’ with respect to M2, :
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—  (nb.GeV®
dtdu  dm2,

10°} Cut u'| > 1GeV?

{ S, =20 GeV?
1 M2, = 6 GeV
10°F
100C {— Cut |t'| > 1GeV?
1010
° o . . .
0 1 5 3 st ey (GeV)

Figure 1.16: Variation of the differential cross section (1.155) (nb.GeV~°) with respect to [u'| at M7, = 6 GeV?,
S.n = 20 GeV? and ¢ = 0.176.

Mﬁp (GeVQ) 7u;nin (Gev2> 7”;7111;3 (Gev2)
2 1 0.378
3 1 1.378
4 1 2.378
5 1 3.378
6 1 4.378
7 1 5.378
8 1 6.378

One can notice that —u/,,, does not depend on S,n and that for M,Qrp = 2 GeV? those cuts induce no

physical region, hence an impossibility to get any measurement for this value of the hard scale.
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'—2 (nb.GeV'B)
dtdu’ dM2, 2
w Cut |U'| > 1GeV

10°F

S,n =200 Ge

2 _
100d MZ, = 6 GeV’
100 °
° <—Cut |t'| > 1GeV?
° ° o o .
0.1
[ J

PP PR P PP sl —l . & 1 2
0 1 > 3 7] 5 U (GeV)

Figure 1.17: Variation of the differential cross section (1.155) (nb.GeV~%) with respect to |u'| at M?, = 6 GeV?,
S.n = 200 GeV? and € = 0.015.

In Figs.1.18 and 1.19, we show the Mﬁp dependence of the differential cross section when integrating over
v/ in the range [u/|, [t'| > A%, with A =1 GeV,

do

e 1.1
dtdM?, (1.156)

U do
- du — 27
/u/ " dtdudMz,

t=tmin min t=tmin

which quantifies the feasibility of the measurement that we propose. We plot it for both medium (JLab at S, n
= 20 GeV?) and high energy (Compass at S,y = 200 GeV?).

1.5.5 Rates for JLab and COMPASS

To get an experimental rate, we, at first, integrate dtj# over M2 » € [3 GeV? | 8 GeV?], then multiply

™ lt=tmin
the result by F%(t)/F#(tmin), to recover the t-dependence, and integrate it over a moderate t—range such as
[-0.01 GeV? | -0.001 GeV?]. We finally obtain the following total cross sections for the photoproduction of a

TpT pair :
TyN—rt g (Syn =20 GeV?) =860 nb 0yt 0 v (Syn = 200 GeV?) =~ 11 nb. (1.157)
Thus, one can get an estimate for the experimental rate R?Lab at JLab Hall D (12 GeV) by
RPray = Oynomepgn (Syn =20 GeV?) x Ny x N,
= 110 events.s ! (1.158)

where N, ~ 10® photons/s is the photon flux (for tagged photons at 9 GeV) and N, = 1.27 b~ is the number
of protons per surface in the target (liquid hydrogen of 30 cm), assuming that the efficiency of the detector is
at 100%.
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do
dtd(M2))
30

(nb.GeV™%)

250

20CF

150

100¢ d

M2, (GeV?)

4 5 6 ’ )
[ ]

Figure 1.18: M2, dependence of the differential cross section (1.156) (nb.GeV~*) at S,n = 20 GeV?

do 4
— (nb.GeV™

dtd (M2, S,n = 200 GeV
®
20f
15}
10f .
: ¢ : : L M2 2
4 5 6 7 g Ma (GeV)

Figure 1.19: M2, dependence of the differential cross section (1.156) (nb.GeV~?) at Sy = 200 GeV?

It is possible to relate the total cross section of our process to the leptoproduction [+ N — [+7" +p%+ N’
studied at the Compass experiment (I = p) and at JLab Hall A/B (I =e~) by

o(IN — IntphN') = / / dQ* dv T'H(Q?, v)oy- nosrt o (Q°, V) (1.159)
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1 /A9 B « Q? v \? m12 v Q? 2
M@ =5 (v 5im) | (5) <”@>*<1EE>—H%§

is the flux of transverse virtual photon, with the fine structure constant o = 1/137 and E; the lepton energy
(in the laboratory frame), and where we assume that

where

(1.160)

SN — M?
O',Y*N_,ﬂ—+pUTN/(Q2, l/) ~ O-'YN_’T"+P0TN/(Q2 = 0, V= 'YT) (1161)

Consequently, the total cross section of the electroproduction at JLab Hall A/B (E. = 11 GeV) is

1 6
o(e™N — e T phN') ~ UWN_,,FW%N,(QQ =0, v=10 GeV)/ dQ? / dv T'r(Q?, v) (1.162)
2 106 4

with
O”YN—>Tr+p%N/(Q2 = 0, v=>5 GeV) ~ O',YN_,TFerOTN/(SryN =10 GeVQ) ~ 20 /,Lb (1163)

and an estimate of the experimental rate Rﬁéfb

Rﬁéfb = o(e"N— ef7r+p0TN’) X E;‘éfb

3.510% events .s™* (1.164)
where E’;‘éfb =10% cm~2 . s7! is the luminosity for the electron beam.

The total cross section of the muon-production at Compass is

1 144
o(uN — pntphN') ~ O',YNA,ﬂ.+pOTN/(Q2 =0, v =100 GeV)/ dQ? / dv Tr(Q?, v) (1.165)
0.02 56
with
O',YN_,ﬂ.+pOTN/(Q2 = 0, vV = 100 GeV) ~ O-'yN—wr*p%N’ (S’YN = 200 G€V2) (1166)

and an estimate of the experimental rate Rcompass

RCompass = U(,“/N - MWJFP%N/) X ECompass x 15%
= 2107 events.s ! (1.167)

where Lcoompass = 2.5 1032 ecm~2. s7! is the luminosity for the muon beam in Compass and 15% expresses the

efficiency of the detector.

According to these results, one can conclude that the photoproduction of a transversally polarized vector
meson on a nucleon target is a very good way to reach informations on the generalized chiral-odd quark content
of the proton. Indeed, if the JLab CLAS-12 upgrade gets the luminosity experimentalists expect (£ ~ 103°
cm?.s7 1), one must reach very high statistics per year to extract transversity GPD and measure it with a rather
good precision, without demanding a polarization of the nucleon. This study thus clearly prove the feasibility
of the experiment at JLab. For COMPASS, the situation is unfortunately not so favorable.

Having proven the feasibility at JLab, the next stage is of course to get more reliable precision in our
prediction. This can be obtained in several ways. First, our model for this GPD HZ could be improved by
adding, for instance, the D-term which gives a complete parametrization by double distribution. Next, one
could think about extending this study to the polarized process, by calculating some observables like the spin
density matrix of the vector meson. Further, the extension to the case of electroproduction can be done. Last, a
interesting comparison could be obtain with respect to the photoproduction of longitudinaly polarized p—mesons
through non-flip GPDs, which are expected to dominate the cross-section.



48 CHAPTER 1. FROM INCLUSIVE TO EXCLUSIVE PROCESSES

Appendix
The explicit calculation of the trace for the diagram 1.12b gives
iCreaf) fry'z
32N s2alr — & — €]z + € — i€
(Nt 0 p) (Dt - Eyt) — (Nt D) (Eye + Tpr) + %—Ig(ﬁt “Eyt) (Pt - Oy)
zvt[(aZ + av)(x + £ — ie) — 2£Zv)]

Tde(:L', v, Z)

(1.168)

One can already notice that the hard part of this diagram depends on z only via two expressions x — £ — i€ and
x + & —ie. This contribution should then be integrated over v and z, the integral with respect to x requiring a
specific model for GPDs, see Eq.(1.127). The choice of a specific order of integration over v involving the DA
of p or z involving the pion DA does not lead to any simplifications. We choose to integrate first over v. This
first integration is rather straightforward. The second integration is more involved because of the presence of ie
terms inside the integrand, and in particular as an argument of logarithmic funtion, leading in the final result
to appearance of imaginary parts. For example, it requires to evaluate integrals of the type

aXz }

! 1
/0 e Tax 8 {aX—i—z(aX—Z«E) (1.169)

where X = x — £ 4 i€ contains all dependence of the integrand on ie.
Nevertheless, since we have rewritten the z-dependence of propagators with the new variable X, it is possible
to calculate this integral analytically without any problem. Thus the expression (1.169) gives

w2 1 26 26 1 26 1 26

— + —Li 1-— 1—-— — —Lip |[1——=| —=Lis [1——] . 1.170

12¢ g [( aX)( @Xﬂ 28 12[ ax} 2 12[ aX] (1170)
The final result for each particular diagram is rather lenghty, and because of that we do not present explicit

final results for scalar functions A, B, C, D of (1.140). The final integration over x with any tranversity GPD
is done numerically.



Chapter 2

Extensions and applications

2.1 GPD crossing s < t: from DA to GDA

2.1.1 From GPDs to GDAs

In the generic situation investigated in chapter 1, we have dealt with DVCS +*(Q?)p — ~p in the regime
where Q* and s were both large (with respect to Ayop), with a fixed ratio, and with ¢ fixed. The reaction
v*(Q?)7 — 77 can be treated along the same line of thought. It is however possible to consider this last
process in the cross-channel, i.e. v*~y — 7, asking now for a large Q? > A?QCD value and a small s value, i.e.,
due to the constraint s + ¢ +u = —Q* + M* 4 2m2 , to study the limit ¢ > A2, . As shown formally in [72]
by considering the light-cone limit of the non-local twist 2 operators, and then investigated in [201,202] by
similarity with DVCS, this process indeed factorizes, involving an hard part describing the process v*v — qq
with collinear and on-shell produced quark, and a soft part describing the production of the 77 pair from a ¢ q.
This last part was called Generalized Distribution Amplitude (GDA).

As discussed in chapter 1, the non-perturbative matrix elements occurring in DVCS are GPDs defined in
the pion case as [203]

Hy(o.&0) =5 [ G e (a2~ 27 el Dl o) 1)

where we have made an interchange of notation between 4+ and — components with respect to Sec.1.3 to make
the comparison with GDA easier. Here, as usual P = (p + p’)/2, which is thus now along +.

In a similar way, in the crossed-channel investigated now, the GDAs for quarks and gluons are defined
respectively, in AT = 0 gauge:

y(2,,W?) = / CZC—; = @ () (1) |ata )y a(0)[0), (2:2)
y(2,¢,W?) = % ‘Z”T_e—iZ<P*w’><7r+(p)7r—(p')|F+H(x—)F#+(0)|o>, (2.3)
= z2(1-2)P* /d;—; e~ =P (2t (p)r ()| A (27) A, (0)[0)
with - T o)
Py + Pl

Let us see how to pass from GDA to GPD in terms of kinematical variables. This is done by crossing of the
final state 7~ (p’) to an initial state 7+ (—p’) and then by the replacement

GDA GPD
- — D (2.5)
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from which one can check that under the replacement (2.5), the relative fraction of longitudinal momenta 1 —2¢

becomes , ,
172§:p+—p+ S 1

== (2.6)
Py + 7 py =Py €
while the internal z variable transforms according to the argument of the Fourier transform
(2~ Vs + 045 — (2o D, —po) o = (22— ) DEPEPe o (2.7)
2 2 Pyt 2
which thus implies that
1-22 2, (2.8)

§

From the form of the non-local correlator (2.3), one readily obtains, after performing the replacement z — 1— z,
then using translation invariance on the obtained correlator, performing the change of variable x— — —z~ and
the fact that A field commute on the light cone, that

(I)g(Z,C,W2) :(I)g(l—Z,C,WQ). (29)
C'—invariance leads to the identity
By(z,1 =, W?) =D, (2,(,W?), (2.10)

which is easily obtained after inserting the C operator in the correlator (2.3).

The quark case is more involved, since one needs to combine the two above transformations and to compare
the obtained correlators in order to get symetrical properties. One gets from the well-known transformation
properties (2.11)

CU(z)Ct =ncCUT(z) and CU(z)CT =n5 0T (x)C,

where C = CT = C~! = C" = —C and C'v, C = —v] the relations
q)q(l -z, Cv W2) = 70(1)1](27 Ca W2> = 7(1)(](27 1- Cv W2) ) (211)

where C' = 4+ denote in this last equation the C'—parity quantum number of the two-pion state. For further
use, we note that based on the fact that the isoscalar state I = 0 is a symetrical combination of 7% and 7~
while the isovector state I = 1 is an antisymetrical combination of 7% and 7~ , the C—even state (denoted ®1)
corresponds to the isoscalar state while the C—odd state (denoted ®~) corresponds to the isovector combination.
In the present case, due to the initial C' = + state, we are of course restricted to the case of ®* , which we here
after denote ® for simplicity.

2.1.2 Evolution equations
ERBL evolution kernel

As discussed in Sec.1.4.6, non-perturbative correlators involved in hard processes satisfy evolution equation due
to the arbitrariness of the factorization scale pp.

We here present the evolution of the distributions for gluons and of quarks in the singlet combination
of ny flavors and adhere to the approach and notations of [202], where the evolution kernel involved in the
renormalization group equation due to the factorization scale arbitrariness was obtained in axial gauge AT = 0,
based on the computation of collinear singular diagrams, when dressing the hard part at one loop. This was
done following the approach of Refs. [204] and [205]. Another approach, as explained in Chap. 1, relies on the
renormalization group equations for non-local operators [105].

As in intermediate step, one introduces the auxiliary functions

22fo(x) = 3. 0,(2), (2.12)

22 fa(z) = ®42). (2.13)
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Figure 2.1: The scattering amplitude in the factorized form H ® f, where f denotes the soft matrix elements
and H is the hard coeflicient. X is a given system of bound states (single hadron state in the case of a DA, two
hadron state or three hadron state in the case of a GDA).

The dependence with respect to the factorization scale is controlled by the usual £ parameter [61,62] involved
for example in the DGLAP evolution equation, arising from the S—function of QCD, which reads’

2 2 _3 0 as (1)

where ag is the one-loop running coupling and 8y = 11 — 2ny/3. § is analogous to a time variable describing
the evolution from the scale py to the scale p. The evolution equation takes the form

9
o€

where f is a two-component vector due to quark-gluon mixing, which reads

f= ( ;2 ) (2.16)

V= < Voo Voo > (2.17)

(2,€) /o duV(z,u) f(u,§) =V f, (2.15)

and V is the 2 x 2 matrix kernel

Vaqo Vea
In axial gauge, contrarily to the covariant gauge case, the one-loop corrections to the hard coefficient H are
obtained by insertion of diagrams of the type illustrated in Fig. 2.2 between the hard part H and the soft
part f, leading a ladder-like structure of the same type as the one encountered in the computation of the
familiar DGLAP evolution kernel in planar gauge [98]. To get the whole one-loop corrections this should be
supplemented with (renormalized) self-energy insertions on each line connecting H to f. These corrections thus
have the symbolic form H ® £V ® f. Now, instead of considering the evolution kernel as acting on the hard
part, as was done during the practical stages of the computation, it may be viewed as acting on the soft part,
again exactly in same spirit as for inclusive quantities [98]. This thus leads to the following evolution equation

FO) = fO(2) +§/O duV(z,u) fO(u). (2.18)

The diagrams involve an integration with respect to the loop momentum k. The integration with respect to
k™ is done using standard Cauchy method, closing around relevant pole in the complex plane. In the one-loop
approximation, the collinear singularities are responsible for contribution of the type 1/k% which, after taking
into account the fact that the coupling a is to be taken at the scale k2 , 2

[ st
o

, (2.19)
2 K% 2

INote that this notation may differ depending on the author: f[hwelzf [202}:2 13 98] which should be taken into account in
the proper definition of the evolution kernel.

2Note that the problem of fixing scale at which the coupling should be taken has been investigated in [98] from the point of
view of perturbation theory. The proof is very tricky, and as far as we know was not investigated at higher loop level [206]. On
the contrary, the scale fixing for the running coupling is given for free in the language of operator product expansion combined wih
renormalization group analysis.
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Figure 2.2: One-loop insertions, to be supplemented by self-energy insertions on every line appearing in Fig. 2.1.
The sum of all insertions gives the evolution kernel £V. We remark that the one-loop graph (e) must be
multiplied by 1/2 to avoid double counting. w and z denote light cone plus momentum fractions, and x the loop
four-momentum.

relying on the fact that the £ momentum is assumed to be larger than the IR cut-off g provided by the soft
part, and smaller than the UV regulator u? coming from the hard part. This contribution equals the “time”
variable £(p?, u2) defined by Eq.(2.14). The next step is to note, in the spirit of all-order renormalization group
analysis, that this one loop contribution should resummed, since the large logarithm of the ratio of the two scales
u?/ud may compensate the smallness of the coupling. This means that one should rather consider the infinite
set of ladder-like diagrams instead of one single rung, exactly in the same spirit as for DGLAP equation [98],
which at the level of the whole y*y — X process means that one should consider > (a5 InQ?/p3)™ instead of
a single as In Q?/pug one-loop contribution.

At this stage, before proceeding, one should note that the analysis can be performed in a non-physical
gauge, like the covariant gauge. This makes the evaluation of the leading logarithmic contribution much more
involved. Indeed, it is known that in covariant gauge, a non-ladder like diagram provides a contribution of
double-logarithmic type, ~ as In® Q?/uZ . Tt turns out that the whole series 3" (s In? Q%/u3)" cancels, when
considering a colourless bound state [207]. By direct inspection at a given order of perturbation theory, one can
prove that is true for all terms like ~ o In™ Q?/u3 with 2n > m > n, in agreement with the expectation of the
operator product extension analysis. Such a tedious analysis is much simplified when using planar gauges [98],
in which the logarithmic contribution are ladder like, and are of the type expected by the operator product
extension analysis. The first use of physical gauge for exclusive processes is due to the work of Brodsky and
Lepage [66,133,208], who computed the evolution kernel for DAs in the language of perturbation theory on
the light cone (also called light-front perturbation theory, or old fashioned perturbation theory), using an axial
gauge. It is only in such physical gauges that evolution equations have a natural partonic interpretation.

Assuming now that the logarithmic analysis has been performed, in whatever gauge, the resummed evolution
is a Bethe-Salpeter equation, where the kernel is the one-loop kernel (this generalizes to higher loop order).
This means simply that in Eq. (2.18), one should just remove the index (1) in Lh.s and the index (0) in the
second term of the r.h.s, giving thus

f(z)=fO() —l—f/o duV(z,u) f(u). (2.20)

which is equivalent to the expected form (2.15).

The integration over k™ may be reexpressed as an integral over the incoming light cone fraction u, denoted
above as a convolution ®. In this collinear approach, the obtained evolution kernels act only in z space, and
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describe the change of light cone fractions from u to z. They reads

Voo(z,u) = Cp G(qu)% <1+z—u >+{u<—>ﬁ,z<—>2}],
+
Voa(z,u) = 2nTp [9(,2 - u)g(2z —u)—{ueu,z— 2}} )
Veo(z,u) = % [9(z—u)5(272&)—{u<—>ﬁ, z<—>2}} ,
Vea(z,u) = % [9(2: —u) <uu . i 2—1;[(2,2 —1)2+ (2u — 1)2]>
+
+{uea, z oz} — %nfTF o(u—z), (2.21)

where the color factors are Cp = 4/3, Tr = 1/2 and C4 = 3. The subscript + denotes the usual 4 distributions,
which act on a given test function f as

/Olda ELf(a) - /Oldaw. (2.22)

a

The kernels (2.21) are the remaining finite parts after the cancellation of infrared divergences between graph
(a), resp. (d), and quark self-energy, resp. gluon self-energy insertions, in the same way as the DGLAP kernel
is obtained. These singularities of the real diagrams arises when the momentum of the emitted vector particle
(here a gluon) drawn vertically in Fig. 2.2 tends to zero, and as usual are compensated by virtual correction
(here the self-energy insertions). These self-energy corrections are related to parton splitting

1)

. {1 —< / deQQ(SC)} &) = {1 - / deGQ(z)] )

Wy = {15 / do <%ng(z>+anQG(z>>] O, (2.23)

SE

with the unregularized DGLAP splitting functions

1+ 22
Poq(z) = COry—,
Poc(z) = Tr[2®+(1—-2)%],

14+ (1—1x)?
Poolz) = CF%,

T 1—x

P, = 2 —— 1-— . 2.24
ca(T) CalT—+ = +a(l-2) (2.24)

Indeed, a given virtual correction can be seen as the probability of non-emission of the given final state during

the “time” &, which is just 1 minus the probability of emission, given by the splitting function multiplied by
the time &.

Solution

We will now study the solution of the evolution equation (2.15). This can be done in two ways: either directly,
using orthogonal polynomials, as will do now, or using the hidden conformal symmetry. The solution can be
provided for arbitrary values of C'. For future applications to v* vy — vy~ and yv*v — H (H = 17T, see Sec.2.5),
it will be enough for us to consider the case C' = + appearing in the process v* v — 7« from which we started.
The case C = — will be used when playing with Pomeron/Odderon interference in Sec. 7.5.

In the direct way, one is looking for solutions of the form

f(z,6) = f(z)e " (2.25)
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Introducing the natural set of variables y = 2u — 1 and = 2z — 1 which are the relative momentum fraction
of the bound state3, we study the action of the matrix kernel V acting on the states

féO) = ( Z'On ) ) féO) = ( :L.nofl )’ (2'26)

where n should be an odd integer due to the symmetry properties (2.11) and (2.9). One gets

Voq ®@y" = —yqq(n) 2" + O(z""?), Voo @ y" !t = —yga(n) 2™ + O0(x"?),

Vao®y" = —vcon) 2" ' + 02" ?),  Vae®y" '=—qecn)z" "t +0@@"?), (2.27)
with the anomalous dimensions
n+1
1 1 1
= Cpl=-————"+—-—+2 - 2.28
YQq(n) F<2 (n+1)(n+2)+ ;k> (2.28)
n>+3n+4
- —n,T 2.29
n?+3n+4

vao(n) = —2CFf (2.30)

(n+1)(n+2)(n+3)’

1 2 2 iy 2
Tec(n) = Ca <6 T an+1) (n+2)(n+3) i 2];2 E) + gnfTF (2:31)

which are identical to the celebrated anomalous dimensions of the flavour singlet operators. This is of course
not accidental and is related to the fact that the anomalous dimensions remain unchanged in the local limit, in
which the anomalous dimensions coincide with the one of form factors (see Sec. 2.1.2).

We therefore deduce from (2.27) that the space of solutions with n < ng is stable when applying the kernel
V. One can thus look for polynomials p,(z) and g,—1(x) satisfying

Voo ®pn = —7q(n) P (2.32)
Vo @ gn1 = —qa(n)pa, (2.33)
Vo @pn = —v6Q(1) gn-1, (2.34)
Ve ® qn-1 = —v66(n) gn-1. (2.35)

Based on the theory of orthogonal polynomials, the complete identification can be performed relying on the
interval of definition of the system of polynomials we are looking for and on the weight with respect to which
these polynomial are orthogonal among themselves.

The weight can be obtained as follows, relying on the symetries of the evolution kernels:

(1—2*)Voo(z,y) = (1—9%) Vooly,x), (2.36)
20r(1 —2*)Voa(z,y) = niTr(l —y*)* Vagq(y, o), (2.37)
(1-a)?Voa(z,y) = (1-y)?*Vac(y,z). (2.38)

For a given couple of integer numbers n, m, Eq.(2.32) implies that

/1d:c 1 — 22) pu(@) pm(2) 1n) /1d$/1dyVQQ (2,9) pn(y) pm(z) (1 — 2°)

ln) /dz/dyVQQ Y, 2) Pn(y) Pm(z) (1 — %)

1

= %/dypn(y)pm(y) (1-y°) (2.39)

30ne may find the notations ¢ [9] or £ [135-137] for y in the litterature.
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after using the property (2.36). This shows that for n # m , p, and p,, are orthogonal with the weight 1 — 22 .
Analogously, using Eq.(2.38), one easily gets that ¢, 1 and ¢, _1 are orthogonal with the weight (1 — 2%)2.

Thus, p, is proportional to the Gegenbauer polynomials C7(L3/ 2) (z) while g,,—1 is proportional to the Gegenbauer
polynomials Cr(i/f ) (x). Indeed, Gegenbauer polynomials C* [209] are defined in such a way that

nl (n +v) F ,

palo) =270) |t ) (2.40)

where py(z) are orthonormal basis with weight (1—22)”~2 . The last step is to check that the symmetry relation
(2.37) is compatible with this identification. This requires to fix accurately the normalization of p,, and g,—1 .
This is done by using the mixing of p,, and g,,—1, according to

1 1

/dm—x s (2) gr(0) =~ /d:c/dvaQuy)qm 1(2) pa(y) (1 — 22)°

-1

1
QCF / / ’
- dx dy Ve 5 m—1{(T) Pn 1-—
nfTFVGQ 1 Yy Vac (¥, 2) gm-1(2) puly) (1 — y°)
2C i 3
- Ay P () Pa(y) (1 = dy pim(y) pa(y) (1 = 2.41
nfTFWGQn /1 yp (W) (1 =y = — 1 Y om(y) Pa(y) (1 —y7) (2.41)

after using the explicit form of the anomalous dimensions (2.30, 2.29). Now, according to Eq.(2.40),

(n+3)

G221 = |C3/22, (2.42)

and thus one can identify p,, with 5/ 2)(x) and (gp—1) with 07(5:/12 )(x) provided that one makes the redefinition

Taa(m) = Yoa) = S rga(m)  agln) = Vo) = > 1ae(n) (2.43)

in such a way that
Yoc(n)  n(n+3)
Taqn) 9
in accordance to the ratio (2.42) of the squared norms.
To get an explicit solution, one needs to diagonalize the 2 x 2 anomalous dimension matrices, in the same
way as for DGLAP equation [98]. The eigenvalues are

D6 = 2 [0 + 1660 + y/Haa(m) —16a(m] + Hoamvsgn) | (2.44)

with the corresponding eigenvectors

(3/2)
() _ Cn' ()
v T) = , 2.45
v @) (gr(li) D (@) ) (243)
where @)
g = L'y TVQQ(TU_ (2.46)
VQG(H)

The general C' even solution of Eq. (2.15) may then be written as

f.&) = 3 {ADuD @) e ™4 A (@) e T (2.47)

odd n
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with integration constants A%i).
The solution for the GDAs ®, and ®, thus reads

nf
S 0r(epd) = 2(1-2) Y Ad) CEP Rz - 1),
qg=1

odd n
By(z, %) = 2122 > AL O (22 - 1), (2.48)
odd n
with
2y Ko 2\ K47
A, ’u2 _ Agl_,_) (OCS(M )) +A£1_) (CYS(:U )) : 2.49
(W) as(1d) as(pg) (2.49)
oy y KD oy K
o _ A (M) 4+ g AC) (as(u )) _ 050
(W) as(pg) as(pg) (2:50)

In these expression, all the exponents K, B = QF( ) /P1 are positive except for K =) = . Therefore, in the
asymptotical regime pu — oo, Ag ) wil be the only term to be kept.

Relation with local matrix elements and polynomiality

Up to now, all what we have said in this section applies to any DA, since the only internal variable involved in
the above description is the relative ¢ — ¢§ momentum fraction, which has to do with the splitting of the hard
part into a ¢ — g pair. The second variable which is involved is the factorization scale, which governs the QCD
evolution. The GDA gets involved when specifying that the final state is actually not a single bound state, but
a pair or a triplet 4 of bound states. In collinear factorization, restricting to the case of a hadron pair GDA, e.g.
w7 pair, this means the introduction of a second longitudinal variable, denoted hereafter as (, which encodes
the fraction of longitudinal momentum carried by one of the hadron in the pair. This dependency is hidden in
the coefficients AS#’ and A%_), which are also dependent of the Mandelstam variable W2,

Based on the relationship between z—moments of the GDAs and matrix elements of local operators, one
can show that the (—dependency with respect to ( is polynomial. Indeed, let us consider the moments of the
quark GDA (2.2). Defining 0t = 9/0z~ , it reads

! s P _ iy e—zz(P z7) I\~ T~ +
/0 0z 2" @, (2) / /d (r(p)(p') a(a )+ a(0)]0)
1

o [ (i) [ [ a0 txtormtelata 1y a0

= Gy [ 4 B =0 (o)) () a(0)0)
= GO () @ a0) 0] (251)

where the third line is obtained after integrating by part, and similarly for the gluonic operators:

! 1

/0 dz2""1®,(2) = Py {(—i8+)"_1<7r(p)7r(p')| FtH(z)F,(0)|0) 0 (2.52)
The next step is similar to the usual treatment of matrix elements of twist 2 operators in DIS (except for
the non-forward nature of the matrix elements considered here): the above local matrix elements are the +-
components of tensors which one can decompose on the available set of vectors or tensors, i.e. the metric g"” ,
the vectors (p + p')* and (p — p')*. Identifying now the + components of these vectors, (p + p')*™ = PT and
(p—p)T = (2¢ - 1)PT (¢g7+ = 0), the r.h.s of Egs.(2.51, 2.52) are explicitely polynomials in 2¢ — 1 with
degree at most n+ 1. The expansion (2.48) explicitely show that the coefficients A,, and A/, are respectively the

4Generalization from 77 to 7w was discussed in [210].
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Gegenbauer moments of the GDAs ¢ ®q and @4, with their corresponding weights. Thus, since the degrees

of CE/? (x) and Cr(i/f ) (x) are respectively n and n — 1, the above reasoning for the power moments, which we

considered in Eqgs.(2.51, 2.52) of the GDAs, applies also for the coefficients A,, and A/, showing that they are
themselves polynomials in 2¢ — 1 with degree at most n + 1.

In order to perform easily the angular analysis of the pion pair, it is convenient to use Legendre polynomials
when expanding these coefficients. Using the notations of [203], it reads

n+1

An(GW2) =6n5 > Bu(W?) P26 —1). (2.53)

even [

A similar expansion can be performed for A/, , introducing coefficients B,

The C—invariance properties (2.11) and (2.10) govern the ¢ symmetry and restrict [ to even integers in the
C—even sector we are investigating.

The expansion Eq.(2.53) leads to a complete separation of variables ;1 and W? on one side (coefficients
B, and B/,), and ¢ on the other hand (Legendre polynomials). This implies interesting properties of these
coefficients B,; and By, . First, the expansion coefficients By,; being linear combinations of the local operator
matrix elements in Eq.(2.51, 2.52), they are analytic functions of W?2. This allows one to relate them to the
moments of parton distribution of the pion when W?2 becomes zero or spacelike. Second, for each fixed value
of n, A, (A}) are linear combination of By, (resp. B),), showing that the factorization scale dependence of
Egs.(2.49, 2.50) leads to the same dependency for By, (resp. Bl,;), which reads for of the By, coefficients

21\ K& 2y K5
Bu (W2, %) = B (W?) <—O‘S(“)) + B w?) (O‘S(“>> . (2.54)

s (15) s (pg)

A similar equation for B/, can be written, involving the factors ggi). For further use within our study of hybrid

production with 77 decay, let us explicitely display, in the limit g — oo, the asymptotic form of the GDAs,
which reads

Zqﬁ W) = 18npa(l—2)(22 - 1) [BR(W?) + BG (W2) Py(2¢ - 1)] (2.55)
Dz GW) = 4823(1—2)? [Bl) (W2) + B (W2) Pa(2¢ - 1)) (2.56)
where P2(2¢ — 1) =1 —6¢(1 — ¢). We note that B§6) and Bg) are o independent due to the vanishing of
K=o
For further use in the case of the C—odd nt7~ GDA, when studying interference between Odderon and
Pomeron in Sec. 7.5, we shortly provide similar expression for the C' = — sector:
oo n+1
1) (2,¢,510%) =62(1—2) > > B (s, 4u*)C/* (22 — 1) P(2¢ — 1) (2.57)
n=0 [=1

even odd

where now n is restricted to be even and [ to be odd due to the symmetry properties (2.11). Since in the C—odd
sector there is no mixing with gluon, one has simply a multiplicative renormalization of the coefficients B,
which thus evolve as

B, (W2, p%) = B, (W2, 2 as (1) f 2.58
nl ) = B (W=, ug) or even n (2.58)

27qq(n)/Bo
A (M%) )

which is the same as the evolution of the DA for a single C—odd p or 7 [48,66], with the anomalous dimension
(1.83). Note that a C'—even DA satisfies the same evolution equation (2.58), this time with n odd.
Polar angle distribution

The last step in order to relate the previous expansion of the GDAs is to relate { with the external kinematical
variables.
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In the CMS fo the pion pair, denoting 6 as the polar angle of the pion 1 with respect to the z axis, the
momentum of the pions reads

pm = (VP +mZ, [P] sin@ iy, [p'| cost) and pr, = (V/|P'| +m2, —|p| sinb iy, —|p| cost), (2.59)
or equivalently, in the light-cone basis (+, —, L),
_ (\/|ﬁ|+m3r+|ﬁ|cost9 |P'| + m2 — |p| cosd
V2 ’ V2
VPl +m3 — |p| cos® /|p| +m3 + |p] cos

|P] sinf i),

T

e = , ,—|P| sinfiy), 2.60
Pry ( \/5 \/5 |p| ¢) ( )
the total momentum of the pair being, in the CMS and in the light-cone basis
P 1 ( 01) (2.61)
= —=Mzgg,Mzrx, . .
NG 1
From the definition of the + momentum fraction of the pion 1,
Jr
_ pﬂ'l
(=5t (2.62)
it thus follows that the relative + momentum fraction is
2(—1:2(:059@:60059, (2.63)

mﬂ"ﬂ'

where 8 = |p|/Ex is the velocity of each pion in the CMS. This relation can be extended in the case of a GDA
with final hadron states of differents masses, e.g. in Sec. 2.5, when dealing with the hybrid decay H — 7 7.

Thus, the expansion in Legendre polynomials of 1 — 2 can be replaced by an expansion in Legendre
polynomials of cosf, making thus contact with the usual partial wave expansion. Since on one hand the
involved Legendre polynomials are of even degrees, and on the other hand knowing that a Legendre polynomial
of a degree of given parity (here even) only contains monomials of the same parity, this expansion can be recast
in the form

nyg oo n+l1
Zfb; =6nyz(1—2) Z Z Bu(W?) C®/? (22 — 1) Py(cos ) (2.64)
q=1 n=1 [=0

odd even

for quarks, where the coefficients an(WQ) are linear combinations of the type
Bnl = ﬁl [Bnl + Cl,1+2 Bn, 1+2 + ...+ Cl,n+1 Bn,n-i—l] (265)

with polynomials ¢; ;s in 32. As explain above, in the asymptotic limit y — oo we restrict ourselves to n =1 in
the Gegenbauer expansion, which therefore leads to a partial wave expansion which only contains an S- and a
D-wave:

nzfl@; = 18ny2(1 —2)(2z — 1) [Bio(W?) + B1o(W?) Po(2¢ — 1)]
- = 18ns2(1—2)(22 — 1) [Bw(WQ) + B1o(W?) Py(cos 9)} (2.66)
with
Bo?) = o) - 2 pu)

312(W2) = 52312(W2)- (2~67)
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2.2 The photon GDAs
Based on [W22]

In this section, we illustrate the concept of GDA by calculating the leading order diphoton GDAs. This relies
on the computation of the amplitude of the process y*y — 7~ in the low energy and high photon virtuality
region at the Born order and in the leading logarithmic approximation. As in the case of the anomalous photon
structure functions, the v generalized distribution amplitudes exhibit a characteristic In Q% behaviour and
obey inhomogeneous QCD evolution equations [W22, W46, W49].

The photon is a much interesting object for QCD studies. Its pointlike coupling to quarks enables to
calculate perturbatively part of its wave function. In the case of a virtual photon, this perturbative part is
leading at large virtuality; a twist expansion generates non-leading components of the photon distribution
amplitude [139,211,212], from which the lowest order one is chiral-odd (like for a transversally polarized p-
meson, in accordance with Vector Meson Dominance) and proportional to the magnetic susceptibility of the
vacuum. The construction of the photon DA relies on the background field method (for a review see [213]) in
order to separate the point-like, i.e. electromagnetic component, from its hadronic one. This photon DA is at
the moment unknown experimentally, although several propositions have been made to measure it [174,214].
The study of the two photon state is kinematically richer and is thus a most welcome theoretical laboratory for
the study of exclusive hard reactions. It will illustrate the concept of GDA developped in the previous section.

The parton content of the photon (for a review see [215]) has been the subject of many studies since the
seminal paper by Witten [216] which lead to the concept of photon structure functions with evolution equations
involving an inhomogeneous term due to the point-like coupling of the photon, which has no counterpart in
the case of the proton structure functions. They key point which explains the appearance of this anomalous
contribution is the fact that the photon plays two dual roles in the analysis: on one side it is an external state,
and on the other side it is a dynamical degree of freedom, like the quark of the gluon.

The notion of anomalous parton distribution in a photon can be extended to the case of GPDs, leading to
a factorized description of the DVCS on a photon [217], v*(¢)y — 77, in the regime discussed in Sec.1.2.2, i.e.
at large energy and small hadronic momentum transfer but large photon virtuality (Q% = —¢?).

The two meson GDAs [218-220] is a natural extension of GDA for a pion pair studied in Sec.2.1. In the same
way, they describe the coupling of a quark-antiquark (or gluon-gluon) pair to a pair of mesons, and are related
by crossing to the meson GPDs. Analogously, the two photon generalized distribution amplitudes (GDAs)
which describes the coupling of a quark antiquark (or gluon-gluon) pair to a pair of photons, are related by
crossing to the photon GPDs.

Our starting point is the scattering amplitude of the v*(¢)y — 77 process in the near threshold kinematics,
namely at small s and large —t ~ @2, at large Q2 in the leading order of the electromagnetic coupling. Our
motivation here is essentially formal, since the measurement of this GDA would be presumably very hard: the
quantum number of this channel is the same as the one of pseudoscalar neutral mesons production, decaying in
a pair of photon, e.g. 7 — vy which dominates the counting rates of our purely electromagnetic process.

2.2.1 The v*y — v process in the threshold region

Let us consider the two photon production occuring in Compton scattering on a photon target

Y () (d) = v(p1)v(p2) - (2.68)

It involves, at leading order in «.,, and zeroth order in ag the six Feynman diagrams of Fig. 2.3 with quarks
in the loop. The pure QED content of this amplitude, involving a lepton in the loop, can be straightforwardly
be obtained from the results below, and will not ne considered here.

We restrict ouselves to the threshold kinematics where W2 = (p; + p2)? = 0, although the factorization in
terms of GDAs could be straightforwardly extended to the situation where 0 # W? < —t. This simplifies greatly
the tensorial structure of the amplitude while still preserving the richness of the skewedness (¢) dependence of
GDAs, but would not allow any impact parameter interpretation of the GDAs [218-220]. We use the following
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q p1 q h1 q D1

{—p1—p2
e N S D

P1

lL t—p1—p2
AN

b2
A B C
Figure 2.3: The 6 Born order diagrams for v* v — v ~
kinematics:
@ ;@
q =p——1n, q=—"n,
s s
p1=(p, p2 = (p, (2.69)

where p and n are two light-cone Sudakov vectors with 2p-n = s. The momentum ¢ in the quark loop is
parametrized as
H=zpt 4+t 4L . (2.70)

The process involves one virtual and three real photons and its amplitude can be written as
A=¢ye€, €1p €4 THvaB, (2.71)

where in our (forward) kinematics the four photon polarization vectors €(q), €'(¢'), €1(p1) and e2(p2) are trans-
verse with respect to the Sudakov vectors p and n.
The tensorial decomposition of T#**# reads [221]

vo 1 vV« 1 o v vo v o 1 o v av
THeP (W = 0) = 191 97wy + 5 (gﬁ g7 + gregh? — g gf) Wa+ 7 (gﬁ g7" — gl gt )Ws, (2.72)
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and it involves three scalar functions W;, ¢ = 1,2, 3.
The integration over /¢ is performed as usual within the Sudakov representation, using

di = ;dz dgd*t, — % dzdp de* . (2.73)

Our goal here is to exhibit a factorization of a hard part convoluted with a GDA, thus involving an integration in
the z variable. This means that our expressions should not be computed completely, but rather left unintegrated
with respect to z. In all the following calculations, the mass of the quark will play the role of an infrared regulator.
The calculation of each of the six diagrams goes along the same line, and for illustration we only detail the
calculations for the diagram A. One gets for W{

_segNo / dz dB3 di* TrA,
327r3 (€ = q)% =m?2 +in][(£ — p1)? = m? +in)(€2 —m? +in)[({ —q—¢')% —m? +in]’

where TrA; = Tr(Y{ (f — 4 +m)¥ (f — 1 — P2 + m)VF({ — p1 + m)7y] (f + m)] and Tr means the trace over
spinorial indices.

The integration over (3 is done using the Cauchy theorem (a straighforward analysis shows that each diagram
separately converges when § — +o00). The propagators induce poles in the complex G-plane with values

Wit =—i

(2.74)

Zrm?—i Zm?—i
61:_ 777 62:_ 777
z8 (z=()s
Prm?2+zQ2—i P 4+m?—i
By = — i g = . 1 (2.75)

Since the four poles lie all below the real axis for z > 1 and lie all above the real axis for z < 0, the only region
where the amplitude may not vanish is 1 > z > 0. One identifies two different regions:

e the region where ( < z < 1, for which one may close the contour in the lower half plane and get the
contribution of the poles (3; and 35,

e the region where 0 < z < (, for which one may close the contour in the lower half plane and take the
contribution of the pole [ .

The [ integration thus leads to

A 2 (TrA(B=51)  TrAi(B=052)\ 2 TrA(B=51)
I = 2277/ dz/dﬂ ( DA, + DA, ) 2277/ dz/ ¢ —Da, (2.76)

where DAg, denote the value of the product of propagators at the pole (;.

To go further, one should disentangle UV and IR divergencies. In the leading logarithmic approximation
we are interested in, the trace TrA; may be simplified by taking the limit m? — 0. Of course one should keep
m? # 0 in the denominators, since it regulates IR divergencies. When considering each of the six diagrams
separately, each integral over 12 in Eq.(2.76) is UV divergent. However, it is a well-known classical result of
QED that the sum of integrals corresponding to the six diagrams of Fig. 2.3 is UV finite based on QED gauge
invariance (see of example p 321 of Ref. [222]), so we separate UV divergent terms of each diagram in an
algebraic way, and we show that the UV finiteness appears for the sum of diagrams A, B and C and for the
sum of diagrams D, E and F separately.

The traces are clearly simple polynomials in £, which may be written as TrA, (8 = 3;) ~ al* + v:Q*(* +
5;Q%, where o, ~; and §; are dimensionless functions of z and {. Power counting in £2 shows that the ozifl term
in these integrals is ultraviolet divergent, since DAg, behaves as £°. Our aim is to recover the UV finiteness
of the sum of diagrams before performing the integration over z. This cancellation of UV divergences occurs
separately in each interval z € [0,(] and z € [¢,1]. For illustration, we consider the interval [0,(], which
coreesponds to the second term in the r.h.s of Eq.(2.76). The UV divergent part of 14! in this interval has the
form :

2
—217r/ dz d£ ad™(z,0), (2.77)
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where a{" is a definite function of z and ¢. The contributions from diagrams B and C lead to similar equations
as Eq.(2.77) with a{® replaced respectively by b%® and c¢{**. The cancellation of UV divergences in the sum of
A, B and C diagrams is manifest through the fact that a{* + b§" + ¢ = 0.

The technical key point is now to extract the convergent UV part of the second term of Eq.(2.76) by adding
and subtracting a simple term which reproduces the same UV divergence, without spoiling the IR convergency.
This can be done in the form

Ay 2 (TrA (8 =) ¢ div
Idw _2“1-/ d’z/dﬂ ( DAﬁl o (£2+m2)3a1 (Z,C)

2@#/ dz/de — g ad™(z,¢) (2.78)

The first term in Eq.(2.78) is thus both UV and IR finite and can be computed analytically. Since the second
term in Eq.(2.78) cancels out when summing diagrams A, B and C, we do not need to compute it. The same
procedure is applied to the contribution coming from the interval z € [(,1]. Finally, the contributions from the
diagrams D, E and F are considered in the same way?®.

This leads to following result of our calculation of the amplitude Wi , in the leading log Q2 approximation:

Ne [t 2z — 2z —1—
W= /0 dz (22— 1) [ Zzg o)+ %9@ _2)
2z —C o 22-1-C, - m?
The amplitudes W5 and W3 are calculated in the same way and we get
Wy =0 (2.80)
and
_ €4NC 1 ¢ 6
Wy = — §7r2 /0 dz L—éﬂ(z —¢) — %9@ —2)
Eo 2

2.2.2 QCD factorization of the DVCS amplitude on the photon

Our aim is now to interpret the results (2.79) and (2.81) from the point of view of QCD factorization based on
the operator product expansion, yet still in the zeroth order of the QCD coupling constant and in the leading
logarithmic approximation. The crucial point is to note that the final contribution to this amplitude involves
mixing of operators constructed from quark fields with operators constructed from photon fields [216]. This
mixing can be understood by denoting the integrands of Eq.(2.79) and Eq.(2.81) by F(z, () log g—j and rewriting
them by using the obvious identity
2 2 2
F(246) log {57 = F(2:) log 3 + F(2.0) log 55

where Mp corresponds to an arbitrary QCD factorization scale. As will be shown below the first term with

(2.82)

log ITT; may be identified with the quark GDA of the photon, whereas the second term with log ]gf corresponds
to the so-called photon GDA of the photon, coming from the matrix element of the correlator field from
photonic fields which contributes at the same order in «.,, as the quark correlator to the scattering amplitude.
The choice M2 = @? will allow to express the amplitude only in terms of the quark-antiquark fragmentation
into two photons.

5This set of tranformations can be implemented in an automatic way using for example MATHEMATICA, and allows for an
automatic treatment of the resulting integrals.
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We first consider two quark non local correlators on the light cone and their matrix elements between the
vacuum and a diphoton state which define the diphoton GDAs &, ®3:

d ; —~1)%¥ — 1 vV % *
F1 = [ S ) o SN Na(BI0) = S0 ) L) 01(2C0) (2:83)
and
pa_ (W i1y =Y 5,09 _ _F wpN *
Fi=[ o e (71 (P2)|a(=5N)Y-NY a(GN)I0) = — 5P € (p1) €, (p2) ®3(2, ¢, 0) (2.84)

where we note N = n/n.p, e#'PN = e””aﬁpaNg, with €123 = 1, and where we did not write explicitely, for

simplicity of notation, neither the electromagnetic nor the gluonic Wilson lines. We will also define the matrix
elements of photonic correlators

Ay oo

FY =/%6“2””5<7(p1)7(p2)IFN“(—gN)FiV(gN”O) (2.85)
and d

Fr = [ L0 o) P S EY (S0, (250)

where FN# = N,FF and F* = 1emro F o which mix with correlators (2.83) and (2.84), but contrarily to
the quark correlator matrix element, are non zero at order af,, [216].

The quark correlator matrix elements, calculated in the lowest order of ag,, and ag, suffer from ultraviolet
divergences, which we regulate through the usual dimensional regularization procedure, with d = 4 + 2¢. We
obtain (with 1 =1 + 45 —log4n)

P = - S G e ) | +logm?| Flz.0), (2.87)
with
Fe,0) = 2(2’} Doz~ o)+ 2(22 Do)+ 22 . Do -+ 22 r— Doz (289)

for the p < v symmetric (polarization averaged) part. The corresponding results for the antisymmetric (polar-
ized) part read

- N~ e? ~
Fr— =S i e () o) [ + o] £, 0). (2.59)
with - __ _
F(z0) = %59@ - %ocz . %9@ o+ %59@ ). (2.90)

Let us stress again that here we concentrate only on the leading logarithmic behaviour and thus focus on
the divergent parts and their associated logarithmic functions. The ultraviolet divergent parts are removed
through the renormalization procedure (see for example [223]) involving quark and photon correlators (0%, O7)
corresponding to one of the two following pairs

(@~ N)y-Na(5N), PV (=SN)EY(IN)), (2.91)
(@5 NNy q(GN), FNU(=EN)EY (SN)). (2.92)

The renormalized operators are defined as:

o1 qu Z‘I'Y ) ( o1 )
= . 2.93
( o )R ( Zng Zyy )\ O (2.93)
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The matrix element of the renormalized quark-quark correlator is thus equal to
<(P1)v(p2)|OF|0 >= Zyq < ¥(p1)7(p2)|O?|0 > +Z4y < v(p1)7(p2)|O7|0 >, (2.94)

with Zy, = 1+0 (%) Since the matrix element < v(p1)7y(p2)|O?|0 > contains a UV divergence (see Eqgs.(2.87),

(2.89)) and since < (p1)7(p2)|O7|0 > is UV finite and of order af,,, one can absorb this divergence into the
renormalization constant Z;,. The normalization of the renormalized correlator is fixed with the help of the
renormalization condition which is chosen as

<y(P1)v(p2)|O%0>=0 at Mg =m. (2.95)
In this way the renormalized GDA with vector correlator is equal to

Nce vV ox m2
Fp=—— 597 e (p)e; (pz)logM—}%

F(z,0) (2.96)

and we have a similar result for the renormalized GDA with axial correlator

- N¢ e2

Sz * * m
Fip = =g e e () log 3 F (=€) (2.97)

As we want to use the QCD factorization formula, which correspond to the factorization scale Mg, we identify
now the renormalization scale Mpr with Mp,
Mp = Mp. (2.98)

Eqgs. (2.96, 2.97) together with Eqgs (2.88, 2.90) permit us to write the expressions of the diphoton generalized
distribution amplitudes:

Nce m2
(2060 = -~ s gEF0), (2.99)
Nce 7’n2 ~
®1(2,¢,0) = - 27T2‘110 M2F(z,§). (2.100)
F

Now we are able to write the quark contribution to the v*y — ~+ amplitude at threshold as a convolution
of coefficient functions and GDAs ®{(z,¢,0)

1
dzCY (2 2,¢,0) , / dzC% (= 2,¢,0), (2.101)
0

O\H

where the Born order coefficient functions C"q/ /A attached to the quark-antiquark symmetric and antisymmetric

1 1 1 1
C{I/ = 63 (— — :) y CZ = 63 (— + :) . (2102)

E; term in the right hand side of Eq.(2.82). The photon operator contribution
involves a new coefficient function of order o2, calculated at the factorization scale Mg, which plays the

role of the infrared cutoff. This function is convoluted with the photonic correlators FN#(—4N )F,ﬁv (5N)
and FN“(—%N)FF]LV(%N) (cf Eqgs.(2.85, 2.86)) which are of order al,,. These convolutions have the same
expressions as those in Sec. 2.2.1 (Eqgs.(2.79, 2.81)) with the quark mass replaced by the factorization scale,
m — Mp. In this way, we recover the second term in the right hand side of Eq.(2.82). This equation in fact
reflects the independence of the scattering amplitude on the choice of the scale Mg, which is controlled by the
renormalization group equation.

The factorization scale M can be chosen in any convenient way. The choice M2 = Q2 kills the logarithmic
terms coming from the contribution of photonic GDAs, so that the scattering amplitude is written (at least in
the leading logarithmic approximation) solely in terms of the quark correlators. With M2 = Q? we interpret

correlators are equal to:

We recover in that way the In
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this process within the parton model (see e.g. [224], [217] for an analogous interpretation of parton distributions
inside the photon).

Before ending this section, it is interesting to connect our factorized structure with the initial direct com-
putation based on the 6 diagrams of Fig. 2.3. Among these 6 diagrams, the diagrams B and B do not have the
topology of factorizable diagrams at twist 2, since one cannot isolate a left part from a right part by just cutting
two lines, a fact which may seems at odd with our obtained factorized result. It turns out that a carreful analysis
shows that these (laying) cat-ears diagrams in fact only contribute for regulating UV divergencies. They do not
contribute to the leading logarithmic finite part which lead to the definition of the GDA. This is thus consistent
with a diagrammatic analysis of factorization involving a quark-antiquark exchange in the s-channel, within a
hand-bag diagram interpretation.

2.2.3 The diphoton GDAs and their QCD evolution equations

We have thus demonstrated that it is legitimate to define the Born order diphoton GDAs at zero W and at
Mp =Q as

N, 2 2 = _ z —
o) = ton s | TS0 -0+ B -0
ALy 2ty ol (2:103)
and
N, 2 2 s e _
®5(2,¢,0) = ;:qlog%[%ﬂz—@—%c@(z—o
- B+ Fac-). (2.100)

Since we focus on the leading logarithmic contribution, we only obtain the anomalous part of these GDAs.
Their z— and (—dependence are shown on Figs.2.4 and 2.5.

Figure 2.4: The unpolarized anomalous diphoton GDA ®{ 27?/(N¢ e? log(Q*/m?)) at Born order and at thresh-
old for ¢ = 0.1 (dashed), 0.2 (dash-dotted), 0.4 (solid).

Note that ®7(z,(,0) GDAs are discontinuous functions of z at the points z = ¢ and z = ¢. Nevertheless,



66 CHAPTER 2. EXTENSIONS AND APPLICATIONS

Figure 2.5: The polarized anomalous diphoton GDA ®§27%/(N¢ e? log(Q*/m?)) at Born order and for ¢ = 0.1
(dashed), 0.2 (dash-dotted), 0.4 (solid).

these GDAs still verify the property of polynomiality discussed in Sec.2.1.2:

n+1

> anch, (2.105)
k=0

1
[z z-1r et ¢

0
n+1

1
/dz (22— 1)" @4z, Q) = Y ach. (2.106)
0 k=0

As we have two photons in the final state, the only non vanishing correlators are the C-even one, i.e. the
singlet sector of the GDAs which correspond to the combinations of operators 1(0%(z1, z2) — O%(x2, 1))

and 3(0%(z1, x2) + O%(x2, x1)). This singlet sector means for the GDAs ®¢ the combinations ®% (z, ¢, 0) =
L(®1(z, ¢, 0)—®{(z, ¢, 0)) and % (2, ¢, 0) = L(®¥(z, ¢, 0)+Pi(2, ¢, 0)), which respectively simplifies into

(2, ¢, 0) = Bi(2, ¢, 0) (2.107)

and
4 (2, ¢, 0) = Di(z, ¢, 0). (2.108)

One can indeed check on Eqs.(2.103) that
B1(1-2,0) = ~CB1(2,0) =~y (2,1~ 0), (2.109)

with here C' = +, consistently with (2.11) based on the C'—parity properties of the correlator (2.2) of the same
non-local operator also entering in Eq.(2.83). On top of the correlators encoutered there for the pion case, we
now use a non-local correlator (2.84) involving an additionnal 4® matrix, for which

Byl — 2,) = +C Ba(2,¢) = —Ba(z,1 - (), (2.110)

with again here C' = 4. This symmetry can be readily check on our result (2.104).
Now, from the point of view of flavor decomposition, we can distinguish either the singlet sector

Ny Ny
o oY @1, DYy 87, (2.111)
qg=1 q=1

or the non-singlet sector
NS ’ 5NS _ & 54
P =09 — Y, oY =04 — Y, (2.112)
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where g and ¢’ are two different quark flavors.
Let us illustrate the effect of evolution in the simplest, i.e. without mixing with gluons, case of non-singlet and
vector GDA @5,

Switching on QCD, the non-singlet and vector sector of diphoton GDAs evolves according to the ERBL
evolution equation [48,65,66] modified by the presence of the anomalous part (2.103)

d o, (Q?
@ L0250 = 248 [ v @) 95w Q) + (G- R0.  @ny
with ®Y9(z,¢, Q%) = 2(1—2)®'V9(2,¢, Q%) and fi(2,¢) = 2(1—2) f{(2,(). Here fi(z,() is defined by the r.h.s.
of Eqs.(2.103), as the corresponding functions which multiply e21InQ?/m?. The QCD kernel Vys is given by
(2.21)%. Note that the homogeneous part of Eq.(2.113) is equivalent to Eq.(2.15) in the limit Q* > m? we are
considering here, since from Eq.(2.14) one has

§Q%m?) = LS|~ i s et (2.114)

60 |: 4 m2 0 m2

As shown in Sec.2.1.2, the kernel Vg is diagonalized in the basis spanned by Gegenbauer polynomials

Bo QQ] 2 Q?

C,(,S/Q) (z). This property permits us to write the solution of the equation (2.113) as

—6 Yqq(P)

(I)NS(Z ¢ Q2):z(1fz) i A IOgQ o +(€2762/)1O Q2A 0(3/2)(2271) (2.115)
T bt P m2 7 m21+6gqq2(1\; P P

where A, are integration constants, Ny is the number of flavors, v44(p) are the usual anomalous dimensions
2.28) and the coeflicients f/({) are projection of fi(z,() on appropriate c/? polynomials
P 1 P

Q) = %/0 dz zéf{(z,C)CI(,3/2)(2z —1). (2.116)

The expressions for f,(¢) are lenghty, involving hypergeometric functions, and their explicit expression is not
illuminating. For large 2, the solution (2.115), at the leading logarithm level, reads

@fs( (@7 )3(6 —e )1og%222 i &01(73/2)(

p odd L+ 63;@2(;])\;

1). (2.117)

Due to the non-trivial form of f,(¢), it was not possible to obtain a resummed form of (2.117), and not even of
the asymptotics of the large p terms.

The formula (2.117) shows the known result that the anomalous part of GDAs dominates at large Q2. The
2, ¢ dependences of ®¥ are nevertheless modified by strong interaction, due to the presence of the denominator
1 +63g""2(1;\? The result of this method, for Ny = 2, is shown in Fig. 2.6. The procedure of decomposing a GDA
into series of Gegenbauer polynomials ensures a good numerical description of both the unevolved GDA and the
one with the evolution taken into account, except in the regions z close to ¢ and 1 — (. This is technically due to
the well known fact that theta function are very badly described by series of polynomials, thus creating spurious
oscillations around the points where theta functions changes from 0 to 1, at z = ( and z = 1 — (. Fig. 2.6 was
obtained after combining the sum of 41 (201) contributions of Gegenbauer polynomials for the regions 0 < z < ¢
and 1 — (< z<1(¢<z<1=¢). Such a choice for the regions 0 < z < ( and 1 — { < z < 1 is motivated by
numerical instabilities of the Gegenbauer series (2.117) when z is close to 0 and 1, which requires to truncate
the series at a moderate number of terms (41 terms), which nevertheless leads to a good stability of results.
These numerical instabilities are due to the fact that, as soon as z deviates from 0 or 1, f(¢) (Eq.(2.116))
becomes very large with ( fixed and p larger than 50. This is in contrast with the region ( < z < 1 — ( where a
very good stability of the results is achieved when summing a very high number of terms (we took 201 terms:
taking more terms would then generate huge instablities in the vicinity of ¢ and 1 — ().

6Note that with respect to Ref.[W22] the notation for Vg is changed, by a permutation of the arguments z and u and by
factorizing the factor as(Q?)/(27) .
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Figure 2.6: The bare (solid line) and the QCD evolved (dashed line) non-singlet and vector sector of diphoton
GDA at large @ ®Y5/((el? — €2) log(Q?/m?)) (see Eq.(2.117)) for ¢ = 0.2. The dotted line is the truncated
(see text) Gegenbauer expansion of the bare GDA.

As can be seen from Fig. 2.6, QCD evolution affects the form of the GDA in the whole z range. In practice,
one cannot trust the truncated Gegenbauer expansion near the discontinuity points. To obtain a trustable
behaviour of the evolved GDA around z = ¢ and z = (, one has to sum in Eq.(2.117) the infinite series
involving Gegenbauer polynomials, which is a non trivial task. Because of that, one could think about a
method based on direct iteration of the non-homogeneous equation (2.113), keeping only the leading terms at
large Q2. In particular, we have solved the evolution equation (2.113, 2.21) in the vicinity of singularity points
z = (, 1 — (. Because of the antisymmetry of the GDA (2.103), let us concentrate our discussion on the form of
the evolved GDA around the singular point z = (. The iteration of the kernel (2.113) generates leading terms
of the form K" In"(¢ — 2) for z — ¢~ and K" In"(z — () for 2 — ¢T, which we resummed. The details of the

0.399 0.3995 5. 40050401
-0. 5}

-1t

Figure 2.7: The behaviour of the evolved GDA from the leading logarithmic resummations (2.118, 2.119) in
the vicinity of the discontinuity point z = ¢, for the case ¢ = .4 (dotted curve). The Born GDA is given for
reference as the solid line.

method can be found in the Appendix of Ref. [22]. The key point there is to approximate correctly the kernel
without spoiling the series which should be resummed. Physically, this series corresponds to the resummation
of soft gluons exchanged between quark-antiquark lines, when iterating the ERBL kernel on the bare GDA. The
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result of this resummation is

1 2142 -¢—-1 1
and
1 2742 -¢—1 1
NSz — ¢t 0) = 3 (e2—e2) log — [%(1 — Kn(z —()) — Tn(zg)} , (2.119)

where K = 6 Cr/(11N¢ —2Ny) . We display in Fig. 2.7 the asymptotic resummation given by Egs.(2.118,2.119).
As mentionned above, the resummation of logarithmic contribution is required in the regions K log|z — (| = 1
and K log|z — (| 2 1, which in our case (K = 8/29) corresponds to |z — (|, |z — ¢| < 3. 1072. In practice,
subleading contributions are non negligible in a larger domain in z around ¢ and ¢, and prevent us from getting
trustable numerical results based on this iterative method. This is due to the numerically large values of K.

One can check that this iterative method stabilizes only when applied for unphysically small values of K
(typically < .03). In that case, we could verify numerically the efficiency of our resummation.

Note that these singularities of the GDA at z = ( and z = 1 — ¢ does not affect the DVCS amplitude (2.101)
since they are integrable singularities”. The study of these singularities is however important since the photon
GDA is a universal object which is process independent.

We have thus derived the leading amplitude of the DVCS (polarization averaged or polarized) process on a
photon target at threshold. We have shown that the amplitude coefficients W factorize in the forms shown in
Eq.(2.101), irrespectively of the fact that the handbag diagram interpretation appears only after cancellation of
UV divergencies in the scattering amplitude. We have shown that the objects ®{(z, (,0) are matrix elements of
non-local quark operators on the light cone, and that they have an anomalous component which is proportional
to log(Q?/m?). They thus have all the properties attached to generalized distribution amplitudes, and they obey
non-homogeneous ERBL evolution equations. This new type of evolution equations is an interesting playground
to study the effects of gluon radiation on a non diagonal object such as a GDA.

2.3 Crossing s < u: TDAs

In the same spirit of the crossing s < t which lead from the GPD to the GDA, one can investigate the crossing
t < u. GPDs occurs in DVCS in the small scattering angle regime. Similarly, the study of DVCS in the
regime where the scattering angle is around 7 corresponds to the small w limit, for s fixed. This regime leads
naturally to the introduction of the concept of Transition Distribution Amplitude (TDA), obtained by analytic
continuation from GPD by ¢ < u crossing [225,226], as illustrated in Fig. 2.8. Consider a process of the type

9 Y 9 hadron
Q*  Pert. Q*  Pert. -

photon

~ hadron hadron ~

GPD TDA

Figure 2.8: Passing from GPD to TDA, illustrated here for the pion case.

ab— cd, where a is for illustration a hard +*, and other particles are on-shell (and neglecting masses) (see the
conventions of Fig. 2.9), e.g. v*© — 7. In particular the process v*p — pv in the backward regime should be
studied a JLab in a the near future [227].

"The coefficient function C{I, (2.102) is regular. This would remain true after taking into account its QCD evolution.
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Figure 2.9: Mandelstam variables.

Figure 2.10: The factorization of the annihilation process H H — ~* into a hard subprocess (upper blob) and
a transition distribution amplitude (lower blob) for the meson case (a) and the baryon case (b). Figure taken from
Ref. [226].

One can construct a Sudakov basis from the momentum of particle b (p2) and through the expansion of the
momentum of the hard photon a as ¢ = p; — Q?/s p2 which thus defines p;. In that frame, in the kinematics we
are considering now, the particle ¢ almost flies along ps. A similar analysis as the one leading to the introduction
of GPDs from DVCS, for which d would fly almost along po, shows that one can expect a factorization between
a hard coefficient function, describing the transition v* — ¢ in a perturbative manner, and a TDA, which
describes the non-perturbative transition b — d. The main difference with the GPDs lies on the fact that the
TDA is not anymore diagonal in the quantum numbers, since there is now a non-trivial exchange of quantum
numbers in the t—channel. A natural generalisation of the process v* N — « N is obtained when replacing the
produced photon by a pion, through its corresponding DA [228].

From this direct connection with GPDs from ¢ < wu crossing, used as a starting example, one can further
apply the notion of TDA for other processes related by the additional crossing s < u. For example, in the
case where c¢ is a hard time-like photon (seen as a lepton-antilepton pair) providing the hard scale, one can
consider the annihilation processes 7~ 7+t — ~*« or pp — ~v*+ in the near forward regime (see Fig. 2.10).
This process is expected to be studied at PANDA [229] and was studied in detail in Ref. [230]. The related
process v* v — 7~ 7T at small ¢ was investigated in Ref. [231]. In these processes, the quantum number which
are exchanged in the t—channel are respectively the one of a pion and of a proton. The computation of the
hard part for these two processes goes along the same line as the one for the hard part of the DVCS, after
projecting the t—channel state on appropriate quantum numbers. In the case of the process pp — ~v* v, instead
of the (p | u(z1) u(z2) d(z3) |p) matrix element, diagonal in baryonic quantum numbers, one introduces the matrix
element (y|u(z1)u(22)d(z3) |p) of a non-local operator which carries a baryonic quantum numbers. The hard
part describes the perturbative ggggqq — ~* transition, which should be convoluted with the antiproton DA to
describe the pgqq — ~* transition. A similar analysis [226] can be carried for the process pp — v* 7, involving
this time the TDA defined through (7| u(z1) u(22) d(23) |p) matrix elements, as illustrated in Fig. 2.11.

Before illustrating the appearance of TDA in a specific perturbative example, we end this section by noting
the fact that TDA satisfy QCD evolution equation of the same type as the one for GPDs.
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Figure 2.11: The factorization of the annihilation process p p — v* 7 into the antiproton distribution amplitude (DA),
the hard subprocess amplitude (Tx) and a baryon — meson transition distribution amplitude (T'DA). Figure taken
from Ref. [225].

2.4 An (almost) perturbative situation: v*~* — p% p%

Based on[W19]

We will now consider an (almost) perturbative situation where one may describe the same process in a
factorized form involving a GDA or a TDA, depending on the kinematical regime and on the polarization of
the states [W19, W43, W44, W40]. We consider the process

YR Y(Q3) — pb oY . (2.120)

Our study was motived by several reasons. First, based on our investigations of this process in the perturbative
Regge limit, see Sec. 7.4, the present study at Born order is a way to control precisely the contribution of
quark exchange with respect to gluon exchange, which dominates at large W?2, although suppressed in the
power counting of ay . Second, due to presence of several scales (Q%, Q3 and W?) in this process, it is a very
interesting process for factorization studies.

We will show by a Born order analysis that the scattering amplitude simultaneously factorizes in two quite
different ways: the part with transverse photons is described by the QCD factorization formula involving the
generalized distribution amplitude of two final p mesons, whereas the part with longitudinally polarized photons
takes the QCD factorized form with the v; — p{ transition distribution amplitude. In this peculiar example
which is almost perturbative, we will compute perturbative expressions for these GDA and TDA, which, as
we saw in previous sections, are in general, non-perturbative functions, in terms of the p—meson distribution
amplitude.

Note that we focus here on the peculiar case of transversally produced p—meson to avoid any complication
due to higher twist contributions which one should then consider. Therefore, our treatment will exhibit a
factorization at twist 2 level.

The contribution which we will investigate now is based on quark exchange. At high energy, in the Regge
limit which we will investigate later in Sec. 7.4, gluonic exchange in t—channel would dominate, and large
logarithms of s could compensate the higher power in as;. We will not be concerned here by this regime,
although the present study will provide us some typical cuts on the kinematical regime in which one or another
dynamics is applicable.

The Born order contribution with quark exchanges is described by the same set of diagrams which contribute
to the scattering of real photons producing pions, e.g. vy — 7w 7, at large momentum transfer, studied
long ago by Brodsky and Lepage [10] in the framework of the factorized form of exclusive processes at fixed
angle [48, 65, 66], in which mesons are described by their light-cone distribution amplitudes (DAs). This is
illustrated in Fig. 7.11. In this sense our present study can be seen as a complement of Ref. [10] for the case
of the scattering with virtual photons, i.e. with both, transverse and longitudinal polarizations, and in the
forward kinematics. A similar analysis was carried in Ref. [232] for the process v yr — 77 77, in the regime
s, —t, —u > AQQC p, for which a factorization involving a GDA could occur, and where the GDA could be
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Figure 2.12: The amplitude of the process v*(Q1)7*(Qz2) — p% (k1)p? (k2) in the collinear factorization.

computed in terms of the pion DAs. Since we will deal with longitudinally polarized p—meson, our results for
the transition v yr — p% p% , will be rather similar when considering the same peculiar kinematical regime.

In our case, the virtualities Q? = —¢?, i = 1,2, supply the hard scale to the process (2.120) which justifies the
use of the QCD collinear factorization methods and the description of p mesons by means of their distribution
amplitudes.

2.4.1 Kinematics

As usual, we rely on a Sudakov basis (defined through p; and ps with 2p; - p2 = s), in such a way that the two
incoming virtual photon would fly along p; and ps if they would be on-shell. In the forward regime that we are
investigating, there is no transverse momentum and therefore no complicated tensorial structures can occur.
This is however only a technical simplification, and the approach would be very similar in the non-forward case.
The photon momenta thus reads

2 2
q1=p1— %pz g2 = p2 — %m ) (2.121)

and neglecting the meson masses, their momenta reads

2 2
k= (1- %)m ko= (1- %)m : (2.122)
The positivity of energy of produced p's requires that s > Q?. The usual invariant W? is defined as
2 2
W2 = (g1 + q2)* = (k1 + k2)* = 5 <1 - &> <1 - @> : (2.123)
s s
or .
s =5 [QT+ Q3+ W2+ Q1. Q3. -W?)] (2.124)
with A(z,y,2) = /22 +y2 + 22 — 22y — 222 — 22y , while the minimum squared momentum transfer is
202
tmin = (g2 — k2)? = (@1 + k1)* = 7% : (2.125)

We note that, contrarily to the large angle case where all Mandelstam invariants were assumed to be large,
as studied in Ref. [10], here ¢,,;, may not be large with respect to Aéc p depending on the respective values
of @3, Q3 and W2. The above kinematics is written in a form which seems compatible with a TDA type of
factorization (“upper” and “lower” meson flies along two different light-cone directions) and not to a GDA
factorization. We will see below that this is just an artefact of our treatment restricted to the forward case,
which in fact does not prevent a GDA-type of factorization.
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2.4.2 The Born order amplitude

The scattering amplitude A of the process (2.120) can be written in the form
A=T"eu(q)en(g2) (2.126)

where the tensor 7#" has in the above kinematics a simple decomposition which is consistent with Lorentz
covariance and electromagnetic gauge invariance

v_ 1 i Q3 , a
T = g (T ﬁgTaﬁ)+(p‘1‘+?1p2)(pz+—2p1)S—(T Ppaapin), (2.127)

and where the transverse projector reads g4” = g"” — (p\'ps + pYph)/(p1.p2). The first term on the rhs of
Eq. (2.127) contributes in the case of transversely polarized photons, the second one for longitudinally polarized
virtual photons. The longitudinally polarized p®—meson DA ¢(z) is defined from the non-local correlator (1.76).
Taking into account the p”—wave function, it reads

(o2 (R)la(z)rg(0)]0) = fp K / dz e 0g(z) , for q=u,d, (2.128)

proportional to the coupling constant f,, and where as usual for simplicity of notation we omit the Wilson line.

The Born order contribution to the amplitude (2.126) is calculated in a similar way as in the classical work
of Brodsky-Lepage [10] but in very different kinematics. In our case the virtualities of photons supply the hard
scale, and not the transverse momentum transfer. Within the collinear approximation, the momenta of the
quarks and antiquarks which constitute the p—mesons can be written as

b ~ 21k, by ~ 29k
0y ~ 71k, Uy ~ Zoky . (2.129)

There are 20 possible diagrams, which can be organized into two classes. The first class corresponds to the
diagrams where the two virtual photons couple to two different quark lines, leading to 8 different diagrams, as
illustrated in Fig. 2.13. The second class of diagrams corresponds to the one where the two virtual photons are
coupled to the same quark line, resulting into 12 different contributions, as illustrated in Fig. 2.14.

We first focus on the case of longitudinally polarized photon. Their polarization read

Due to the gauge invariance of the total amplitude, when computing each Feynman diagrams, one can make use
of the fact that the longitudinal polarization of photon 1 (resp. 2) can be effectively considered as proportional
to pa (resp. p1), in accordance with the structure of the second term of Eq.(2.127). One then readily sees that
in the kinematics we are investigating, the only diagrams which are non zero in the Feynman gauge are the
diagrams (1b) ® (2a), (3a) ® (4b) on the one hand, and (s2), (s2’) on the other hand, leading to the 4 diagrams
illustrated in Fig. 2.15.

Second, for transversally polarized virtual photons, described by the first term in Eq.(2.127), one needs to
contract the two polarization indices through the two dimensional identity tensor ggl,. The four non vanishing
graphs corresponding to the coupling of the photons to different quark lines are (1a)®(2b), (1b)®(2a), (3a)®(4b)
and (3b) ® (4a). When considering the graphs corresponding to the coupling of the photons to the same quark
line, the above mentioned contraction kills the graphs (s2), (s2') and (s5), (s5'), that is the graphs where the
gluon is emitted from the quark connecting the two virtual photons. In this second class of diagrams, 8 diagrams
thus remain. The whole set of twelve diagrams to be computed is shown in Fig. 2.16.

It should be noted that in the peculiar kinematics which is chosen here, the only diagrams which contribute
both to the longitudinal and to the transverse virtual photon cases are (1b) ® (2a), (3a) ® (4b), that is the two
first diagrams of Fig. 2.15 and Fig. 2.16.

1 20
elq) = 0,0 + Tlm and  ¢€(q2) =
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61 61 —Zl —Zl
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Figure 2.13: Feynman diagrams contributing to My, in which the virtual photons couple to different quark
lines.

Our final result for the scalar components of the scattering amplitude (2.127) reads :

1

Q2+ Q3 ¢* Cr 2
TaﬁgTaB = — ( d) al p/d21d22¢(21)¢(22) (2.131)
4 N,.s
0
2 2 1 1
T ——
§ § (22 +22751)2 (21 +2172)2 (22 + 222 )% (21 + 21-2)?

(1 1> 1 1 1 1 1 1
2o Az ([1-L\n+ad H+5%9) 1-L\z+a% u+5%

52f2CF€2g2(Q2 + QZ) !

——* SNCQ%Q% O/dZ1d22¢(Zl)¢>(Z2) (2.132)
_ Q-2 _ Q-2

X{( a-Ho-%) _a-Ho-%) 1 1}7

_ QZ _ 2 _ QZ _ Q2 = =
21+ 212 ) (2 + 2L) (At z2) (et t) 2R A1R2

S S

Taﬁpzapm =

where Q, = 2/3 (Qq = —1/3) denote the charge of the quark u (d).

The above results are obtained for arbitrary values of the photon virtualities @);. A closer look into formulas
(2.126-2.132) leads to the conclusion that all integrals over quarks momentum fractions z; are convergent due
to the non-zero values of @Q);. Further inspection of the amplitudes (2.126-2.132) reveals that the transverse
photon part has a behaviour like 1/W? while the longitudinal photon part behaves like 1/(Q1Q2). We will
correspondingly now distinguish two regions:

e (a) the region where the squared invariant mass of the two rho’s W2 is much smaller than the largest
photon virtualities, namely Q% > W?2 (or Q3 > W?), with Q; and Q2 being not parametrically close.
This will lead to a factorization regime involving a two-p GDA.
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Figure 2.14: Feynman diagrams contributing to M, in which the virtual photons couple to a single quark line.

ZE A b -0y
-l 2 7 0y
-£1
q1 q1 q1 q1
+ + +
42 q2 q2 / a2 .
A 0 2 Ly
62 —62 —62 62

Figure 2.15: Feynman diagrams contributing to My in the case of longitudinally polarized virtual photons.
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Figure 2.16: Feynman diagrams contributing to My in the case of transversally polarized virtual photons.
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e (b) the region where photon virtualities are strongly ordered, that is Q% >> Q3 (or Q% >> @Q?). This will
lead to a factorization regime involving a v* — p TDA.

2.4.3 ik — pipY in the generalized Bjorken limit

We first focus on the region where the scattering energy W is small in comparison with the highest photon
virtuality, arbitrarily chosen to be Q1

2 2 2 2
g_%:Qi%O_%)(l—%)zl—%«l, (2.133)

which leads to the kinematical conditions very close to the ones considered in Sec.2.1 when discussing the
factorization of v}y — 77 near threshold in terms of a perturbatively calculable coefficient function convoluted
with a GDA, or in Sec.2.2 when considering v;yr — 77y at threshold. We will recover a similar type of
factorization with a GDA of the expression (2.131) also in the case of our process (2.120), as illustrated in
Fig. 2.17, provided @; and @2 are not parametrically close (we shall come back to the peculiar case Q1 = Q2

q1 q1
| Db ® @ N Db R
</ be p(k) </ 2 p(ks)

v ]52 @ 7 ) p &
42 P1 p(k2) © i ]él p(k2)

Figure 2.17: Factorisation of the amplitude in terms of a GDA.

at the end of this section), i.e.

@3

2
89 (2.134)
S S

Indeed, in the scaling limit (2.133) with (2.134), the contribution of the four cats-ears diagrams (i.e. the first
line of Fig. 2.16), which corresponds to the second line of (2.131), is subdominant and the dominant contribution
is given by the last term in (2.131), i.e.

1

0

( 1 1 ) 1 1
221 2172 z1 +21Q§ z1+ 21 @ )

S S

(@ + Q) 9*Cr f;
AN, W2

TaﬁgTaﬁ ~

The virtuality Q2 plays in the expression (2.135) the role of a regulator of the end-point singularities. Before
recovering each factor of the factorized equation (2.135) by a direct calculation, let us discuss the physics which
is behind. In Fig. 2.16, the diagrams which contribute in the scaling region (2.133) with (2.134) are (s3), (s3)
and (s6), (s6).

The sum of these four diagrams factorizes into a hard part convoluted with a soft (but still perturbative)
part.

This result can be understood diagrammatrically by investigating the typical virtualities of the hard quark
connecting the two virtual photons (denoted as p?% ), and the virtuality of the quark connecting the emitted
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gluon to the virtual photon (denoted as p%). One gets, for the 8 non-vanishing diagrams,

2
(s1)  pr==W? pi=-Q) (z2 + @%) (2.136)
3 ST SC, Y R 2.137
(s3)  pPu==2 ps=-Qi |z +z— (2.137)
2 _ 2 2 (s Q_%
(s4)  pp=2W"  ps=—s{2+an_ (2.138)
2 _ = o172 2 . Q_%

(s6)  pp=zW"  ps=—s{a+n— (2.139)
v h=aw? = qi(nrn® 2.14
(s1') Py =2W Ds Q3 | 22 + 22 S (2.140)

’ 2 2 2 _ )2 = Q_%
(s3)  pp=2W"  ps=-Qf |zt (2.141)
(s4') 2 _ s W2 2 _ _Q_%
Py = 22 Ps = —S| 22+ 22 S (2.142)
(s6') 2 _ W2 2 _ (3 Q_%
P =721 Ps==s|ztan-71. (2.143)

The gluon propagator has a virtuality pZ, = s z1 22 (1 - %5) (1 - QT?) ~ 71 zo W2 for diagrams (s1), (s3), (s4), (s6)
and p% = sZ2 21 (1 — Q_ﬁ) (1 - %?) ~ 21 2o W? for diagrams (s1’), (s3'), (s4’), (s6"). A careful analysis of the

S

numerators of these diagrams shows that under the constraint (2.134), the diagrams (s3), (s3') and (s6), (s6’)
dominates with respect to the 4 other ones (this is an artefact of our forward kinematics which force us to insert
this additional constraint in order to get a GDA factorization). Then, comparing the typical virtuality of the
hard quark connecting the two virtual photons with the one of the quark connecting the emitted gluon to the
virtual photon and of the gluon, one can see that the first one is of order of Q% for graphs (s3), (s3') and s
for graphs (s6), (s6'), while the later ones are of the order of W2, which is negligible in the scaling region with
respect to Q2 and s. This justifies the expected factorization between a short distance coefficient function and
a soft part (although still perturbative in our case) which will be part of a double p GDA.

Let us now recall the definition of the leading twist GDA for p% pair. We introduce the vector P = ki +ko ~
p1, whereas the field coordinates are the ray-vectors along the light-cone direction n* = ph/(p1.p2). In our
peculiar kinematics the usual variable { = (k1n)/(Pn) characterizing the GDA equals ¢ = 1. Thus we define
the GDA of the p§ pair ®,(z,¢, W?) by the formula

(pL(k1) P (k2)|a(—a n/2) dyn, A (y) | q(a n/2)0)

\..NIQ

—a
2

1
:/dze*i@%l)a(”f’)/?@mm(z,g, W2, q=ud. (2.144)
0

in the similar way as for the two pions GDA (2.2).

Now we calculate the GDA ®,(z, ¢, W?) in the Born order of the perturbation theory. First we show that
the gluonic Wilson line does not give a contribution in our kinematics. For that expand the Wilson line and the
S-matrix operator with quark-gluon interaction in (2.144) at the first order in g. We obtain (up to an irrelevant
multiplicative factor)

nug? / dho () (r) 94 ()| Tla(—a n/2) 7 | [ dyny 4% () | ale n/2) a(0) A@w)g(w)][0) (2.145)

(=3
2
o3
2
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After applying the Fierz identity and ordering quark operators into two non-local correlators defining DA of
p—mesons we obtain

(0 (k1) G(—am/2) 77 a(0)[0) (6% (k2)|(v) 77 alan/2) |0V Tr Y2272 g + (ky > k) | (2.146)

where we omitted the gluon propagator coming from the contraction of the two gauge fields. The original
Wilson line results at this order in the presence of the vector ng in the above expression. The only nonvanishing
contribution at leading twist takes the form

(09, (k)| G(—am /2) 1 q(0)10) (62 (k2) [G(v) 1 a(cn/2) 0) T [Bustp] + (ky < ko) - (2.147)

This is illustrated in Fig. 2.18. It equals zero since in our kinematics one of the matrix elements defining the

It p(k1) 7" p(k2)
‘ &(@ ey
”" p(k2) ”" p(k1)

Figure 2.18: Wilson line contribution to the GDA, expressed as a convolution of a hard part with the DAs. In
each diagram, the right blobs with a cross symbolize non-local ¢ g operators, arising from Fierz decomposition,
while the left one are I' matrices arising from Fierz decomposition when factorizing the p—DAs.

DA of the p—meson vanishes.
The remaining contributions to the correlator in (2.144) at order g? are illustrated in Fig. 2.19. It leads to

o

Figure 2.19: Non vanishing contributions to the hard part of the GDA at Born order. The quark and gluon
bold lines correspond to propagators while the thin line indicates the spinorial content. In each diagram, the
left blob with a cross symbolizes a non-local g g operator, arising from Fierz decomposition, while the right
one are I matrices arising from Fierz decomposition when factorizing the p—DAs.

the result

2 20
BPLPL (2, ( 1, W?) = “;]{(,] Wg/ 22 0(2) P(22) [z—; - i] . (2.148)
0

The hard part Ty of the amplitude corresponds to the diagrams shown in Fig. 2.20. In the case of a quark of
a given flavour it equals

1 1
Ty(z) = —4e’ N Q > — 5 (2.149)
z+z % z+z %
The Egs. (2.148, 2.149) taken together with the flavour structure of p° permit to write (2.135) in the form
1

1
T*Pgrap = < (Q +Q7) / dz o7 % OPLPL(2,( ~ 1, W?) (2.150)

2 5 zZ+ 272 z+z=2
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Figure 2.20: Expansion of the hard part Tj at g2 order. In each diagram, the bold line correspond to a quark
propagator, while the thin line denote the spinorial structure. The blobs with a cross are I' matrices arising
from Fierz expansion after factorization of the GDA.

which shows the factorization of T'% BgTag into a hard part and a GDA. The Eq. (2.150) is the limiting case
for ¢ — 1 of the original equation derived in Ref. [72].

The peculiar case of parametrically close photon virtualities deserves particular attention. In this case, there
are subtle problems for defining the light-cone vector P since the two outgoing mesons should be now treated in
an almost symmetric way. In order to circumvent this difficulty, it is useful to start from the factorized formula
(2.150) in the kinematical domain (2.133), assuming @1 > Q2. Let us continue (2.150) in Q2 up to Q2 = Q1.
To control this continuation, one should restore the Q% and Q% dependence, encoded in ¢ and W? through
W2/¢ =s(1—Q3%/s), as

1
f29*Cr¢

2N W2
0

dz2 6(2) b(22) [i - L] . (2.151)

2’22 22’2

OPEPE (2, (W) =

The hard part in (2.150) is proportional to 1 — Q3/s. This factor 1 — Q3/s, now of the order of 1 — Q%/s,
starts to play the role of a suppression factor. The amplitude (2.150) which is proportional to %1:8%;:,
behaves as 1/s ~ 1/Q?. In the leading twist approximation, this factorized result vanishes. This observation
is confirmed by the result (2.131) of the direct calculation. Indeed, in the case @1 = Q2 = @, the magnifying
factor 1/(1 — Q?/s) in the two terms of the last line of (2.131) is not present anymore. Thus, the resulting

amplitude should be considered as a higher twist contribution.

now

Let us finally note that in general GDAs are complex fuctions. In our case, i.e. in the Born approximation,
the hard part (2.149) and the GDA (2.148) are real quantities. This is due to the use of the real DA of rho
mesons and to the absence of the s—channel cut of hard diagrams in the Born approximation. The situation
will be changed by inclusion of radiative corrections which can result in the appearence of an imaginary part of
the scattering amplitude. Similar properties, namely the reality of the perturbative GDA are discussed also in
Ref. [232], dealing with different kinematics.

2.4.4 ~ivi — p%p} in the generalized Bjorken limit

To analyse the case of longitudinally polarized photon scattering, let us now turn to another interesting limiting
case where

QT >> Q3. (2.152)

This is the regime which we have investigated in Sec.2.3. In this limit, the amplitude with initial longitudinally
polarized photons should factorize as the convolution of a perturbatively calculable coefficient function and a
~ — p TDA defined from the non-local quark correlator

/dgz—;eﬂpv < pp2)la(=2"/2)v"a(z"/2))[ 7(g2) > - (2.153)
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We use the same notation for the TDA as for GPDs and thus write

2
= ! 2 k*l_QSZ
ihfl_’_gnl* Eng 1= 1+¢ ni
Q3
= — 1 ko = (1 — 2.154
q2 (1+€)Sn1+(+§)n2, 2= (1-&)n2, (2.154)

where ¢ is the skewedness parameter which equals &€ = Q?/(2s — Q%) (see also the formula (2.124) which relates
s with the total scattering energy W) and the new n; Sudakov light-cone vectors are related to the p;’s as

1
—
1+¢

with p1 - pa =nq1-ng = s/2. As for GPDs, we introduce the average “target” momentum P and the momentum
transfer A

1
P=g(@tk), A=k —q. (2.156)

We still restrict our study to the strictly forward case with ¢ = t,,:, = —2£Q3%/(1 + £).
In the region defined by Eq. (2.152) we can put Q2 = 0 inside {...} in the expression in Eq. (2.132), which
results, in this approximation, in the formula:

o _

/1dzld22¢(2’1)¢(22){ NE Sl T Lot St }
0

(1+§)+2§2’2] 2’1[22(1+§)+2§22] + z9 21 Z1 22

The terms in the {---} are ordered in accordance with diagrams shown in Fig. 2.15. Each of these 4 diagrams
contributes, in accordance with their topology which allows for a factorization of TDA type.

Now our aim is precisely to rewrite Eq. (2.157) in a form corresponding to the QCD factorization with a
TDA, as illustrated in Fig. 2.21.

For that we look more closely into diagrams contributing to each of the four terms in (2.157) from the point
of view of such a factorization. For example, the second term in (2.157), corresponding to the second diagram
shown in Fig. 2.15, suggests the introduction of the new variable z, defined through 2o = (z — §)/(1 — &), with
x € [¢,1], which results in the equality

0/1 dzs z2)(1 = &) / <_i) (2.158)

1[22 1+§)+2§Zz]

i.e. which corresponds to a part of the contribution from the DGLAP integration region of the amplitude with
a factorized TDA. A similar analysis of all remaining terms permits to represent Eq. (2.157) in the form

1

/ dz1 dzg 3(21) 6(22) L) (2.159)

_/1 dxo/ 1060 (5o=g " e re)
x {@(1zxzf)¢<f_§>®(§2z21)¢<iz>} :

with the step fuction ©(a > 2 > b) = ©(a —x)O(x —b). This factorized expression suggests the identification of

1

/ dz1 ¢(z1) (Zl(xl 3 + zl(:c1+ 5)) (2.160)

0
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Figure 2.21: Factorization of the amplitude in terms of a TDA. In the left of each DA blob, the crossed-blobs are
non-local operators with indicated Fierz structure. In the right of each left Ty and T'D Ay blobs, the crossed-
blobs are Fierz I' matrices, with the indicated structure. At the bottom of the Ty blob, the crossed-blob is
a Fierz I' matrix, while at the top of the TDApg blob, the crossed-blob is a non-local operator with indicated
Fierz structure.

as the coefficient function T (up to a multiplicative factor), and of

- 1
T(o € tin) = Ve [0 2 22 0 (1o ) ~0(-6 202 -1 (17 )] (2.161)
as the v7 — pr TDA.
To justify this interpretation we start from the hard part Ty (z1,2) of the scattering amplitude, which
appears in Fig. 2.21, as illustrated at order g2 in Fig. 2.22. It equals, for a meson built from a quark with a
single flavour,

Tuler,0) = ~if,5%eQu S0 et ) (26ma, 4 g,
c &1

1

z1(x + € —ie) + 21(z§+ie)} ’ (2.162)
and obviously coincides with the hard part of the p—meson electroproduction amplitude. The tensorial structure
26nk + ﬁn‘f = p/' + Q3% /sp! coincides again with the one present in Eq.(2.127) when performing the direct
calculation.

Passing to the TDA, let us consider the definition of v} (¢2) — p% (ko) TDA, T'(z, &, timin), in which we assume
that the meson is built from a quark with a single flavour, p} (k2) = gg. The vector P = 1/2(g2 + k2) =~ no in
our kinematics, and the ray-vector of coordinates is oriented along the light-cone vector n = n1/(ni.n2). The
non-local correlator defining the TDA is given by the formula

—z/2
—ieQq [ dy. A*(y)
2/2

/ B2 wP) (1 (k) |G(—2/2)i0e a(z/2)17* (¢2))

27
9 2
= SGule 2 (405 + g Z gt ) Tt (2163)

in which we explicitly show the electromagnetic Wilson-line assuring the abelian gauge invariance of the non-local
operator. On the contrary, for simplicity of notation, we omit the Wilson line required by the non-abelian QCD
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P2 P2

Figure 2.22: The hard part Ty at order g?. Bold quark and gluon lines are hard propagators. Thin line are
spinor lines. For each diagram, the right crossed-blob is a given I" matrix arising from Fierz expansion when
factorizing the DA, and the bottom crossed-blob is a given non-local operator of given Fierz type.

invariance since it does not play any role in this case. Note also that the factor (1+&)n§ + s(?—_ég)n‘f = ps+ %;p’f
corresponds to a part of the tensorial structure of the second term in Eq. (2.127).

Now, the simple perturbative calculation of the matrix element in (2.163) in the lowest order in the electro-
magnetic coupling constant e leads to the expression for T'(z, &, timin) given by Eq. (2.161). The contributing

diagrams are drawn in Fig. 2.23. In particular, the contribution to the rhs of (2.163) proportional to the vec-

2" o o

= + +
@)* bo bo
b 4 A
/(I2

q2 q2

Figure 2.23: The hard part of the TDA at order e ),. In each diagram, the lower crossed-blob denotes a given I'
matrix arising from Fierz expansion. The bold lines are hard quark propagators, while the thin lines only carry
spinor indices. The upper crossed-blobs denotes non-local operators with given Fierz structure. The dotted line
is a QED Wilson line.

tor ny (or pYy) corresponds to the contribution coming from the expansion of the electromagnetic Wilson line,
illustrated by the last diagram in Fig. 2.23.

Putting all factors together and restoring the flavour structure of the p°, we obtain the factorized form
involving a TDA, of the expression T%"py op1 5 in Eq. (2.132) as

1 1
C 1 1
aB 22 2012 2y 2 VF )
T pyaprp = —if e’ (Qn + Qg 8Nc/1d$ O/dzl [zl(xé) + @O T(z, &, tmin) - (2.164)

Note that in this perturbative analysis, only the DGLAP part of the TDA, with 1 > |z| > £, contributes.
This is a consequence of the support properties of the p—meson distribution amplitude. From a diagramatic
point of view, this can be easily understood from the analysis of Fig. 2.15, where one can readily check, from
the momentum flow of each quark and antiquark which makes each of the two p—meson, that the quark and
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antiquark in the t—channel can always be interpreted in accordance with the two DGLAP regions for quarks or
antiquarks, as we have seen p21.

Finally a few remarks are in order. Firstly let us note that our choice of the ordering of virtualities Q% > Q3
is a quite arbitrary one. Equally well we could assume the opposite condition, i.e. Q? < Q3. In this case one
gets of course again the QCD factorization with a TDA but this time describing the transition v*(g1) — p% (k1).
In view of this observation one can conclude that both the polarizations of participating particles and also the
kinematical conditions like the ordering of virtualities determine a TDA-type of factorization.

Secondly let us note that the restriction to the DGLAP region in our TDA is related to a description of
the p—mesons by their DAs and by the limitation to the Born approximation. The calculations of our process
beyond the Born approximation would lead to the factorization of the obtained result into the corrected hard
part which includes effects of radiative contributions and a modified TDA absorbing - by using the DGLAP-
ERBL evolution equations - the infrared and collinear divergences caused by these radiative corrections. The
evolution governed by these evolution equations do in fact connect the DGLAP region, both with the ERBL
and the DGLAP region, as discussed e.g. in Ref. [51].

We have thus shown that the direct calculation of the scattering amplitude of (2.120) at Born level factorizes
in the two regimes: (a) the region where the squared invariant mass of the two rho’s W? is much smaller than the
largest photon virtualities, namely Q? > W?2 (or Q% > W?), with Q; and Q2 being not parametrically close,
and (b) the region where photon virtualities are strongly ordered, that is Q2 >> Q3 (or Q3 >> @Q?). In the
region (a) the amplitude with transverse photons factorizes in a hard subprocess and a GDA, up to corrections
of order W?2/Q? (resp. W?2/Q3). In the region (b) the amplitude with longitudinal photons factorizes in a hard
subprocess and a TDA, up to corrections of order Q3/Q3% (resp. Q?/Q%). This is illustrated in Fig. 2.24. We
have also shown that the polarization states of the photons dictate either the factorization involving a GDA
or involving a TDA. Usually these two types of factorizations are applied to two different kinematical regimes.
These two domains have here a non empty intersection, in which we get two factorisation formulas for both
polarizations of the photons, v;v;- — prpr and v;y; — prpr, as shown in Fig. 2.24. Fig. 2.24 illustrates
also that the collinear QCD factorization with GDA or TDA is not demonstrated by our analysis in the limited
region where the virtualities Q7 are parametrically close, but vanishes at dominant twist®. In this figure, the
different domains where the transverse or longitudinal amplitudes dominates are displayed. Finally, Fig. 2.24
shows the perturbative Regge domain, corresponding to the large W2 limit, to be studied in Sec. 7.4.

Our analysis is restricted to the case of longitudinally polarized p®—mesons. In this way we have avoided
the potential problems due to the breaking of QCD factorization with GDA or TDA at the end-point region of
the distribution amplitudes of transversally polarized vector mesons, to be discussed in Chap. 3. The problem
of obtaining a factorized formula with GDA or TDA in this case is open.

Although we have restricted ourselves, for simplicity, to the forward kinematics, similar results may be
obtained in a more general case. These results involving neutral p°—mesons can be generalized to the case
of the production of a (p*p~)—meson pair. On the theoretical side, in order to preserve the electromagnetic
gauge invariance of the TDA 4* — pT. one should modify the definition of the non-local correlator (2.163).
This may be done by applying the Mandelstam approach [233], i.e. by replacing the electromagnetically gauge
invariant corelator (2.163) by the product of two effective electromagnetically gauge invariant quark fields

g(=) explieq | dyn, AP (y)).

2.5 Exotic hybrid mesons

Based on [W12, W18, W14, W18]

In QCD, hadrons are bound states described in terms of quarks, anti-quarks and gluons. The usual, well-
known, mesons are supposed to contain quarks and anti-quarks as valence degrees of freedom. These valence
degrees of freedom define the charge and other quantum numbers of corresponding hadrons, while the sea
configurations do not change the quantum numbers. On the other hand, gluons carry the interaction, and
do not participate in the quantum number content of the hadron. They only appear when considering higher

8We thanks M. Diehl for pointing out this to us.
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Figure 2.24: Different kinematical regions. In the domain (1), denoted with vertical lines, the QCD fac-
torization with a GDA is justified. This region is the union of two disconnected domains: the lower
right one is given by the conditions 1 — Q%/s > c¢(1 — Q%/s) and Q3/W? > c¢ while the upper left
one is given by 1 — Q?/s > c¢(1 — Q3/s) and Q3/W? > ¢, ¢ being arbitrary large. In the domain
(2), denoted with horizontal lines, the QCD factorization with a TDA is justified. It corresponds to
Q?/Q% > c or Q2/Q3 < 1/c. In the intersecting domain, both factorizations are valid. In the region with-
out any lines, no factorization neither in terms of GDA nor TDA is established; however, inside this re-
gion, in the upper part which is limited by two converging line the amplitude is zero at dominant twist.
For illustration, we choose ¢ = 3. The grey band represents the domain where the Born order amplitudes with
transverse and longitudinal photon, calculated directly, have comparable magnitudes. In the upper (lower)
corner the transverse (resp. longitudinal) polarizations give dominant contribution. Below the dashed line is
the perturbative Regge domain.

order Fock states in the infinite tower of states describing the hadron, on the same footing as sea quark and
antiquarks.

However, QCD does not prohibit the existence of explicit gluonic degrees of freedom in the form of a vibrating
flux tube, for instance. Indeed, the only severe constraint which must be fulfilled is the color neutrality of the
state, which is one the pilar of QCD. This can be satisfied in various situations outside of the usual meson ¢g and
baryons qqq quark-model description. This includes the states where the ¢gg and gg configurations in Fock space
are dominating, respectively called hybrids and glueballs, and are of fundamental importance to understand the
dynamics of quark confinement and the nonperturbative sector of quantum chromodynamics [234-240].

Let us now consider the specific case of hard processes, which allows to apply perturbative QCD. As we

have seen above, any description of hard exclusive process involves matrix elements of non-local light-cone
operators. The gluonic degrees of freedom are hidden, even when considering twist 2 operators, in the path-
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ordered gluonic exponential which connect the fermionic fields and make these operators gauge invariant. This
thus opens the way to the description of the production of states which are outside the usual quark model
(called exotic particles). We will now specifically consider the case of hard electroproduction of an isotriplet
exotic hybrid meson JF¢ = 1=, for which we proved [W12, W13] that the corresponding amplitude has a
non-vanishing twist 2 component, leading to non-suppressed rates at large Q2. On top of the theoretical interest
for such states, our motivation is also based on the fact that there exist candidates for such states, like 71 (1400)
and 71(1600), and evidence for a 71(2015) has been reported. In particular, we made some phenomenological
investigation [W13, W18] based on the fact that the 7;(1400) was seen mostly through its 7n decay mode, as
investigated by the Brookhaven collaboration E852 [241,242].

2.5.1 Quark model and spectroscopy

Let us first recall basics about the quark model. In this model the hadrons, mesons and baryons, are bound
states of quark-antiquark or three-quarks systems. We consider the mesons, i.e. the quark-antiquark systems.
Their total angular momentum results from the summation of spin S and orbital L angular momenta of quarks.
Neglecting any spin-orbital interaction, the quantum numbers .S and L may be considered as additional quantum
numbers for the classification of hadron states. Therefore, the eigenvalues of the squares of the angular momenta
read:

JP=JJ+1) S$2=8(S+1) L*=L(L+1),
J=S+L, (2.165)

where the number L may take all positive integer values (including zero). The meson octets correspond to the
case where S = 0, 1. For given values of S and L, the total angular momentum J can take the values

J=S+L, S+L—-1,..,|S—1L|. (2.166)
The values S and L are related to the C- and P-parity of the quark-antiquark system in the form:
C = (=) pP=(-)L* (2.167)

Consequently, in the quark model, the quantum numbers S, L, J, P, C and the relations between them (2.166),
(2.167) leads to the following classification of the meson states:

e S5=0,L=J:
JPC =0o=*, 1t—, 2=F 3+, . (2.168)
e S=1,L=0,J=1:
JPC =1-- (2.169)
e S=1,L=1,J=2,1,0:
JPC = ott, 1+t o+t (2.170)
e S=1,L=2J=3,21:
JPC =177",277,3"~ (2.171)
and so on. From this, one can see explicitly that the mesons with J¢ = 0~==,0t—, 1=+, ... are forbidden.

However, as sketch above, such mesons may be described beyond the quark model, by adding an extra degree of
freedom (a gluon, for instance) to get the needed quantum numbers, as discussed for instance in Ref. [243,244].
We will now consider this in the context of hard processes.
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2.5.2 Hybrid meson distribution amplitude

After this recall about the fact that 1=t is forbidden in the quark model and that non-local quark twist
2 operators necessarily involve gluon operators due to color gauge invariance, thus opening the way to the
description of states outside the quark model but still within a non-suppressed scaling, it remains to be proven
that this is practically possible, both in a qualitative and quantitative way.

Quantum numbers

The first key problem is whether this gluon admixture allows this quark matrix element to have exotic quantum
numbers such as JP¢ = 17+, Let us define, as usual, the meson distribution amplitude through the Fourier
transformed correlator taken at 22 = 0,

(H(p, M|(=2/2)yu[=2/2; 2/2]9(2/2)|0) =

;
O\ [

ifauMpg [( = )/dyei(yy)p'z/%g(y)
)

N ., ]
eN .z (T
i gy (2.172)
0

where § = 1 — y; fig denotes a dimensionful coupling constant for the hybrid meson, so that the distribution
amplitude ¢ is dimensionless, following the convention of the previous chapter. fy is the analog of f, or fo-
Its normalization will be discussed in a second step.

For the longitudinal polarization case (neglecting mass effects),

(0) .
0 _ € z
W= b
only ¢ contributes, so that our correlator reads
1
(H (p, 0)[5(—2/2)7u[—2/2: 2/210(2/2)[0) = i fir Myre® / dye TV /2 () (2.173)

0

As discussed in Sec. 1.3.1, Egs. (2.172) and (2.173) involve a path-ordered gluonic exponential along the straight
line connecting the initial and final points [z1; 23] which provides the gauge invariance for our bilocal operator.
It equals unity in a light-like (axial) gauge. In the following we will only consider the case of a longitudinally
polarized H and we will therefore omit the index L from the hybrid meson distribution amplitude.

Let us now prove that it is possible to describe in this way an exotic J = 1 meson state with quantum
numbers PC' = —+. Let us first consider the charge conjugation invariance. Inserting the charge conjugation
operator C inside our correlator (2.173), one can immediately deduce for the neutral member of the isotriplet
H° (with the flavour structure 1/v/2(tiu — dd) analogous to the p°) that the parameterizing function ¢ is
antisymmetric , 7.e.

o (y) = —o"(1-y). (2.174)

This is at odd with the DA symetrical property that one would get in the more familiar case of the p-meson,
which has C' = —.

Isospin invariance and G-parity imply the same relation for charged hybrids. The property (2.174) is in
agreement with the case of the C—even two pion GDA discussed in Eq. (2.11). In particular, the antisymmetric
property implies

1

/dy o (y) = 0. (2.175)

0
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We now consider the remaining quantum number, the parity. Since the UV singularities only occur in the
hard part, one can Taylor expand the left hand side of (2.172), which does not contain any singularities in z.
We thus rewrite the hybrid—to—vacuum matrix element in the form

(H(p, N (—2/2)vu[—2/2; 2/21(2/2)[0) = (2.176)
> %Zm--zun (H (p, M|(0)3 Dysy - Dy, 1(0)]0),
n odd

where D, is the usual covariant derivative and

< 1
D= 5(Dy — D). (2.177)

Due to the positive charge parity of H°, see (2.174), only odd terms in (2.176) do contribute. The simplest case
is provided by the n = 1 twist 2 operator

Ry = Sy ®(0)7 Do 1(0), (2.178)

where S(,,,) denotes the standard symmetrization operator

1
S(W)TW = §(T/w +Top) -

Note that the removal of the trace is here automatically implied due to the Dirac equation satisfied by the fields.

R, is proportional to the quark energy-momentum tensor?, i.e. Ruw = —10,,. Its matrix element of interest
is
1
1
(H (p )[Ry 10) = 5 F Mt Sy e [ dy(1 = 20)6" (1), (2179)
0

Note that it is the symmetry in pv of the energy momentum tensor which selects the twist-2 function, since the
spin of the operator equals 2, while its dimension equals 4.

To determine the parity one should treat the meson polarization with some care. Indeed the equation
eru ~ pu/Mp holds for a fast longitudinally polarized vector meson. But we know that the meson is an
eigenstate of the parity operator P only in its rest frame. In this frame p,, has only a zeroth component, while
e, has a vanishing zeroth component. One need thus to study the parity transformation of Roy . This can be
readily done by evaluating P Ro PT, using the well know properties of Dirac field under P (with |np| = 1)

PU(z)Pt =npy°W(Z) and PU(z)P" =nhHU(2)4°, (2.180)
where 7 = (29, —%) for = (2°, %), and the corresponding transformation of the field A*:
P A*(2) Pt = Au(7) (2.181)

and leads, for K =1,2,3, to
P(S<ko>w(0)% Do w<0)) =-, (2.182)

where we have used the fact that 7%y, +Y = —v; for £ = 1,2, 3. This ends the proof that the non-local matrix
element (2.173) may describe an exotic hybrid meson and that its light-cone distribution amplitude is a leading
twist quantity with vanishing first moment (2.174).

9See for example [24] appendix E for explicit expressions.
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Normalization

After showing that the hybrid meson J7¢ = 1= can be produced at twist two level, we now show that the
electroproduction amplitude has an order of magnitude comparable with p—electroproduction. The key point is
to evaluate the magnitude of the non-perturbative coupling fz . For this purpose, we will rely on the appearance
of the quark energy-momentum tensor in the infinite set of local operators in Eq.(2.176).

The non-zero matrix element of the quark energy-momentum tensor between vacuum and exotic meson state
was explored long ago [245]. It may be related, by making use of the equations of motion, to the matrix element
of quark-gluon operator and estimated with the help of the techniques of QCD sum rules [246,247], which allows
to fix the coupling constant, fy. It turns out that one of the solutions corresponds to a resonance with mass
around 1.4 GeV, which is the order of magnitude of the m1(1400) candidate, and the coupling constant at this
scale is 10

fu ~50MeV . (2.183)

Note that the same exotic quantum numbers (except isospin) were found [243,244] for the gluonic energy mo-
mentum tensor (attributed therefore to the gluonium). It was noticed there that energy momentum conservation
leads to a zero coupling of the operator to such an exotic state. This argument would be applicable in our case
for the isosinglet combination, if the quark gluon interaction, leading to the non-conservation of both quark and
gluon energy momentum tensor (while the sum is conserved), is assumed to be negligible. However, there is no
reason to expect it to be applicable to isovector combinations or to each quark flavour separately. In addition,
even for isosinglet combination (including the pure gluonium case), this argument is no more applicable to the
local operators of higher spin (n = 3,5...) which appear in Eq.(2.176). Indeed, since these local operators involve
extra covariant derivatives,

1
(H (P 0)Rpuwr . 0) = 8" frr Mit Sy )€ i -, /d <y—> ¢ (y), (2.184)
0

although they preserves all the quantum numbers, and lead to a non zero vacuum-to-hybrid matrix element
(before adressing the question of its prefactor), the argument based on the conservation of the operator is not
anymore valid, as it is not the energy-momentum tensor anymore, and thus prevent the vanishing of the coupling
based on simple symmetry arguments.

In summary, the hybrid light-cone distribution amplitude is a leading twist quantity which should have a
vanishing first moment (2.174) because of the antisymmetry. This distribution amplitude obeys usual evolution
equations [48,65,66] and has an asymptotic limit [204]

O =30y (1—y)(1 —2y) (2.185)

with assumed normalization of the distribution amplitude ¢ (y) as

/dy 1-2y) 0 (y)=1. (2.186)
0

As for any form factor, the coupling constant fy satisfies renormalization group evolution equations, given by
the formula (the hybrid DA evolves like a flavor non-singlet GDA, but for the value C' = +, which constraints
n to be odd, see (2.58) and the comment after that equation)

K1
2 as(Q?) ) 2vqe(1)
— gy (28 Ky = 209\ 2.187
@) =n (35my) = (2.15)
where the QQ anomalous dimension is given by Eq. (2.28), i.e
n) = C 1—;%%1 (2.188)
e C A R R R0 '

Oour fy corresponds to 2v/2fg in the notations of Ref. [246,247].
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and thus ygg (1) = 16/9 and where the one loop (4 function reads S = 11—2ny/3 (in the notation of Eq.(2.188),
n = 1 corresponds to the energy-momentum tensor). Since the exponent K7 is a small positive number which
drives slowly to zero the coupling constant fr(Q?), while experiments are likely to be feasible at moderate
values of Q?, we neglect this evolution and in the following estimate we use the value from Eq. (2.183).

2.5.3 Hybrid electroproduction

We now study the exotic hybrid meson by means of its deep exclusive electroproduction, i.e.
e(k1) + N(p) — e(k2) + H(pn) + N(p'), (2.189)
through the subprocess:

v1(q) + N(p) — Hr(pm) + N(©) (2.190)

when the baryon is scattered at small angle. Relying on the collinear factorization theorem for hard exclusive
electroproduction of a vector meson discussed in Sec. 1.4, the corresponding amplitude reads, at leading twist
and when —t < Q? as

1 1
A= /dz/dm@H(z,u%,u%)H(x,z,QQ,M%,M%)F(LM%,M%) =by ® H® F, (2.191)
o 1

where the parameters p2% and /ﬁ% are the factorization and renormalization scales, respectively. We adopt the
standard convention that up = pg. In Eq.(2.191), H is the hard part of amplitude which is controlled by
perturbative QCD. The hybrid meson DA &y describes the transition from the partons to the meson, and
F denotes generalized parton distributions which are related to nonperturbative matrix elements of bilocal
operators between different hadronic states, has explained in Sec. 1.3. One typical diagram corresponding to
the factorized amplitude (2.191) is illustrated in Fig. 2.25.

- - H(pn)

Figure 2.25: Typical diagram describing the electroproduction of a meson at lowest order. The grey blobs are
non-perturbative matrix elements, namely the meson distribution amplitude and the nucleon generalized parton
distribution

The calculation of the production amplitude, at leading order in «g, is now straightforward and leads to an
expression completely similar to the one for the production of longitudinally polarized vector meson, except for
the C'—parity which enforce the coupling to a C = — GPD, while p—electroproduction involves a C' = + GPD.
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We estimate the ratio of hybrid to p electroproduction cross-sections through their Born order expression
and obtain, denoting as M(*) a meson of C'—parity F (we label the DAs through their symmetrical properties):

eras fu Cr

Ay g0, = NGO [equfu —~ edeid} YL, (2.192)
where
/ A
1 10— oA 1 1
:t — — — «@
= H = E + 2.1
= oo [ o)1 wo) s 09 + 1) TSR o) By 0,6)| | g £ | 2199)
-1
and
/ 1 1
yE) :/dyqu(y)[—i—]. (2.194)
y l-y

Here H and E are the quark non-flip GPDs defined by Eq. (1.38). Note that the simple pole in y in (2.192)
does not lead to any infrared divergency since the function ¢*(y) is expected to vanish, as usual, when the
fraction y goes to zero or unity. The symmetry properties of the hard part (i.e. of the product of the second
bracket of Eq. (2.193) with Eq. (2.194)) are in accordance with the C'—parity of the produced mesonic state and
of the t—channel state: for the hybrid C' = +, the DA is odd, as the hard part, under y < ¢ while the GPD
C = — is even under z « —z, in accordance with Eq. (1.62) ("non-singlet”, i.e. ¢ — ¢ combination of quark
distributions). The symmetry are opposite for the p—meson, involving the ”singlet”, i.e. ¢ + g, combination.

A full phenomenological study of hybrid electroproduction was performed in Ref. [W13]. We here only
summarize our main results. The order of magnitude of hybrid electroproduction may be easily deduced
through a direct comparison with p meson electroproduction amplitude [22]. We thus estimate that the ratio
of hybrid and p electroproduction cross-sections is:

do(Q% wp,t) _ | fu (ewMiy — eatlyy) VI |?

_ , 2.195
do‘P(QQ’ B, t) fp (euH-u‘ru - edH;rd) V(P,"r) ( )

with f, = 216 MeV.

If we neglect the antiquarks contribution, i.e. if we restrict the z-integral to [0, 1], one sees that the imaginary
parts of the amplitudes for both meson electroproduction are equal in magnitude up to the factor VM. The
ratio of the real parts depend much on the model used for guessing the generalized parton distributions. Since
the imaginary part dominates in some kinematics, it is not unreasonable as a first estimate of the ratio of the
cross sections, to assume that the full amplitude ratio is driven by the same quantity. Using the asymptotic
forms for the hybrid and p mesons distribution amplitudes, which for the p—meson case is supported by QCD
sum rule [135,248], we thus estimate that :

H (N2 2
do (Q awBat)N(‘afH) ~ 0.15.

do—p(QQaszt) - 3—fp

In Ref. [W13], we did some more precise predictions, using the standard description of GPDs in terms
of double distributions [51,114]. We also investigated the dependency on the renormalization scale p% . We
considered two possibilities, in order to study the uncertainties when fixing the renormalization scale: the first
one, in a “default” way, is just the natural scale ,u% = 2. The second one is based on the BLM scheme [158], for
which we made some devoted studies in Ref. [W14]. We argued in particular in Ref. [W14] that when applying
the BLM method to fix u%, one fails to fix one single scale, since the amplitude has both real and imaginary
parts, thus leading to two different scales.

Furthermore, in both H and p cases, one faces a singularity when extracting the BLM scale through the real
part of the imaginary amplitude for certain value of £. Such a problem does not occur for m—electroproduction.
We thus suggested and implemented the BLM scheme at the level of the cross-sections '!.

The resulting differential cross sections for hybrid meson and p meson (quark contribution only) production
are shown on Fig. 2.26 for xp = 0.18 and 0.33, using the above mentioned naive scale fixing. The BLM

(2.196)

INote that this stimulated further studies on BLM scheme within exclusive processes in Ref. [190].
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Figure 2.26: Differential cross section for p and hybrid meson production with the naive choice of the renormal-
ization scale and different z .

procedure, implemented at the level of the cross-section according to Ref. [W14], leads to the following values
of the renormalization scales:

uQR:e*‘l'gQQ, for p meson,
ph =e>13Q*  for H meson. (2.197)

for the case £ = 0.2 (or zp =~ 0.33), and

u%:e*‘l'SSQQ, for p meson,
ph =e29Q?* for H meson. (2.198)

for the case £ = 0.1 (or zp ~ 0.18).
Note that, taking into account the D-terms, the p meson BLM scale is slightly diminished. For instance, in the
case rg ~ 0.33 we have

wh = e >tQ% (2.199)

These renormalization scales have rather small magnitudes. This has a tendency to enlarge the cross sections
but may endanger the validity of the perturbative approach. However, it is possible that the coupling constant
as stays below unity and the perturbative theory does not suffer from the IR divergencies. We use the Shirkov
and Solovtsov’s ansatz [249] for the analytic running coupling constant.

The role of power corrections was investigated in Ref. [170], due to the intrinsic transverse momentum of
partons (the kinematical higher twist). In that approach the inclusion of the intrinsic transverse momentum
dependence results in a rather strong effect on the differential cross-section before the scaling regime is achieved.
In Ref. [170], the renormalization scale % is defined by the gluon virtuality so that the scale is a function of
parton fractions flowing into the corresponding gluon propagator.

On Fig. 2.27, we present our results for the differential cross section of the hybrid meson electroproduction
compared to the p meson electroproduction, using the BLM scales. We can see that the hybrid cross section is
rather sizeable in comparison with the corresponding p meson cross section. We also show the results obtained
in Ref. [170] for the p meson electroproduction. We see that in the region Q2 ~ 5 — 10 GeV? the size of the p
meson cross section obtained with the inclusion of transverse momentum effects is very close to the analogous
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Figure 2.27: Differential cross-section for exotic hybrid meson electroproduction (dashed line) with /ﬁ% =
e~ 513Q? compared with the quark contribution to p° electroproduction (solid line) with /ﬁ% = e 49Q?, as
a function of Q?, for x5 ~ 0.33. The dash-dotted line is the result of Vanderhaegen et al [170] for p electropro-
duction.

| 75 | 0.33 [ 0.18 |

Q*(GeV?) |1 3.0 | 7.0 11.0 | 17.0 || 3.0 7.0 11.0 | 17.0

pg=Q% | 0.123 | 0.123 | 0.123 | 0.123 || 0.0325 | 0.0326 | 0.0326 | 0.0326

e = || 0.131 ] 0.133 | 0.133 | 0.134 || 0.0356 | 0.0362 | 0.0365 | 0.0367

Table 2.1: Ratio do® : do” for both the naive and BLM scales and for the different values of x .

cross section computed with the BLM scale and without the intrinsic transverse momentum dependence. On
the other hand, for higher values of Q? the leading order amplitude computed with the BLM scale fixing is
falling faster that the corresponding amplitude derived in Ref. [170], whereas for smaller values of Q? it is larger
than that prediction. We do not want to claim here that kinematical higher twist contributions have no effects
at low values of Q2 but rather that a rather strong effect on the Q2 dependence of the cross sections may be
dictated by another mechanism which is much more controllable since it depends on the estimate of higher
order perturbative contributions.

All this shows that the scale fixing ambiguities lead to a non negligible theoretical uncertainty on the absolute
value of cross sections. It is important however to understand that most of this uncertainty does not apply
to ratios of cross sections, and in particular to the most interesting ratio do™ : do”, which measures the
expected cross section for hybrid production with respect to the well measured and large cross section for p
meson production. Indeed, as shown on Table 2.1, this ratio is very insensitive to the scale fixing procedure.
Moreover it is not small when z g is large enough and almost Q2 independent. The decreasing value of the ratio
when 2 diminishes comes from the relative sign of the two terms contributing in Eq. (2.192), i.e. when £ — 0
the structure H™ goes to zero too. Exotic hybrid meson can be therefore electroproduced in an experimentally
feasible way in actual experiments at JLAB, HERMES or Compass. Their study in high statistics experiments
at JLAB should be fruitful. The signal may be discovered through a missing mass measurement provided the
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Figure 2.28: Typical diagram describing the electroproduction of 77 pair. The higher and lower blobs represent
the GDAs and GPDs, respectively.

recoil proton energy-momentum is well measured. This allows to study all decay channels of these poorly known
states.

2.5.4 Study of hybrid mesons via the electroproduction of 7 pairs

In the case where there is no recoil detector which allows to identify the hybrid production events through a
missing mass reconstruction, one will have to base an identification process through the possible decay products
of the hybrid meson H°. Since the particle 71 (1400) has a dominant 71 decay mode [241,242], we now proceed
to the description of the process

e(k1) + N(p1) — e(k2) + 7°(px) + 1(py) + N(p2) (2.200)

or

v (q) + N(p1) — 7°(px) + 1(py) + N(p2) . (2.201)

The formalism of GDAs, which we have presented in Ref. 2.1, allows one to compute the amplitude through a
factorization illustrated in Fig. 2.28. The 7 GDA as a form of the type (2.55). We refer to Ref. [W13] for the
detailled analysis of the 7 GDA and the computation of the amplitude.

Since the mass region around 1400 MeV is dominated by the strong as(1329) (2*1) resonance [241,242], it is
therefore natural to look for the interference of the amplitudes of hybrid and as production, which is linear, rather
than quadratic in the hybrid electroproduction amplitude. In our case, since the hybrid production amplitude
may be rather small with respect to a continuous background, we propose [W13] to use the supposedly large
amplitude for ay electroproduction as a magnifying lens to unravel the presence of the exotic hybrid meson.
Since these two amplitudes describe different orbital angular momentum of the 7 and n mesons, the asymmetry
which is sensitive to their interference is an angular asymmetry defined by

n Ocm d =n(Q2 1? s Ocm
Q2 gty by gy = L 005 0™ Qi by 1y €05 ) (2.202)
Jdo™m(Q2, yi, t, My, cOS Oem)

as a weighted integral over polar angle 0., of the relative momentum of 7 and 7 mesons, illustrated in Fig. 2.29.

The angle 0., can be related to usual  variable entering the definition of GDA, as shown in Sec. 2.1.2 with
a slight modification when taking into account the different masses for 7 and 7.). We refer to Ref. [W13] for
details. Our estimation of the asymmetry (2.202) is shown on Fig. 2.30.
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Figure 2.29: Typical process describing the electroproduction of a 7 pair.

It vanishes for mn, ~ 1.3 GeV. Besides, one can see from Fig. 2.30 that the first positive extremum is located
at My, around the mass of ax; meson while the second negative extremum corresponds to the hybrid meson
mass. Note that this angular asymmetry is completely similar to the charge asymmetry which was studied in
ntn~ electroproduction at HERMES [250].

2.5.5 Exotic hybrid meson production in y*y collisions

Photon-photon collisions, with one deeply virtual photon, is an excellent tool for the study of different aspects
of QCD. The main feature of such processes is that a QCD factorization theorem holds, which separates a hard
partonic subprocess involving scattered photons from either a DA describing a transition of a quark—antiquark
pair to a meson or a GDA describing the transition of a quark—antiquark pair to two- or three-meson states.
In Ref. [W18], we extended our previous study to v*+ collisions with production of both longitudinally and
transversally polarised hybrid meson. Note that the positive C' parity of the hybrid meson does not allow any
contribution from a Bremstrahlung process. We thus consider the process

e(k1) +e(ly) — e(ka) +e(la) + H(p) . (2.203)
Specifying a positive C parity two body decay channel, like 7°7, one may equivalently investigate the process
e(k1) + e(l) — e(kz) + e(l2) + 7(pr) +1(py) - (2.204)

We calculate the hard amplitude up to the level of twist 3 and thus ignore the contributions of mass terms.
The case of hybrid production and its decay products, 7 pair in electron-photon collisions is similar to the
electron-proton case, with the important distinction that no unknown generalized parton distribution enters
the amplitude, so that the only place where non-perturbative physics enters is the final state DA or generalized
distribution amplitudes (GDA). We emphasize the 77 pair production as a promising way for detecting the
hybrid meson.

Depending whether the hybrid is seen directly or through its decay mode, one should consider either the
factorization through DAs or through GDAs. The corresponding DAs, similar to the one of the p-meson (see
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Figure 2.30: The angular asymmetry as a function of my,,.

Sec.1.4.3), are naturally defined as

1 1
(H (p, V| P(2)7ulz; —210(=2)[0) = fo M [p# eM.n / du e =P gl (1) 1) / du =B EGH () | (2.205)
0 0

for the vector correlator, and

(H (p, VW (2) 3525 =21 (=2)[0) = i fuMu €, 00

pn

1
/ du e’ =P g (y) (2.206)
0

for the axial correlator. We use the following short notation : €skmi = €y popuaps Sps Ko Mg Ly - In eqns (2.205)
and (2.206), the polarization vector 69) describes the spin state of the hybrid meson. Due to the C'—charge

invariance, the symmetry properties of these DAs reads

ol () = =gl (1—u), () =6 (1—u), & (u)=¢(1—u). (2.207)

We refer to Ref. [W18] for the definition and study of the corresponding 7 GDAs, with an account of a possible
background, modeled by its magnitude K and its phase a.

We investigated the ratio of cross-sections for H production over the 7% production, proportional to the
square of the ratio of transition form factors for v*y — H and 7*y — 7°. As for the usual treatment of a
pseudoscalar meson [133], the transition form factor Fp., scales like 1/Q? up to logarithmic corrections due to
the QCD evolution of the DA. Based on this analysis, we got approximately R ~ 40%. The effect of twist 3
contribution (treated here & la Wandzura-Wilczek) reduces this ratio below Q2 = 4 GeV?2. Still, the effect is not
dramatic, and this ratio is still larger then 20 % for Q% = 1 GeV?. We also studied the 75 production through
the cross-section, as well as the angular distribution of the produced particles.

Since lepton beams are easily polarized, we may consider the single spin asymmetry associated with the case
where one of the initial lepton is longitudinally polarized while the polarizations of the other one are averaged
over. This single spin asymmetry will turn out to give access to the phase difference of leading twist and twist
3 components of the final state GDA.
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For that, we consider now the exclusive process where a longitudinally polarized lepton (with helicity h)
scatters on an unpolarized photon to produce the lepton and the hybrid meson detected through its decay
into a 7 pair. Such a process allows to define an asymmetry which is zero at the leading twist level but
receives contributions from the interference of twist 2 and twist 3 amplitudes. This asymmetry is related to the
azimuthal angular dependence of the polarized cross section and it is defined as

[ dcosO.p(do ™) — do())

2 1p72
ey 7W ; - )
A1 (8ey, Q ©) [ dcos Oom (do ) + do))

(2.208)

where we denote by do (™) the differential cross section dogile),m / dW?2dQ?d cos Ocmdp. The angles are defined
according to Fig. 2.31. This quantity depends much on the unknown background phase a. On Fig. 2.32,

y

Figure 2.31: Kinematics of the process ey — enn.

we present our result with the choice @« = 0. See Ref. [W18] for other choices of parameters. The resulting
asymmetry is sizeable and should be measurable.

0. 3¢

A
W N R O RN

Figure 2.32: The single spin asymmetry A; as function of ¢ = (0, 27). Values of parameters: W =
1.4GeV, Q2 = 5.0GeV?, S¢y = 10 GeV?, o = 0. The solid line corresponds to K = 0.8, the short-dashed
line to K = 1.0, the long-dashed line to K = 0.5.

These various theoretical studies are thus very promising. Both in electroproduction mode and in ~*y
reactions, we have proven the feasibility of a dedicated experimental search and caracterization of a JF¢ = 1-+
hybrid state. This is basically based on the fact that the amplitudes are not suppressed in @2, being dominated
by twist 2 contributions.

In particular, if a hybrid meson exists with J”¢ = 1= around 1.4 GeV and with a sizeable branching ratio
to m — n, much can be learned about it from the experimental observation of v*~v reactions and the precise
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study of the = — n final state. The magnitude of the cross section that we obtain in our model of the 7 — 7
GDA indicates that present detectors at current eTe™ colliders are able to get good statistics on these reactions,
provided the tagging procedure is efficient.



Chapter 3

Light-Cone Collinear Factorization

Based on [W25, W24]

3.1 Introduction

In this chapter, we will extend the collinear factorization which have been discussed in previous chapters at
the twist 2 level to situations where higher twist corrections are included. Such an inclusion may improve
the description of data at moderate values of the hard scale. More importantly, there are processes which
are dominated by twist 3 effects. Such a consistent inclusion of higher twist contributions within collinear
factorization is then compulsory.

Indeed, the transversally polarized p—meson production does not enter the leading twist controlable case
[175,176] but only the twist 3 more intricate part of the amplitude [160-162,251]. This is due to the fact
that the leading twist distribution amplitude (DA) of a transversally polarized vector meson is chiral-odd,
and hence decouples from hard amplitudes at the twist two level, as we have seen in Sec. 1.4.9, even when
another chiral-odd quantity is involved [175,176], unless in reactions with more than two final hadrons [179,
180, W26]. An understanding of the quark-gluon structure of a transversally polarized vector meson is however
an important task of hadronic physics if one cares about studying confinement dynamics. This quark gluon
structure may be described by distribution amplitudes which we have discussed in the previous chapter. On
the experimental side, a continuous effort has been devoted to the exploration of p-meson photo and electro-
production, from moderate [252-255] to very large energy [256-263]. The kinematical analysis of the final
m—meson pair allows then to separate the different helicity amplitudes, hence to measure the transversally
polarized p meson production amplitude. We will see in Chap. 5 that in particular at HERA, very precise
measurements of the whole spin density matrix element have been performed, and that the pr production is by
no mean negligible, although non-dominant for deep electroproduction. This thus deserve dedicated studies in
terms of QCD.

In the literature there are two approaches to the factorization of the scattering amplitudes in exclusive
processes at leading and higher twists. The first approach [161,162,251,264], being the generalization of the
Ellis-Furmanski-Petronzio (EFP) method [265-271] to the exclusive processes, deals with the factorization in
the momentum space around the dominant light-cone direction. We shall call it the Light-Cone Collinear
Factorization (LCCF). On the other hand, there exists a covariant approach in coordinate space succesfully
applied [135-137] for a systematic description of distribution amplitudes of hadrons carrying different twists.
This approach will be called the Covariant Collinear Factorization approach (CCF). Although being quite
different and using different distribution amplitudes, both approaches can be applied to the description of the
same processes. This fact calls for verification whether these two descriptions are equivalent and lead to the same
physical consequences. This can be clarified by establishing a precise vocabulary between objects appearing in
the two approaches and by comparing physical results obtained with the help of the two methods.

In this chapter, we will concentrate ourselves on the first point, i.e. on the descrition of LCCF method and
its equivalence with CCF, at twist 3. The arguments presented here will be as much as general as possible,
although when needed we will rely on a specific example for illustration, the v* — pp impact factor. We

99
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conjecture that the method is very general and can be extended for other exclusive processes and for higher
twist corrections going beyond twist 3. The explicit verification of the equivalence between LCCF and CCF
on the specific example of the v* — pr impact factor will be performed, based on a detailled computation, in
Chap. 6.

The LCCF method involves a Taylor expansion of the scattering amplitude in the momentum space around
the dominant light-cone direction and thus naturally introduces an appropriate set of non-perturbative correla-
tors which encode effects not only of the lowest but also of the higher Fock states of the produced particle. The
reduction of the original set of correlators to a set of independent ones is achieved with the help of equations of
motion and invariance of the scattering amplitude under rotation on the light-cone.

3.2 Factorization beyond leading twist
Let us start with the most general form of the exclusive amplitude for the hard process A — p B (where A and

B denotes initial and final states in kinematics where a hard scale allows a partonic interpretation) which we
are interested in, written in the momentum representation and in axial gauge, as

A= /d‘*ftr [H(f)(l)(ﬂ)] +/d4€1 d*y tr [HH(&,KQ)(I)”(&,EQ)] +..., (3.1)

where H and H,, are the coefficient functions with two parton legs and three parton legs, respectively, as
illustrated in Fig. 3.1 on the example of v* — p impact factor, which is defined in full length in Sec.4.2. In

Figure 3.1: 2- and 3-parton correlators attached to a hard scattering amplitude in the example of the v* — p
impact factor, where vertical lines are hard t— channel gluons in the color singlet state.

(3.1), the soft parts are given by the Fourier-transformed two or three partons correlators which are matrix
elements of non-local operators. We consider the leading asymptotics of 1/Q expansion, separately for the cases
of longitudinaly (twist 2) and transversly polarized (twist 3) meson production. The amplitude (3.1) is not
factorized yet because the hard and soft parts are related by the four-dimensional integration in the momentum
space and by the summation over the Dirac indices.

To factorize the amplitude, we first choose the dominant direction around which we intend to decompose
our relevant momenta and we Taylor expand the hard part. Let p and n be the conventionally called “plus”
and “minus” light-cone vectors, respectively, normalized as p-n = 1. We carry out an expansion of ¢ in the
basis defined by the p and n light-cone vectors:

Cip = Yipu + (L 'P)nqugiL,u

yi =4 - n, (3:2)
and make the following replacement of the integration measure in (3.1):

d*; — d*0; dy; 5(y; — £ - n). (3.3)
Afterwards, the hard part coefficient function H (£) has to be decomposed around the dominant “plus” direction:

OH (0)
ol

H(¢) = H(yp) + l—yp)a+-... (3.4)

{=yp

where (¢ — yp)a ~ £ up to twist 3. One can see that the above-mentioned steps (3.2)-(3.4) do not yet allow
us to factorize collinearly the amplitude in the momentum space since the [ dependence of the hard part is an
excursion out of the collinear framework. To obtain a factorized amplitude, one performs an integration by parts
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to replace /X by 01 acting on the soft correlator. This leads to new operators O+ which contain transverse

derivatives, such as ¢ 91, and thus to the necessity of considering additional DAs ®(1). This procedure

accomplishes the factorization of the amplitude in momentum space. Factorization in the Dirac space can be

achieved by the Fierz decomposition. For example, in the case of two fermions, one should project out the Dirac

matrix ¥, (0) ¥5(2) which appears in the soft part of the amplitude on the relevant ' matrices, using Eq. (1.30).
Thus, after all these stages, the amplitude takes the simple factorized form!,

Figure 3.3: Factorization of 3-parton contributions in the example of the v* — p impact factor.

1 1 1
A= /dytr +/dytr (y)T @;;IF# +/d dya tr [HYo, (y1,y2) T @gqg#(yl,yg),(iiﬁ)
0 0 0

in which the two first terms in the r.h.s correspond to the two parton contribution and the last one to the three
body contribution. This is illustrated symbolically in the example of the v* — p impact factor in Fig. 3.2 for
2-parton contributions and in Fig. 3.3 for 3-parton contributions.

Alternatively, combining the two last terms together in order to emphasize the fact they both originate from
the Taylor expansion based on the covariant derivative, this factorization can be written as

1

1
A= / dytr[H )+ / dyy dys tr [H" (42, 92) T) ®5 (51, 32). (3.6)
0 0

For definiteness?, let us focus on the p-meson production case where the soft parts of the amplitude read

() = / () () T ()0 (37)
AUARE / TNz =02 () G (Aym) T D (ham) (0)[0)

where in accordance with Eq. (1.40),
iDu=10u+94,. (3.8)

Eq.(3.7) supplemented by the appropriate choice of the Fierz matrices defines the set of non-perturbative
correlators relevant for the description of the p—meson, which we will now discuss.

1Despite the fact that these formulae are given here up to twist 3, the method can be extended to higher twist contributions.
2In the following, the notations |p) or |V') will be used when the specific nature of the vector meson does not matter.
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3.3 Parametrizations of vacuum—to-rho-meson matrix elements up
to twist 3

In this section, we introduce the parametrizations of the vacuum—-to—p-meson matrix elements needed when
calculating the process of exclusive p—production. As a concrete example, we shall below calculate the v — pr
impact factor. Since we will follow two different approaches for our calculations, it is instructive to present two
ways for parametrizing the corresponding matrix elements.

3.3.1 LCCF parametrization

We insist on the fact that in LCCF approach, the coordinates z; in the parametrizations have to be proportionnal
to the light-cone vector n. This is in contrast to the CCF approach where z lies on the light cone but does
not correspond to any fixed light-cone direction. The transverse polarization of the p—meson is defined by the
conditions (at twist 3, p, ~ p)

er-n=er-p=0, (3.9)

i.e. er has only a L component, while ey, has no 1. component. Now, we introduce the parametrizations of the
vacuum-to—p-meson matrix elements needed for the calculation, for example, of the v, — pr impact factor.
Keeping all the terms up to the twist-3 order with the axial (light-like) gauge, n - A = 0, the matrix elements
of quark-antiquark nonlocal operators can be written in terms of the light-cone basis vectors as (here, z = An)

(p(pp) [ ()70 (0)|0) 2 my £, [01(y) (€5 - m)py + 23(y) €3] (3.10)
<p(pp)|1/’(z)757u1/’(0)|0> & mp fp i‘PA(y) Epaps e;“apﬁné ) (3-11)

0123

where the corresponding flavour matrix has been omitted?, and where we use € = —e0123 = 1 and 5 =

. . F . . .
iv9 41 v2~3. For the sake of conciseness, we denote = the Fourier transformation with measure

1
/ dyexp [iyp - 2], (3.12)
0

where z = An. The momentum fraction y (§ = 1 — y) corresponds to the quark (antiquark). Note that the
decomposition over the v-matrix basis has been taken in the form:

(9 P) = W) P+ TN D) P+ (313)

in such a way that the minus sign in front of the axial term is absorbed into the axial correlators. The matrix
elements of the quark-antiquark operators with transverse derivatives are parametrized according to

(o)D) OL $(0)|0) 2 my £, 0T (4) Pucig (3.14)
<P(pp)|7/;(z)757ui 35 7/’( )|0> : mp fp Z‘PA( )pu Earps e*T/\pﬁ ”67 (3-15)

where we introduced 9, = (9, — 0,) which is the standard antisymmetric derivative. The DAs ¢1, ¢3, ¢
satisfies the normalization conditions

/1901(1/) = 17/1<p3(y) =1 /1y ) paly % (3.16)
0 0 0

In the same way, the matrix elements of quark-gluon nonlocal operators can be parametrized as

<p(pp)|1/_)(Z1)’Y;LQA£(22)1/)(0)|0> & mp f3p (1,925 Yg) Pu€Tas
()11 (21) 7579 AL (22)10(0)[0) 2 my, £ D(y1, 423 ) Dy Carps €5 p 0’ (3.17)

3The normalization in (3.10,3.11) thus corresponds to a meson which would be a one flavour quark-antiquark state |V') = |f f),

with for example <V(p)\1/7f (2)7u%£(0)]0) A my fy[--]
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where the momentum fractions y;, 2 and y, correspond to the quark, antiquark and gluon, respectively. The

symbol £2 now stands for (here, z; = A\;n)

1
/ dy1 dy2 dyy 0(y2 — y1 — yg) exp [iy1p- 21 + 1Yy p - 22] - (3.18)
0

In the r.h.s. of (3.17), it is useful to perform the integration over the gluon fraction y, (which then equals
ya — y1). Afterwards, the parametrizations (3.17) take the forms:

Fa

(p(Pp) |1 (21)7,9 AL (22)1(0)[0) = mp 13, By, y2) ppeig. (3.19)
(p(pp) [ (21) 7579 AL (22)1(0)[0) 2 m, £3,iD(y1,y2) Py carps €3 pn’ (3.20)
with the symbol & implying
1 1
/dy1 /dyz expliyip-z1 +i(y2 —y1)p- 2] . (3.21)
0 0

Note that the positivity of the gluon light-cone momentum fraction imposes that quark-gluon parameterizing
functions have the form

de de
By, y2) < Blys,yav2 — v1) 01 <92 < 1), D(yn, 1) < Dy, yasys — 1) 0(sn <2 < 1). (3.22)

As we already mentioned by writting Eq.(3.6), it is also natural to introduce the following objects:

—>

(P(Po) (1) vi DI (22)(0)[0) Z m, £ By, 42) P,
(P(pp)[P(21)757ui DY (22)1(0)[0) Z my, £,iD(y1,y2) P €arns 3" 0”1, (3.23)
where these parameterizing functions are now equal to
~ 1
Blonve) = 5 (7 0) + T ) )5 — ) + & Blon, o).
Dlyn, o) = 5 (#500) + #502) ) 5un — 2) + & Dly ) (3:24)
) 5\ ¥A A\Y2 Y1 — Y2 3 Y1,92), .
with the dimensionless coupling constants
A
&= LET— G = By (3.25)
o fo

Note that the function ¢ corresponds to the twist-2, and functions B and D to the genuine (dynamical) twist-3,
while functions ¢z, @a, 9T, ¢k (or alternatively B and D) contain both parts: kinematical (& la Wandzura-
Wilezek, noted WW) twist-3 and genuine (dynamical) twist-3.

In (3.10)—(3.11), the functions @1, 3, pa, ¢T and ¢k parameterizing the two-particle correlators obey the
following symmetry properties:

e1(y) = p1(1—y), e3(y) = @s(1 =), pay) = —pa(l —y), o1 (y) = =1 1 —y), Pa(y) = ©4(1 —y).(3.26)

These symmetry properties result from G-conjugation (or C-conjugation for neutral mesons). At the same time,
the symmetry properties of the functions parameterizing the quark-gluon correlators are:

B(y1,y2;y9) = =B —y2,1 = y1594), D(y1,v2:9g) = D(1 —y2,1 — y1594)- (3.27)

Notice that, in the case of three-particle functions, G-conjugation involves the replacement: y; < o, while the
gluon fraction y, remains invariant under G-conjugation.
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3.3.2 CCF parametrization

We recall and rewrite (doing standard fields transformations) the original CCF parametrizations of the p
DAs [135-137], which we already introduced in Sec. 1.4.3, adapting them to our case when vector meson is
produced in the final state. The formula for the axial-vector correlator reads

1
— 1 e z 7 -z a
(PBIFE) 2 0335000100 = Fom TP [ dye® ) (3.28)
0
where we denote® .
Euesz — E‘uaﬁﬁe;a DB %y » (329)
and where .
[21, 22] = Pexp ig/dt (z1 — 22) ) AF(t 21 + (1 — ) 22 (3.30)
0

is the Wilson line, defined in accordance with the convention (1.40). The transverse vector er is orthogonal to
the light-cone vectors p and z. Neglecting mass effects, i.e. up to twist 3 level, it is decomposed as follows

e-z e-p

(3.31)

€Tu = eu*pun *Zup.z )
where e is the meson polarization vector. Since as we will discuss later n can be arbitrary, and since the concrete
definition of n influences the definition of transverse polarization, it is useful to remove the dependence on erp
in correlation functions. For that, we use Eq.(3.31) and rewrite the original CCF parametrization in terms of
the full meson polarization vector e. This is already done for the axial-vector correlator (3.28) since due to the
properties of fully antisymmetric tensor €,,,3 one can use in the r.h.s. of (3.28) the full meson polarization
vector e instead of er.
The definition of 2-parton vector correlator of a p-meson can be written in the form

1
(v) m2 e* -z

(p(Pp)|(2) [2, 0] 7,0(0)[0) = [, mp/ dy eV [pu j—';ﬂﬁn(y) +eru 91 () —ZMTWgs(y) . (3.32)
0

All distribution amplitudes describing two particle correlators are normalized to unity

1
/dy {d)n,gf),gf),gs} (y)=1. (3.33)
0

Using relations (3.31, 3.33) and integration by parts one can rewrite the vector correlator (3.32) in the form

1
m2e* -z

PBIFE) 2 0 [0) = fym, [ dy et [—z’pu (72 hly) + €598 () + 205
0

h(y)| , (3.34)

where we introduce the auxiliary functions

) = [ o (&10) = 90 0) (3.35)
0

Y

h(y) = /dv (gg(v) - gf)(v)) . (3.36)

0

4Note that, as already amphasized, our sign convention for the antisymmetric tensor is €9123 = 1, opposite to the one used in
Ref. [135-137]. The corresponding sign change is taken here into account.



3.4. EQUATIONS OF MOTION 105
Note that the r.h.s of (3.34) now only involves the full polarization vector e, as was noted above for the axial
correlator. The last term in the r.h.s. of (3.34) contributes to the physical amplitude starting from the twist 4
level only, therefore we will neglect it in the following.

For quark-antiquark-gluon correlators (up to twist 3 level) the parametrizations of Refs. [136,137] have the
forms®

() (2)[2, t 21709 G (t 2)[t 2, 01(0)[0) = ~ipalpuel, — puelIm, fBVp/Da V(ar, ag)e!P2atten) (3.37)
(p(pp)|1/?(z)[z, t2]VaY59 é/w (t2)[t 2,0]1(0)|0) = —pa [pueju - puejp]mp fi?p/DO‘ A(az, a2)ei(p‘z)(al+t ag)a(3-38)

where aq, a2, a4 correspond to momentum fractions of quark, antiquark and gluon respectively inside the

p—meson,
1 1 1
/Da = /dal /dag/dag 01— a1 — a2 —ay) (3.39)
0 0 0
and é;w = f%eWQQGO‘ﬁ . These three partons DAs are normalized as follows

/Da (a1 — az) V(ay,az) = 1, /Da Ao, a2) = 1. (3.40)

In what follows we will work in the axial gauge A-n = 0, n? = 0. In this gauge the gluon field can be expressed
in terms of field strength as follows

Any) = /da e~ nPGup(y + on) (3.41)
0

which implies that the (§ A ¢q ) correlators involving the gluon field A reads

_ Da .
(PPIF 1940 (E)000)]0) = b cam, 13, [ 2 6040 V(s a), (3.2
g
7 QZT’S;‘ D i(p-z)(a el
(p(Pp) [V (2)7u759Aa(t2)1(0)]0) = *ipug(pfz)mp fg:“p/a—je“” N @attas) A(qy, ay). (3.43)

3.4 Equations of motion

The correlators introduced above are not independent, since they are constrained by the QCD equations
of motion for the field operators entering them, as we discussed in the previous chapter. In the simplest
case of fermionic fields, they follow from the vanishing of matrix elements ((iD(0)¥(0))a ¥s(z)) = 0 and
(1o (0)i(D(2)¥(2))5) = 0 due to the Dirac equation, then projected on different Fierz structure.

Let us start with the QCD equation of motion written for the fermion field ¥(0):

—

(i P (0)9(0)9(2)) =0, (3.44)
where (...) denote arbitrary hadron states which we here specify as (p|...|0). Also, we stress that, in (3.44),

the fermion fields 1 and ) should be understood as fields with free Dirac indices. Then, we first focus on the
quark-antiquark part of (3.44) which can be written as

/d4z eiyp'zz'yp'””{@' @E V() (2)) + (i g?} () 1/;(2»}

. (3.45)
z=0

5Note that in those definition f,, fg/p and fgf‘p have dimension of mass. This is agreement with Ref. [137] but differ from
Ref. [136] in which f?Yp and fSAp have dimension of mass square.
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Here, we separate out the longitudinal derivatives from the transverse ones. Working with the longitudinal
derivative contribution, we get
aL

i, / s eI S () ()

=i [dze @ g (3.46)

=0

where an integration by parts has been used. Let us now decompose (1)(z)(2)) over the y-basis (the Fierz
decomposition):

(@) (=) = JEE @I + LI @I s (3.47)

With (3.47), after the use of the parametrization of the relevant correlators, one gets for the longitudinal
derivative contribution (see, (3.46)):

y Y { _ _
1P esW) HiTPA s paly) = —oper {y pa(y) +9 wA(y)}, (3.48)
where again we introduced the short-hand notations:

Opet = 0app” e*Tﬁ, aTp = Epetpn - (3.49)

We thus have for the longitudinal derivative contribution:

/d4z e—iyp‘z—iﬂp»z <z 5L 1/}@) 1/;(2»

= *ivpeT myfp {Wa(y) +§¢A(y)}- (3.50)
x=0

While, the correlators with the transverse derivatives in (3.45) can directly be expressed via the corresponding
parameterizing functions with the help of (3.14) and (3.15):

/d4z e—in'Z—iﬂp‘m (z 5T w(x)lﬁ(,z»

= =imamd {0} 51

Therefore, within the WW approximation (where all genuine twist 3 are disappeared) the equations of motion
takes the following simple form:

ot (y) = -7 (v), (3.52)

where the plus (minus)-combination is defined as

P+ (y) = P“yector” (y) £ Paxial? (y) (353)
Let us now take into account the quark-gluon correlators. Using (3.17), one can obtain that

AT O 5(0) 5:) = 7] (570 AT O WO + () 500 AT WO f. (350

where

1
(B(2) Yo 9 AT(0) $(0)) = mp £Y, pr €, / dys dys €97 By, ya),
0

1
(¥(2) 1570 g AT (0)1(0)) = my, f4) i pa ary / dyy dyz €V'P% D(yy, y2). (3.55)
0

Thus, combining the quark-antiquark and quark-gluon correlators, one derives the following relation:

[tz (Bw.) + D)) = -5+, (3.56)
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where one used the notations (3.24).
In a similar way, we can derive the relation associated with the C-conjugated equation:

(6(0) $(2)i P (0)) = 0. (3.57)

which reads
1
/dw B (z,) D(w,y)) =yp-(y). (3.58)
0

Combining the relations (3.56) and (3.58) with the use of (3.24) and (3.53), we obtain

g1o3(y1) + Jrea(yr) + o1 (y1) + o4 (1)

1
/ dys [¢Y By, o) + G Dl )] (3.59)
0

and

y1e3(y1) — y1ea(yr) — o1 (1) + ©a(y1)

1
/dyz B(y2, y1) + 43 D(ya, yl)] . (3.60)
0

Note that Eq.(3.60) can be obtained by the replacement y; — %1 in (3.59) and the use of symmetry properties
(3.26, 3.27).

3.5 Additional set of equations

3.5.1 Light-cone factorization direction arbitrariness

Contrarily to the light-cone vector p related to the out-going meson momentum, the second light-cone vector
n (with p - n = 1), required for the parametrization of the needed correlators introduced in section 3.3.1 is
arbitrary. The physical observables do not depend on the specific choice of n, thus the scattering amplitudes
should be n—independent. For any specific process, there is a natural choice for n, which one may denote as
ng. For instance, in forward e — p collision, the proton momentum defines ny. More generally, one may expand
an arbitrary choice of n as [161,251,265-271]

Ny = apu+ Bno,+ny (3.61)
with the two constraints

p-n=1 and n*=0, (3.62)
which fixes the coefficients 3 = 1 and o = —n? /2. The light-cone vector n is thus parametrized by its transverse

components n .

Let us now analyse the various source of n—dependence. First, it enters the definition of the non-local
correlators introduced in Sec.3.3.1 through the light-like separation z = An. These correlators are defined in
the axial light-like gauge n - A = 0, which allows to get rid of Wilson lines. Second, it determines the notion
of transverse polarization of the p. Last, n inters the Sudakov decomposition (3.2) which defines the transverse
parton momentum involved in the collinear factorization. Note that this notion of parton transverse momentum
should not be confused with the notion of transverse momenta of external particles (e.g. in the case of v* — p
impact factor to be discussed in Chap. 6, entering in v* N(p2) — p(p) N process, the t—channel gluons have
a transverse momentum determined within another Sudakov basis defined by the external light-cone momenta
p1 = p and incoming nucleon momentum ps).
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This n—independence principle leads to additional non-trivial constraints between the non-perturbative
correlators entering the factorized amplitude. It was crucial for the understanding of inclusive structure functions
properties at the twist three level [265-271] and its relevance for some exclusive processes was pointed out
in [161,251]. We show now that this condition expressed at the level of the full amplitude of any process
can be reduced to a set of conditions involving only the soft correlators. The obtained equations are process
independent and do not assume a priori any Wandzura-Wilczek approximation. The strategy for deriving these
equations relies on the power of the Ward identities to relate firstly amplitudes with different number of legs
and secondly higher order coefficients in the Taylor expansion (3.4) to lower order ones.

In the case of processes involving pr production up to twist 3 level, we will now derive the equations

1

d d
d—yI%T(yl) +o1(y1) — e3(y1) + C:)YO/ ﬁ (B(y1,y2) + B(y2,51)) =0, (3.63)
1
d d
) — paln) + ¢ / (D, ) + Dl ) = 0. (3.64)

The n—independence of A for an arbitrary fixed polarization vector e is expressed by the condition

d
=0 (3.65)
1
which we write in the form
d = ana aA 8(6* : n) 8./4 _ o fe a * aA
dn'l " anf one " d(e - n) =[-nLup +glu]ana A+el, e ) (3.66)

Let us emphasize the fact that although n fixes the gauge, the hard part does not depend on this gauge fixing
vector, as we will show below after the technical derivation of Eqs.(3.63, 3.64). It means that the variation
of n only affects the n—dependence related to the definition of transverse momentum ¢, and of transverse p
polarization.

We also note that the appearance of the total derivative in Eqs.(3.65, 3.66) may be interpreted as a (vector)
analog of the renormalization group (RG) invariance equation when the dependency on the renormalization
parameter coming from various sources cancel. One can view this as a RG-like flow in the space of light-cone
directions of contributions to the amplitude where the polarization vector plays the role of a beta function.

The scattering amplitude A receives contributions from the vector correlators, which result into A4v¢<tor,
and from the axial vector correlators, which lead to A%*%! part of A. Due to different parity properties of the
vector and the axial-vector correlators, the condition (3.66) means effectively two separate conditions:

d
—— AV =0 (3.67)
dn!!

and
4 Aazial — (3.68)
" . .

The dependence of A on the vector n, is obtained through the dependence of A on the full vector n. This
dependence on n is different in A% and in A" parts.
The dependence of A%*% on the vector n enters only through the expression e?™#7 involving the contraction
with the momentum p and in which the indices 8 and ~ are contracted with some other vectors. Thus the
condition (3.68) is equivalent to

on® 0

axia a a a axia a axia
WWA L= [l 4 gt AT = A = (3.69)

m
on'|

where we took into account the peculiar dependence of A% on n discussed above. This will lead at the level
of DAs to the equation (3.64).
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In the vector part, the dependence with respect to n is identified by rewriting the polarization vector for
transversally polarized p with the help of the identity

e =el —phle-n, (3.70)

since e -p = 0. Thus the dependence of Avector

and Eq.(3.67) can be written as

on the vector n enters only through the scalar product e* - n,

0

d
AvectoT — e*ﬂ A'UECtOT =0 3.71
which results in P
vector __ 0 3.72
d(e*-n) A (372

from which follows Eq.(3.63).

=5

(a) (b) (©) (d)

M%@

(e) (f)

Figure 3.4: The 6 hard diagrams attached to the 2-parton correlators, which contribute to the v* — p impact
factor, with momentum flux of external line, along p; direction. These drawing implicitely assume that the two
right-hand side spinor lines are closed on the two possible Fierz structures p or +°.

We will now derive equations (3.63, 3.64) using as a tool the explicit example of the v* — p impact factor.
We want here to insist on the fact that the proof is independent of the specific process under consideration, and
only rely on general arguments based on Ward identities. For the v* — p impact factor, which will be computed
in details in Chap. 6, one needs to consider 2-parton contributions both without transverse derivative (illustrated
by diagrams of Fig. 3.4) and with transverse derivative (see Fig. 3.5), as well as 3-parton contributions (see
Figs.3.6, 3.7, 3.8). Note that these drawing implicitely assume that the two right-hand side spinor lines are
closed on the the two possible Fierz structures p or ~° involved in the correlators of p—meson DAs.

With respect to the usual collinear factorization in t—channel, the only thing which should be kept in mind
when considering an impact factor is that the two t—channel gluons are off-shell, with a a non-sense polarisation,
i.e. proportional to ps . More details about kr—factorization will be given in Sec. 4.2. This peculiar situation
does not play any important role in the following arguments.

In the color space, each of those diagrams can be projected in two parts, characterized by the two Casimir in-
variants Cr and N.. The equations (3.63, 3.64) are obtained by considering the consequence of the n—independency
on the contribution to the Cr color structure. The n—independency condition applied to the N, structure is
automatically satisfied and does not lead to new constraints, as we have shown in Appendix A of Ref. [24].

We start with the derivation of Eq.(3.63), which corresponds to the vector correlator contributions with Cr
invariant. The 3-parton (¢gg) contribution and the 2-parton contribution involving ®* to A can be reduced to



110 CHAPTER 3. LIGHT-CONE COLLINEAR FACTORIZATION

(el) (e2) (f1) (f2)

Figure 3.5: The 12 contributions arising from the first derivative of the 6 hard diagrams attached to the 2-
parton correlators, which contribute to the v* — p impact factor, with momentum flux of external line, along
p1 direction.

the convolution of the leading order hard 2-parton contributions with linear combination of correlators, thanks
to the use of the Ward identity.

In the case of the 3-parton vector correlator (3.19), due to (3.70) the dependency on n enters linearly and
only through the scalar product e* - n. Thus, the action on the amplitude of the derivative d/dn, involved in
(3.72) can be extracted by the replacement e* — —p, , which means in practice that the Feynman rule (using
conventions of Ref. [98] for computing the T' matrix element) gt* v* e entering the coupling of the gluon inside
the hard part should be replaced by —gt®v“ p, . Then, using the Ward identity for the hard part, it reads

(y1 — ya)tr [Higy(y1,y2) pp p] = tr [Hog(y1) p] — tr [Hyq(y2) Pl ,
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which can be seen graphically as

Pu

Y1 Y2
- (3.73)
Y1 — Y2 — — ’
11—y 1—y2

as we will show below with more details, and will give the last term of r.h.s of Eq.(3.63). The proof can be settled
easily relying on a graphical rule in order to use the collinear Ward identity. Indeed within the conventions
of [98], the collinear Ward identity can be symbolically written as

? (Y2 —y1)p (yz—yl)P€
Pu A ! — (3.74)

wp A oyp  PTU Yo p Y1 p

where each fermionic line is a propagator. The wavy lines with double arrows are there in order to fulfill
momentum conservation, since the incoming momentum is y; p while the outgoing momentum is y2 p .

Let us consider the 3-parton ”abelian” diagrams, illustrated in Fig. 3.6. Applying the Ward identity (3.74)
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to graphs (aGl) and (aG2) gives

Y1 U1
Y2 — Y1 Y2 — Y1
y2 — 1 -1
—(y2 = y1)pu P + Y2
"
1 Y1
= Y1 — Y2 — Yi — Y2
gr-t y2 —1 y2 — 1 y2—1  y2—1 y2 —1
1 Y1
+ Y1 — Y2 — Y1 — Y2
y1—1

y1—1 y1—1> y2 — 1 y2 — 1 y2 — 1

£ 2 £ 2

Y1

Y2

, (3.75)

y1 — 1 yi1—1 y1—1 y2 — 1 y2 — 1 y2 — 1

£

where the indicated momentum fractions correspond to flow along the momentum p; of the p—meson. The last
line of Eq.(3.75) has been obtained after cancellation of the first and fourth term in the second equality, and
the two remaining diagrams have been relabelled (in the first term of the last line, one does yo — 1 — y1 — 1
for the outgoing antiquark, and in the second term, one does y; — yo for the outgoing quark), as far as the
external lines are concerned, after using the fact that this does not change its internal structure.

-

The same identity applies for each couple of graphs (bG1, bG2), (cG1, cG2), (dG1, dG2), (eG1, eG2) and
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(fG1, {G2). This leads to the following identity

,_.

1

1

/dyl/dyg (y1,92)
Y2 — 1
0
% y1 —1
1
0/

NS w(? ~(FF Q w(% ae G

where the last line is obtained after performing the change of variable y; < y2 in the second term. Note that
the hard part given by diagrams inside Eq.(3.76) is convoluted with the last term of Eq.(3.63).

X Pu

_|_

@ —(y1 < v2)

yla y2) + B(yQa yl)]

A similar treatment of 2-parton correlators with transverse derivative whose contributions can be viewed as
3-parton processes with vanishing gluon momentum leads to

1

dy1 /dy2 S(y1 — y2) @1 (11)

\
o _

[}
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1

/ dyli% (y1)

where the last line is obtained after integration by part. This leads to the convolution of the first term of the
Lh.s of Eq.(3.63) with the [---] part in (3.77).

The second term, with 1, of the Lh.s of Eq.(3.63) originates from the 2-parton vector correlator and corre-
sponds to the contribution for the longitudinally polarized p with ey ~ p. The third term with ¢3 corresponds
to the contribution of the same correlator for the polarization vector of pr written as in Eq.(3.70). To get
Eq.(3.63), we used the fact that each individual term obtained above when expressing the n—independency con-
dition involve the same 2-parton hard part, convoluted with the Eq.(3.63) through an integration over y; . The
arguments used above, based on the collinear Ward identity, are clearly independent of the detailled structure
of this resulting 2-parton hard part. Therefore, we deduce from this that Eq.(3.63) itself should be satisfied.

A similar treatment for axial correlators leads to Eq.(3.64). To prove this, we start from Eq.(3.69) and we
note that the parametrizations of matrix elements of correlators with axial-vector currents (3.15, 3.17, 3.20)
involve the quantity

precerprn (3.78)

in which the index « is contracted with the matrix v appearing in the vertex of gluon emission in the hard
part and the momentum p* is contracted with the Fierz matrix %ﬁf’ corresponding in the hard part to the
meson vertex. First let us note that in the expression (3.78) one can replace e} by the full polarization vector
e*, i.e.

pugae}pn _pugae pn (3.79)

Secondly, the inspection of the quantity (3.78) or (3.79) leads to the conclusion that in order to use the Ward
identities in a similar way as it was done in the vector part we need to interchange in (3.78) the indices p < «a.
It is done with the help of the Schouten identity, which for our peculiar case means that

pp. Eae;pn — p(l Eﬂe;pn . (380)

After that, the momentum p® acts on the gluon vertex in the hard part, so the consequences of the n—independence
of the axial part of the impact factor maybe derived in exactly the same way as we did above in the case of
vector correlators, since the vector e#¢T?" is completely factorized. One then obtains Eq.(3.64) from Eq.(3.63)
after the replacements B — D, @3 — ¢a, 1 — 4 and 1 — 0 since there is no counterpart of the twist 2
DA ¢ for the axial part.

Since we rely on the n—independency of the amplitude, one may wonder about the effect of the gauge choice,
which is fixed by n, on the hard part. The QCD Ward identities require the vanishing of the amplitude in which
polarization vector of a gluon is replaced by its momentum provided all other partons are on the mass shell. In
the framework of the kr—factorization (see Sec. 4.2), the t—channel gluons are off the mass-shell. Therefore the
replacement of the s—channel gluon polarization vector by its momentum leads to the vanishing of scattering
amplitude up to terms proportional to k? /s where k| are transverse momenta of t—channel gluons. From the
point of view of the t—channel, the gauge invariance of the impact-factor means that it should vanish when the
transverse momentum of any t—channel gluon vanishes. To acchieve this property it is necessary to include in
a consistent way not only DAs with lowest Fock state containg only quarks but also those involving quarks and
gluon, as we will show in detail in Chap. 6.

In practice, we here check this invariance by contracting the s—channel emitted gluon vertex in the hard
part with the momentum, which in collinear factorization is proportional to the p—meson momentum, which
leads to simplifications in the use of (collinear) Ward identities.

In order to prove this, one should first project on the various color Casimir structure. In the case of the
impact factor (see Chap. 6), this means to distinguish N, and Cp terms. In this case, Cr terms arise from
2-partons diagrams and from 3-partons diagrams where the emitted gluon is attached to a quark line, while N,
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terms are obtained from 3-partons diagrams where the emitted gluon is attached to a quark line only between
2 t—channel exchanged gluons or from diagrams involving at least one triple gluon vertex.

The method is almost identical with the one used above when deriving the n—independence equations.
Consider first the case of hard 3-partons diagrams entering the vector part of Fierz decomposition. We contract
the s—channel emitted gluon vertex with its momentum, which is proportional to p, . The next step is to use
the same method as the one used in Eq.(3.76), except that the DA B is not involved here. One thus finally gets
two groups of 6 diagrams (which differ by the labeling of outgoing quarks, one being y; and g, for the quark
and antiquark respectively, and the other one being yo and g, for the quark and antiquark respectively). Since
we started here from the consideration of the v; — pr transition, each of these 6 hard contributions, due to
the appearance of the remaining p from the Fierz structure, thus now encodes the hard part of the transition
v1 — pr . This transition vanishes in our kinematics, which leads to the conclusion that this hard part is
gauge invariant. The same treatment can be applied to the hard diagrams with derivative insertion displayed
in Fig. 3.5, since this insertion corresponds to the peculiar limit of vanishing “gluon” momentum.

The proof for the axial part of the Fierz decomposition goes along the same line. The only difference lays
on the appearance of the p+° structure, which corresponds to a meson b; with quantum numbers J©¢ = 1+~
instead of 1=~ for p, leading finally to the hard part of the transition ;. — b1 . which vanishes in our kinematics.

In the case of contribution proportional to N., one can prove that these hard terms are also gauge invariant.
This is proven in Appendix A of Ref. [24]. The reason is the same as the one which led to the conclusion that
N, terms do not lead to additional n—independence condition.

Although our implementation of factorization and n—independence condition is illustrated here on the
particular example of the impact factor at twist 3, we expect that this procedure is more general and that the
above method can be applied for other exclusive processes, for which the key tool is still the collinear Ward
identity. This means in particular that each building block (soft and hard part, for each structure which lead
to the introduction of a DA) are separately gauge invariant. This fact simplifies dramatically the use of the
n—independence principle.

3.5.2 A minimal set of non-perturbative correlators

We now solve the previous equations, namely the two equation of motions (3.59,3.60) and the two equations
(3.63,3.64) coming from the n—independence. This effectively reduces the set of 7 DAs to the set of 3 independent
DAs ¢4, B, D.
To start with we represent the distributions 3(y), va(y), »7 (y) and ¢’ (y) generically denoted as ¢(y) as
the sums
e(W) =" W)+ (y),  ey) = 3(y), valy), 1Y), Pay), (3.81)

where o'W (y) and ¢9°"(y) are contributions in the so called Wandzura-Wilczek approximation and the genuine
twist-3 contributions, respectively.

The Wandzura-Wilczek contributions are solutions of Egs. (3.59, 3.60, 3.63, 3.64) with vanishing 3-parton
distributions B(y1,y2) and D(y1,ya2), i.e. which satisfy the equations

ey V) el V) + el YV () +eh V() =0 (3.82)
y1oY W (y1) =y e (1) — el YW (1) + o5 VW (1) = 0. (3.83)

d d
d—ylwlT VW () = —p1(y1) + 08 WV (1), d—ylwﬂ YW(y) =WV (1) (3.84)

By adding and subtracting Eqs. (3.82,3.83) together with the use of Egs. (3.84) one obtains equations which
involve only p¥"W and o'W

d%song(yl) =~ - yl)d%so,vawi(yl) o 201(y) = diyllw?vw(yl) + (71— yl)diyllwng(yl) (3.85)
and which solutions, satisfying the normalization conditions
1 1

/dysong(y) =1 and /dy Py =1, (3.86)

0 0
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read
Y1 1 Y1 1
wZVW(yl)=% /%U%(v)—/ d%)wl(v) : song(yl)=% /%U%(U)Jr/ %Usol(v) . (387
0 Y1 0 Y1
T WWw T WwWw

These expressions and Egs. (3.82, 3.83) give finally the remaining solutions ¢’ and ¢

Y1 1 Y1 1
1 B dv dv 1 _ dv dv
eh ") =5 |- | —ei(v) - yl/ —e1(w)| 5 el W) =5 —91/ —¢1(v) +y1/ —¢1(v)
2 v v 2 v v
0 Y1 0 Y1
(3.88)
We note that these two WW results (3.87) were obtained in Ref. [272] when considering the transition form
factor B — p~y. The distributions ¢9¢" carring the genuine twist-3 contributions satisfy the equations

1
G193 (1) + 71 %" (1) + o1 2 () + 94 2 () = — / dyz [¢3 B(y1, y2) + G' D(y1, v2)] (3.89)
0
1
gen _ gen _ T gen T gen - _ d _ Vv B AD )} (3 90)
1037 (y1) =y e () — o1 7)) F o 7 () v [~ Blyz, y1) + G D(y2, 1)) , -
0

1
d en en d
_So{g (yl) = SDg (yl) - Cg// = (B(ylay2) + B(QQayl)) )

dy, Y2—U
1
d en en dy
R ) = 4" ) — 6 [ e (D) + Dlyesan) (391)
Y1 Y2 —

Similarly as in the WW case, one can obtain equations without distributions ¢ 9°” by adding and subtract-
ing Eqgs. (3.89, 3.90) together with the use of (3.91)

d d
@ gen = @ gen
s 037" (1) + (1 yl)dy1 ©% (1)
1 1 1
d d B d
:4C§4/¢D(+)(y1,y2)*2@/—/dy23( )(yl,yz)*ﬂf—/dyz DM (y1,y2), (3.92)
) Yo — Y1 dy1 ) dy1 )

d en — d en
d_yl(pi (y1) + (71 — yl)d_yl‘Pg (y1)
1 1 1
d d d _
= 4<¥/%B“’<y1,y2> - 2<3V—/dy23<+><y1,y2> - 2<§4—/dy2D< (y1,92) , (3.93)
) Y2 — Y1 diyr ) diyr )

where O™ (y1,92) = O(y1,y2) £ O(ya,y1) for O = B, D. Let us note that Eq. (3.93) can be obtained from
Eq. (3.92) and by the interchange ¢%" «— ¢ and B < D.
From Egs. (3.92, 3.93) supplemented by the boundary conditions B(y,y) = 0 = D(y,y) (see later in Section
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3.6) one gets in a straightforward although somehow tedious way the equation for ¢§"

4 gen () — 1(1+1)
dyl% u 2\y1 U

r 1 Y1 1 Y1
d d By, B(ys,
¢4 yl/ dy2 ——B(y1,92) — % / —B(y2,y1) + (41 — y1) / dy2 Blys, v2) +/ dyo Bly2,m)
dy1 dy, Y2 — Y1 Y2 — Y1
L Y1 0 1
o 7 [ Dy |, D)
+C§4 yl/ dy2 —D(yl, y2) + U / —D(yz, yl) - / dy2 =L E / dy2 LAY ) (3-94)
dy, dy, Y2 — Y1 Y2 — Y1
L w1 0 Y1
which properly normalized solution can be written in the form
1 ; d 1 d
gen _ Y1 Y1
==|-] =+ | = . 3.95
=z |- [ 2 /yl{} (3.95)
Yy

in which both integrals act on the expression inside {...} on the r.h.s of Eq.(3.94). The expression (3.95) can be
simplified after changing the order of the nested integrals. After performing this task we obtain that

e5" (y) = (3.96)
1 u 1 u
L [ du d v A dya vy A / dya v A
2/ u {/ddeu(@B G D)(y2, w) /ygfu(CBB G5 D) (u; y2) y27u(<3B ' D) (yz2, u)
Y 0 u 0
Y1 d 1 d 1 d u J
1 u 1% A Y2 v A / Y2 v A
e L(YB+AD [ 22 (VB 4D — B+ D .
5 [ [t @B+ @D )~ [ (@B D)~ [ B+ G D))
0 u u 0
Finally, the solution for ¢! %" is obtained from the first Eq. (3.91) and (3.96)
/ Fo [ Bl v2)
o1 ) = [dugtm ) - of [y [ =t (397)
) ) ; Y2—UN

The corresponding expressions for ¢4 (y) and ¢’ 9" (y) are obtained from Eq.(3.96) and (3.97) by the substi-
tutions:

\'2 A
¢ B—=(¢3D gen

o3 (y) — " (), (3.98)
en ch‘_’cAD en
1M y) ST M (). (3.99)

In conclusion of this section, we explicitely succeeded in representing our results (3.87), (3.88), (3.96), (3.97),
(3.98) (3.99) in terms of 3 independent DAs: the twist 2 DA ¢; and the twist 3 DAs B, D.

3.6 Dictionary

For comparison of expressions (3.19, 3.20) with the definitions (3.42, 3.43) we perform the change of variables
z = 21,12 = 22, 0¢ — Y1 and o, =1 — Yo, i.e. ag = yo — y1. It results in the following identification of the
3-parton DAs in LCCF and CCF approaches

Viy, 1—

By, y2) = 7(212 — yl‘w) (3.100)
Alyr, 1—

Digr, ) = -AWn1-9) (3.101)

Y2 — U1
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From (3.100, 3.101) and Ref. [136] follows the boundary conditions B(y,y) =0 = D(y,y).
Taking in Eqgs.(3.32, 3.34) the coordinate z along the light-cone vector n, z = An, permits the identification
of the vector DAs in Eq.(3.10):

1) =o1(y),  w3(y) =9 ), (3.102)

and of the axial DA in Eq. (3.11)

100w

paly) =—7 oy (3.103)

One can also check the validity of Eqs.(3.102, 3.103) directly by the use of our explicit solutions (3.87, 3.96,
3.98) and expressions for gf) and gf) given Ref. [136] in terms of ¢, V and A DAs. This non trivial check can
be done with the help of methods similar to those used in Appendix B of Ref. [W24] elaborated when comparing
the results of the calculation of the v* — pr impact factor in LCCF and CCF approaches, which we will discuss

in Chap. 6.

We have thus shown how the LCCF method should be used in practice when dealing with hard exclusive
processes beyond leading twist. We have shown in detail in the case of a twist 3 dominated process how a
non minimal set of DAs should be introduced, and then reduced to a minimal set through Lorentz invariance
on the light-cone combined with EOMs. The dictionnary between the independent DAs in LCCF and CCF is
straightforward, as we have shown in Sec. 3.6. The non-trivial part in LCCF is to express the spurious collection
of DAs (here @3, 9a, ¢T, »4,) in terms of the independent one (here ¢1, B and D or equivalently o,V
and A) which is chosen to be a basis, and which contains all the non-perturbative information at a given twist.
Once this step has been made, the Feynman rules for computing the hard part are straightforward in LCCF.
This will be illustrated in details in Chap. 6, through an explicit computation within both methods.
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(aG1) (bG1) (eG1)
Ty HE

(aG2) (bG2) (eG2)
(G FF Mg

(cG1) (dG1) (G1)
A MQ%

(cG2) (dG2) (fG2)

Figure 3.6: The 12 ”Abelian“ (i.e. without triple gluon vertex) type contributions from the hard scattering
amplitude attached to the 3-parton correlators for the v* — p impact factor, with momentum flux of external
line, along p; direction.
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(ctG1) (ctG2) (dtG1) (dtG2)
(etG1) (etG2) (£6G1) (6G2)

Figure 3.7: The 12 "non-abelian“ -(with one triple gluon vertex) contributions from the hard scattering ampli-
tude attached to the 3-parton correlators, for the v* — p impact factor, with momentum flux of external line,
along p; direction.

Y2 —y1

Y1
—Y2
(gttG1) (gttG2) (httG1) (httG2)
Figure 3.8: The 4 "non-abelian“ -(with two triple gluon vertices) contributions from the hard scattering ampli-

tude attached to the 3-parton correlators, for the v* — p impact factor, with momentum flux of external line,
along p; direction.
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Chapter 4

Theoretical status

Hadronic reactions at low momentum transfer and high energies are described in the framework of QCD in terms
of the dominance of color singlet exchanges corresponding to a few reggeized gluons. The charge conjugation
even sector of the t—channel exchanges is understood as the QCD-Pomeron. For more than three decades,
tremendous effort have been devoted to the study of QCD in the perturbative Regge limit. In order to use QCD
analytically in a controlable manner, that is perturbatively, one should select semi-hard processes, for which an
hard scale justifies the application of perturbation theory, and at the same time involves a very large center of
mass energy with respect to ¢. In that case, the dynamics of the process can be assumed to be driven by the
short distance dynamics of QCD. In this chapter we will recall the theoretical status of QCD in the Regge limit.
We will now review the various modern approaches which have been elaborated in order to study QCD in the
semi-hard regime. For reviews, see [273-275]. Chap. 5 will be devoted to phenomenological applications.

4.1 LL BFKL Pomeron

t
|
M? > Ajep impact factor
5 — «— vacuum quantum
number
M3 > A} op impact factor

Figure 4.1: Scattering at s > —t.

At high energy (s > —t), consider the elastic scattering amplitude of two IR safe (hard) probes (Fig. 4.1),
following the seminal work of Balitskii, Fadin, Kuraev and Lipatov [2-5]. The t—channel exchanged particles
are gluons only, since at large s the scattering amplitude involving N particles of spin ¢; in t—channel behaves

as
M ~ g2 gim N+ (4.1)

For the minimal case of two gluon exchange, the amplitude behaves as s, leading to a constant cross-section. This
corresponds to the Born contribution. Higher order contributions involving the triple gluon coupling modifies
this behaviour. Indeed small values of g (perturbation theory applies due to hard scales) can be compensated
by large In s enhancements, calling for a resummation of ), (ag Ins)™ series, illustrated diagrammatically by
Fig. 4.2 at the amplitude level.

This results in the effective BFKL ladder [2-5], called Leading Log hard Pomeron as illustrated in Fig. 4.3
(for a pedagogical review, see [275]). Each vertical line is a reggeized gluon, that is a particle with the color
and the spin of a gluon, but with a moving angular momentum depending of its off-shelness. Its is build from

123
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~ s ~saglns ~ s (ags Ins)?

Figure 4.2: Diagrams contributing to the LL resummation.

reggeon = "dressed gluon”
- 8 8

effective vertex

Figure 4.3: Effective BFKL ladder.

the resummation of an infinite set of t—channel gluons. The horizontal line are ordinary gluons. As illustrated
in Fig. 4.4 in the simple case of quark-quark scattering, the effective vertices are the sum of usual Yang-Mills
vertex (YM) and of upper (Al, A2) and lower (B1, B2) Bremstrahlung contributions which can be presented
algebraically as a three-gluon vertex.

The resulting t—channel bound state is a QCD realization of the Pomeron, carrying vacuum quantum
numbers (color singlet, P and C even). The resulting 4-gluon scattering amplitude satisfies an evolution
equation as a function of s, which kernel is contructed from the effective vertex and the reggeon trajectory,
called BFKL equation. As we have shown in Ref. [W17], the reggeon trajectory can be obtained by computing
the soft part of the Z factor of the gluon field, in a physical gauge. This could in principle be extended to NLLx,
NNLLx, etc... The comparison with the higher order NNLx gluon trajectory result [276] leads to an agreement
up to constant terms, which presumably are related to contribution coming from real terms, since the notion of
gluon trajectory is non-physical.

The first step in order to solve BFKL equation is to express the amplitude of the process through the inverse
Mellin transform with respect to the squared center-of-mass energy s as

M(s,t) = is/%e‘”yﬁu(r?) , (4.2)

where t — tmin ~ —12, (r is considered as Euclidean, as is any two-dimensional vector in the following), and Y’

is the rapidity variable, Y = In(s/so). In the particular case where r? = 0, the BFKL Green’s function can be
easily obtained in momentum space [273,274]. In this case, denoting k (k') the momentum of the lower (resp.
upper) gluon of the 4-gluon Green function, the impact representation for f,(0) reads

1 dk? dk" o0 1 E2\"
fw(0) = W/F e ‘P(fb(k)@gb(k/)[ dv ool <ﬁ> ; (4.3)

where the integration over angles has been performed. The functions ®¢° are the impact factors describing the
coupling of the BFKL pomeron to vertex 1 or 2, and a, b are the color indices of the t—exchanged gluons (which
form a color singlet). They will be discussed in Sec. 4.2. The function w(v) is the BFKL characteristic function
which is defined by [2-5]

w(v) = asx(v), (4.4)
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Figure 4.4: Lipatov vertex.

with a; = asN./7 and

X(v) = 20(1) — ¥ (% + iy> - (% - iy> . U(z) =I'(2)/T(). (4.5)

The general solution of the BFKL equation for arbitrary values of ¢ is more involved [277] and will not be
discussed in detail here. It can be obtained using the fact that this equation is invariant with respect to global
conformal transformations, due to the absence of scale in the LLx approximation [277]. The basis of these
solution is then obtain in direct (or coordinate) space using the principal series representation of SL(2,C). It
of course reduces to a simple expression at the Born level, which reads,

=is R r— k)05 (k,r —
M= / k2 — )2 O (k,r — k)05 (k,r — k). (4.6)

The special case 2 = 0 of Eq. (4.6) can be readily obtained from Eq. (4.3) since after performing as = 0 the
integral over k' can be easily performed.

Using the optical theorem in order to relate the total cross-section to the imaginary part of the forward
scattering amplitude, one obtains, when solving the BFKL equation

Opor ~ 7071 (4.7)

with ap(0) —1=Cag (C > 0).

Later on, an equivalent approach at large N, the dipole model due to Nikolaev, Zakharov [278,279] and to
Mueller [280-283], has been developped. Based on the old-fashioned perturbation theory on the light-cone and
in the light-cone gauge [77,78], it provides a very simple and illuminating picture of the BFKL series. Its main
ingredient is the soft eikonal emission, which iterates at any order in the planar 't Hooft limit [284,285]. In
this approach, rather than dealing with the scattering amplitude, one computes the soft (but still perturbative)
content of a heavy onium wave function, a bound state of quark-antiquark pair (the bounding of the pair has
some non-perturbative origin, given for granted and of no interest here). This content is illustrated at the lowest
order in Fig. 4.5.
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Figure 4.5: One gluon contribution to the onium wave function
pa

+ T r
bB

Figure 4.6: Amplitude for the process ha(pa) hg(pp) — ha(pa +q) he(pp — ¢) with s and u-channel contribu-
tions.

The natural degrees of freedom turn out to be color dipoles, that is color-anticolor pairs. Their density
satisfies, when changing the rapidity (or the longitudinal IR cut-off for the solftest gluon in the wave function),
an evolution equation of Markovian type, because of the absence of interference terms in the large N, limit,
which makes the dipole evolving through a classical cascade.

The equivalence between BFKL and dipole model was proven at the level of diagrams [283], were in particular
it was shown that the real contributions to the dipole kernel and to the BFKL one differs, as well as the virtual
contributions, while their sum are identical. We proved this equivalence at the level of the v*v* — v*4* impact-
parameter b dependent amplitude [W8]. Due to the conformal invariance of the dipole kernel (similar to the one
of the BFKL kernel), the contribution of large and small distances requires a similar treatment. This lead to a
non-trivial large b shape of the amplitude, which we could extract in an analytical in way in [W8], correcting
the result of Ref. [282], and obtaining an agreement with the result [286] obtained from the numerical Monte
Carlo OEDIPUS [287] for the generating dipole-functional.

4.2 kr factorization
Consider the hard scattering of colorless particles A and B in the large S = (pa + pp)? limit

ha(pa) hg(pB) — ha(pa +7)hp(pp — 1) (4.8)

The simplest amplitude, which we call Born amplitude (although at low energy some lowest order contribution
in powers of ag may also exist, e.g. the quark-box contribution to the elastic v*v* scattering amplitude, or to
the exclusive v*y* — pp amplitude, which we computed in Sec. 2.4), is given by the diagram shown in Fig 4.6
and involves two t-channel gluons connecting the upper and lower blobs. For the moment, we have focussed
on the dynamics responsible for the LL resummation, and did not pay attention to the blobs T4 and Ts. In
order to compute a physical scattering process, one should couple the 4-gluons Green function to the hadronic
state, as we wrote without justification in Eq.(4.3). This is made by the kp-factorization [288-294], illustrated
in Fig. 4.7 for the process v*y* — v*v* at Born order. As usual, we introduce two light like vectors p; and po,
satisfying 2 p; - p2 = s. If the two intial states would be massless, these two Sudakov vectors would be chosen in
such a way that the upper (lower) photon momentum would be p4 = p1 (resp. ps = p2). In the case of virtual
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Figure 4.7: kr factorization, illustrated for the process v*v* — v*v*. Continuous arrows shows the flux of «
(4) components, while dashed arrows shows the flux of 8 (-) components.

photons, the upper (lower) photons have an additional small component along ps (resp. pi). Denoting by ¢;
(g2) the momentum of the upper (resp. lower) virtual photon, one can write

2 2
Q1 =p1— %]D and ¢ =ps — %pl- (4.9)

The idea is now to decompose any vector on p;, pe and their transverse plane, as we did in Chap. 1 when
studying collinear factorization when we used the decomposition (1.10). In particular, any ¢—channel gluon can
be decomposed as

ki =o;p1+ Bip2 +kig. (4.10)

In these variables, the integration elements over the various gluon loops read
d'k; = %dai g d°k ;. (4.11)

In LL approximation, the chain of gluons satisfies the multiregge-kinematics. It means that the a; and §;
variables along the chain of gluons are strongly ordered as shown in Fig. 4.7 (this is the phase space responsible
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for the large In s terms). In the case of NLL, NNLL, ... approximations, this ordering should be extended in the
so-called quasi-multiregge kinematics, meaning that these constraints should be fulfilled between each subset of
emmitted partons (for example, at NLL, two partons can be emmited within the same rapidity). As illustrated
for the process v*v* — v*v* in Fig. 4.7, with a typical ladder-type diagram with n — 1 rungs, one can thus set
a1 =0 (8, = 0) in the upper (resp. lower) blob. This simplifies dramaticaly the integration over k; and ky,
since it can be reorganised as an integration over 31 (ay,) in the upper (resp. lower) blob, the remaining day
and df3, being part of the 4-gluons Green function.

The second step in order to justifies the kp factorization formula is to notice that the g"” tensor of the
numerator of the t—channel gluons - in Feynman gauge, with the upper (lower) index denoted p (resp. v) - can
be safely replaced according to

v 2 1Z
g — ;p‘g‘pl (4.12)

in the LL approximation, since other contributions of the tensor can be easily proven to give subleading contri-
butions. The corresponding polarizations

2 5 2
E?VS(HP) = \/gpg and ENS(down) = \/;pl (413)

are called non-sense polarization, following Gribov. One finally get the kp-factorization formula (expressed here
for the Born order contribution)
A’k

M= is/ @)k (- — B)? QIRATRA( p — k) @OPETRE (k1 4 k), (4.14)

where ®% are impact factors defined as

1 [dp 2
ab _ — halndl hag—hag B, vZ
o - 9 / At (S,uv P2 pQS) ’ (415)

where a sum over color indices a and b is assumed. We emphasize the fact that in the example of v* — ~*,
impact factors, these impact factors are defined in the kinematical region where virtualities of the photon, Q?,
and t—channel gluons k7, are of the same order, @* ~ k%, and much larger than A, Let us make here
a technical remark on the normalization of the various building blocks introduced here, which varies in the
litterature. It is rather conventional to define independently the impact factors as well as the Green function as
the sum of s- and u-channel contribution, with the price of an eventual spurious multiplicative factor of 4. We
choice to define impact factors by including an additional factor 1/2 in each of them, in order to compensate this
multiplicative factor (and more generally we accompany this sum by a prefactor 1/p! in the case of the exchange
of p gluons in the t—channel), as shown in Fig. 4.8. To end-up with normalizations, note that the 1/2 factor
arising from the integration (4.11) is included in the 4-gluon Green function, compensating the symetrical factor
2 due to the fact that both s— and u—channel contributions are identical, since the signature of the two-gluon
exchange is positive in the example discussed above!.
It is interesting to note that (3 variable is related to the s-channel Mandelstam variable for the channel
photon(g;)-gluon(k), through
k= (k+q)?=8Bs+q¢+k>. (4.16)

The impact factor can thus be expressed as the integral over the discontinuity of the S matrix element, after
closing the 3 integral around the right-cut, as

1 dX . * o * m 1/2
b = 2_5 / % DISCK <Slyg v gp2 Do ;> , (417)
as illustrated in Fig. 4.9.

In the resummed LL approximation, one should simply replace the Born order Green function 2/(k* (r —k)?)
in (4.14) by the solution of the BFKL equation, since the arguments given above for one gluon loop integration

n the case of 3 gluons exchange, both positive and negative signature coexists, corresponding respectively to symmetrical
and antisymmetrical contributions with respect to s < u exchange. They contribute respectively to the Pomeron and Odderon
exchange, which we shortly discuss in Sec. 4.3.
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Figure 4.8: Combinatoric factors entering the impact representation for the process ha(pa) hp(pp) — ha(pa+
rYhp(pp — 7).

Figure 4.9: The impact factor as a cut amplitude. Left: s as an s—channel Mandelstam variable. Right:
integration path in k—plane.
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generalize straightforwardly in the case of the effective BFKL ladder (which involves an arbitrary number of
ki-loop integrations with «; and §; strongly ordered). The impact representation of the scattering amplitude
for the reaction (6.1) can then be rewritten as

d+1i00
8 d’k u a2k’ a dw [ s\“
M:(QT)Q F@1b(EaI*E)/ 72 50 (—k/, *ZJFE/)/ 2—m<g> Gu(k, k', r) (4.18)
- - d—1i00

where G, is the 4-gluons Green function which obeys the BFKL equation [2-5]. G, reduces to

GBorn _ l 52(k _ k’) EQ (4 19)
¢ w T (r—k)? '
within the Born approximation, and (4.18) then reduces to (4.14). Note that in the impact factor representation,
the whole s dependency is in the Green function, while the impact factors are s—independent. At Born order,
the amplitude is thus linear in s, and through the optical theorem the corresponding total cross-section is a
constant when varying s .

The impact factors satisfy peculiar properties for vanishing ¢t—channel momentum. In the large s—limit,
although the t—channel gluons are off-shell, neglecting contributions of the order of k? /s, the QCD Ward
identity requires the vanishing of the amplitude when contracting any index of the S matrix element by the
momentum of the corresponding out-going gluon, i.e.

Szzg_’"’*gk:“ = Szzg_’"’*g(r — k) =0. (4.20)

Since k = 8 po+k, in the multiregge kinematics, the impact factor (4.14), which is proportional to S]“*,g_’fg ph Py
is thus also proportional to
Sy K (r— k)Y (4.21)

which vanishes when either k) or (r — k), goes to zero (the S matrix is not singular in these limits). Thus,
the impact factor should vanish when any of the t—channel gluon has a vanishing momentum. Note that we
implicitely assume here that the probe is colorless, so that it does not contribute to the Ward identity. This is
not satisfied when coupling a Pomeron to a parton in diffractive scattering. This also explains, from the point
of view of the Green function, why the IR properties of the BFKL Pomeron are regular in the singlet channel.

4.3 The Odderon

In our presentation of kp—factorization in the previous section, we encountered the concept of signature. In
fact, the dominant contributions to the total cross sections of hadronic reactions are related to the Pomeron
(P) and to the Odderon (O) exchanges. While the Pomeron exchange having the quantum numbers of the
vacuum represents a dominant contribution to the sum of total cross sections for a given hadronic process and
its crossing counterpart which is even under crossing, the odderon exchange dominates the difference of these
two cross sections, which is odd under the crossing symmetry. Within Regge theory pomeron and odderon are
therefore natural partners. The importance of Odderon exchange for the phenomenology of hadronic reactions
was noted long ago [295] and was the subject of many investigations (for a review, see Ref. [296]). With the
advent of QCD, the theoretical status of the perturbative Odderon followed the development of the analogous
description of its Pomeron partner. Within QCD in LLx, the odderon appears as the color singlet exchange
of three gluons, which interactions are of a form very similar to the interactions of the two gluons forming the
pomeron. It is therefore not surprising that soon after the derivation of the BFKL equation for the pomeron
there was derived an analogous Bartels Jaroszewicz Kwiecinski Praszalowicz (BJKP) equation [297-300] for the
odderon. We will further consider this equation in Sec. 4.6.1 when discussing higher order corrections in relation
with unitarization of QCD.

4.4 LL BFKL Pomeron: limitations

The LLx BFKL Pomeron faces several limitations, inherent to the approximations on which it relies.
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First, at LLx the scale sy entering in the Y=In s/sy resummation is not fixed, and is somehow arbitrary at
this order.

Second, the running of the coupling constant and scale fixing of ag are not prescribed at LL, since their
effect is subleading.

Third, energy-momentum is not conserved in the BFKL approach (this remains at any order: NLLx, NNLLx,
...), while it is naturally implemented through the vanishing of the first moment of the splitting functions, in the
usual collinear renormalisation group approach (& la DGLAP [61-64]). Indeed in this standard renormalization
group approach, one consider from the very beginning non local matrix elements. The energy-momentum tensor
corresponds to their first moment, which is protected against radiative corrections.

(a) diffusion (b) "banana" (c) asymptotic configuration

NP NP NP

Figure 4.10: Diffusion along the BFKL ladder. Figure from Ref. [301].

Fourth, diffusion along the BFKL ladder spoils the IR safeness of the BFKL Pomeron: at fixed aig, there is a
gaussian diffusion of k7, with a cigar-like picture [302]. The more s increases, the larger is the broadness. Setting
t=InQ/A%p (fixed from the probes) and t' =Ink*/Ag,cp, (k* ~ —kF = virtuality of an arbitrary exchanged
gluon along the chain), the typical width of the cigar is At' ~ y/agY (Fig. 4.10a). The Non-Perturbative
domain is touched when At ~ /agY ~ t. In a simple running implementation, using a(t) = 1/(bt) (with
b = y/(4N.) = 11/12 when neglecting quarks in LLx), the border of the cigar touches NP for Y ~ bt3
(b = 11/12) while the center of the cigar approaches NP when Y ~ bt? ("banana structure” of Fig. 4.10b). A
more involved treatment of LL. BFKL with running coupling, which can qualitatively be more easily understood
in a collinear toy model [303], showed [304] that the cigare is “swallowed” by NP in the middle of the ladder
(Fig. 4.10c): one faces tunneling when Y ~ ¢, meaning that IR safety is doubtful. Such a behaviour can be
interpreted as a transition [301] between a hard Pomeron regime and a soft Pomeron regime [305] & la Donnachie
and Landshoff. Unfortunately, this LLx based analysis showed that the window for which the hard Pomeron
could be seen is very narrow, if not zero, basically due to a rather large hard energy dependence of the hard
BFKL Pomeron. We will see bellow that there are in fact good reasons, based on higher order corrections
(which in practice reduce the value of the P intercept, in agreement with HERA data), to believe that this is
not true and that there exist a range where a BFKL Pomeron (not the LLx one) could be seen.

4.5 Higher order corrections

Higher order corrections to BFKL kernel are known at NLLx order (as ), (g Ins)™ series) [276,306-308],
and have been recently extended to the non-forward case [309,310]. Impact factors are known in some cases
at NLLx. The v* — ~* impact factor has been computed at ¢ = 0 [311-314] but only partial numerical results
have been obtained, which evaluate the effect of real corrections [315]. At the moment, this impact factor is not
in a form which could be of simple practical use. The forward jet production vertex has been also evaluated at
NLLx [316,316] and is a building block for Mueller Navelet jets, for which we present in Sec. 5.1.1 a complete
NLLx evaluation. Finally, the v* — p impact factor in the forward limit has been computed in Ref. [317]) and
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was the basis of the first complete NLLx treatment.

The NLLx kernel leads to wvery large corrections with respect to LLz, and dramatically changes the LILx
predictions. The NLLx kernel, taken as it is, is larger than the leading order kernel, and for any reasonable
value of ay it is negative; the pomeron intercept becomes less than one for as 2 0.15. Furthermore it has two
complex conjugate saddle points which can lead to oscillating cross sections. The perturbative expansion of the
BFKL kernel is therefore highly unstable and far from converging. See Refs. [318-322] for a discussion of these
problems.

The main part of these corrections can be obtained from a physical principle, based on a kinematical
constraint along the gluon ladder (which is subleading with respect to LL BFKL) [323-325]. The idea is to
take into account properly the fact that in the real part of the BFKL kernel, the virtuality of the ¢—channel
gluons exchanged along the ladder should be dominated by the transverse momentum squared. However it
is rather unclear whether this has anything to do with NLL correction: in principle this constraint would be
satisfied when including LLx+NLLx+NNLLx+NNNLLx+.... This constraint is more related to the improved
collinear resummed approaches (see bellow) for which the vanishing of the first moment of the splitting function
is natural.

The above perturbative instabilities occuring at NLLx order clearly require an improved scheme. Either one
can use a physical motivation to fix the scale of the coupling?: this is the basis of BLM scheme [158], applied
for the v*y*—X total cross-section [326,327] and for the v*v* — pp exclusive process [W16, 328].

Another approach, to which we will refer as the collinear improved NLLx, was initiated by Salam and
then by Ciafaloni. This resummed approach is inspired by the compatibility with the usual renormalization
group approach®, and in particular with the fact that collinear renormalization group forbid the occurence of
logs of the collinear scale with higher powers than the coupling. For example in the total inclusive process
¥*(Q1)7*(Q2) — X, one includes both full DGLAP LLQ for Q1 > @2 and “anti-DGLAP” LLQ Q1 < Q2, fixes
the relation between Y and s in a symmetric way compatible with DGLAP and implement the running of ag.
This approach leads to modified BFKL kernels? x(v,w) depending on both v and w. This form comes about
because of a resummation which removes unphysical double logarithms in the DGLAP and “anti-DGLAP” limits
where v is close to 0 or 1 [318], and which resums logarithms from the running of the coupling [319, 320, 329].
This means that when performing the inverse Mellin transform in Eq.(4.2), the position of the pole in the w
plane is determined by the equation

w = asx(v,w). (4.22)

One should note that these constraints do not fix completely the form of the modified BFKL kernel. It only
constraint the values of the residues of the double and triple poles at v+ = 0 and v = 1. It turns out that the
kernel used in the Lund dipole model [324,325], which is an implementation of CCFM equation, leads to a kernel
which respect the collinear and anti collinear constraints introduced by Salam, and a reasonnable ansatz for
higher order correction of the type NNLLx, etc... Note that this ansatz is also equivalent to the improved LLx
BFKL kernel based on a kinematical constraint [323]. The implementation of these constraints at full NLLx
order is more involved [318-320,329]. We refer to these papers for details of the various scheme which have been
proposed. In Sec. 5.1.1, we will use in particular the scheme 3 of Salam when dealing with Mueller Navelet jets
at full NLLx order, which we will compare with full NLLx collinear improved resummation. Coming back to
the IR diffusion problem discussed in section 4.4, this scheme enlarges the validity of perturbative QCD, leading
to a larger domain in which linear perturbative Regge dynamics is expected.

A simplified version [330] of the Salam procedure at fixed g results in performing in the LLx BFKL Green

function
1 dw dy [ K vz ey
KK / 2mi | 2mi <E> w—w(v)
the replacement w — w(y) — w — w(7v,w). The w integration is performed through contour closing around the
pole at w = w(y,w), and the v integration is made using the saddle point approximation at large Y. This takes

into account the main NLL corrections, as discussed above (within 7 % accuracy), and implement the main
effects of the resummed scheme of Salam et al. We will use this simplified LLx implementation in Sec. 7.4.6.

2The running of the coupling constant should be implemented at NLLx, while the scale is fixed starting from NNLLx.
3See Ref. [321] where the basical ideas are explained in a very pedagogical manner.
4The discussion is most conveniently performed using the variable v = % + v rather than v.
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To end this discussion, let us note that a similar approach based on the compatibility between In1/z and
In Q? resummations have been made starting from the In Q? resummation (instead of the In1/x resummation
starting point of Salam), after the introduction of a “duality “ principle in Ref. [331], which lead to a long series
of papers [332-340] based on this idea, including NLLx and running coupling effects. There is now an agreement
that the Salam et al. approach is equivalent to this later one.

4.6 Non-linear regime and saturation

Based on very general arguments as analyticity, crossing, causality and the fact that there is a gap in the
spectrum of states bounded by the strong force (the pion has a non zero mass), Froissart could etablish his
bound on the total hadron-hadron cross-section [341], which states that

oot <In%s, (4.23)

for asymptotically large s. Unitarity tells that for each impact parameter b, amplitudes should fulfil T'(s,b) <
1. From the LLx QCD computation of the hard Pomeron exchange (4.7), this bound is clearly violated by
perturbation theory, and this remains true at NLLx order. Although strictly speaking valid only for hadronic
observables, and not for external virtual states such as v*, there is a common belief that it should be satisfied
within any reasonnable perturbative resummed scheme. This is the starting point of various lines of research,
which led to various unitarization and saturation models.

4.6.1 Generalized Leading Log Approximation

The Generalized Leading Log Approximation, taking into account any fized number n of ¢-channel exchanged
reggeons, leads to the Bartels, Jaroszewicz, Kwiecinski, Praszalowicz equation [297-300], a 2-dimensional quan-
tum mechanical problem (time ~ Ins) with n sites, where the space is the coordinate space of the t—channel
reggeons. This 2-dimensional space can be expressed as the product of an holomorphic and antiholomorphic
sector, and the elementary hamiltonian describing the interaction between two reggeons is holomorphically
separable [342,343], which means that

Hij = H(zi, z;) + H (%, %). (4.24)

where z; ; and Z; ; are the holomorphic and antiholomorphic coordinates of the reggeons. These hamiltonians
are globaly conformal invariant [342,343], which means that they are invariant under Mobius transforms

, azj +b

_, azj+b
Zj — z; =
czj+d

, Zj 2 = ———= 4.25
! J cz; +d ( )

with ad — bc = @d — bé = 1. This global conformal invariance is an SL(2, C) invariance, to be distinguished from
the SL(2,R) encountered within collinear factorization (see Sec. 1.4.5). The whole hamiltonian describing the
evolution in rapidity of the n-reggeon state is the sum these hamiltonians

o

Ho = 5= > Hijtt; (4.26)

Ty v
where the generator ¢$ in the adjoint representation acts tensorially in the color space of the Reggeon i. Ex-
plicitely, in the space i, (t%)ap = —iClqp-

The two corresponding holomorphic and antiholomorphic hamiltonian do not commute for arbitrary N., due
to the non-trivial color structure.

In the large N, limit, this 2-dimensional quantum mechanical problem greatly simplifies. Indeed, in the ’t
Hooft limit the only remaining structures have the topology of a cylinder in color space, and the holomorphic
and antihomorphic sector decouples. Furthermore, the cylinder topology means that only nearest-neighbour
reggeons interact. Thus, the model can be viewed as two one-dimensional Schrodinger equations for n sites, with
periodic boundary conditions. It was then shown that these one-dimensional models are integrable models in
the large N, limit [343-347]: they are identical to one of the XXX Heisenberg spin chain. This means that one
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can construct a set of conserved operators which commutes with themselves and with this hamiltonian, relying
on the so-called Yang-Baxter equation. Although it is known to be integrable, the fact that its symmetry
group SL(2,C) (arising from the global invariance®) is non-compact makes the solution non-trivial. The usual
integrable models with a symmetry group as SU(2), like the usual XXX Heisenberg spin chain, the Ising model,
the Potts model, or the 6-vertex model have been studied in great details in the seventies, and their spectrum
have been computed relying on the coordinate Bethe ansatz® or its extension, the Algebraic Bethe ansatz. In
the case of non-compact groups, the situation is much harder, and the usual Bethe ansatz cannot be applied
directly (it leads to a sub-class of solution which are trivial). A more involved method, the Functionnal Bethe
ansatz, was successfully applied and lead to the solution of BJKP for arbitrary n. This means that the energy
spectrum could be computed, and thus the intercepts. In the case of n even, the bound states of ¢—channel
reggeons have the quantum numbers of the Pomeron P=C =+1, while for n odd, such bound states contribute
both to Pomeron and Odderon P=C = —1 exchange. For Odderon, ag < 1 [348-353]. When summing with
respect to n, it is is expected that the whole series, although divergent, could have a critival behaviour with an
Odderon intercept g = 1. Howether, these bounds states decouples from Born impact factors. They couple
to photon impact factor only through non trivial color states, of multipole type, which are therefore suppressed
by 1/N?2 powers.

In contrast, it is possible to exhibit a critical solution (ap = 1) which couples to Born impact factors. These
peculiar solutions can be obtained either from the perturbative Regge approach [354] or from the dipole model,
as we have shown in Ref. [W11]. Since they have a critical behaviour and couple to the Born impact factors,
they provide an interesting model when performing phenomenological studies of the odderon. Recent studies
taking into account the effect of the running coupling [355] or including higher BFKL effects (NLL, etc...) within
the collinear improved BFKL kernel discussed above [356] lead to an intercept which should remain one at any
order.

4.6.2 Extended Generalized Leading Log Approximation and Color Glass Con-
densate

In comparison with the previous approach, the Extended Generalized Leading Log Approximation [357-361],
in which the number of reggeon in t—channel is non conserved, satisfies full unitarity (in all sub-channel) and
is an effective 2-d field theory realizing the Gribov idea of Reggeon field theory [362] in QCD. A comprehensive
and pedagogical review of this approach can be found in Ref. [361].

In the framework of EGLLA, the simplest new building block (with singlet sub-channels) is the triple
Pomeron vertex [358-360,363]. Based on conformal properties allowing to relate this vertex to conformal block
of an underlying (still unknown) conformal field theory, and using bootstrap properties, an evaluation of this
vertex was possible [364]. This vertex contains two contributions: a planar one, and a non planar one, suppressed
by 1/N2 with respect to the planar one. In turns out that when starting from the dipole side, thus restricting
to the planar contribution, and evaluating the corresponding 1 — 2 dipole kernel [365-367], the obtained planar
contribution was identical with the planar part of the triple Pomeron vertex of EGLLA.

This planar vertex led to the simplest version of a non-linear extension of the BFKL equation, the Balitski-
Kovchegov (BK) equation [368-371], [372,373], involving fan-diagrams (with singlet sub-channels). The Kovche-
gov approach relies on the Mueller dipole model, starting form the generating functionnal for dipoles. In the
Balitski method, the BK equation is a simplifed version of his shock-wave approach, an extensive generalization
of eikonal methods to QCD.

In these approaches, loops (in terms of Pomerons) corrections are unknown, and obtaining them would
be a major step. Another effective field theory approach has been developped separately [374-377], which
provides the necessary building block (reggeon-reggeon-gluon and 3-gluons vertices) necessary for the explicit
computation of any type of diagram. Despite this fact, the precise relation between this effective theory and the
EGLLA has not been clarified, and explicit applications of this effective field theory would be higly desirable.

Third, the multipomeron approach makes contact with AGK cutting rules [378] of pre-QCD. In the large N,
limit, this is the dominant contribution when coupling to Born impact factors (leading with respect to BJKP),
and it leads to unitarization [379,380].

50ne can show that the Casimir of the conformal group is one of the conserved operators of the model.

60ne is looking, in the coordinate space = (of n dimension), for solutions which are linear combinations of plane waves of type
eik-x .
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Fourth, during the last decade, the Color Glass Condensate [381-389] and B-JIMWLK equation were elab-
orated (for a review, see Ref. [390]). Although technically rather different, they are both based on the idea
of emission of soft gluons by classical currents. Gluons carrying longitudinal momenta below a given scale are
treated though the usual eikonal emission of a fast moving source. The BFKL equation corresponds to the case
where the recoil of the source is neglected. Taking into account these recoil effects leads to non-linearities.

More precisely, these effective field theory are based on the scattering picture of a probe off the field of a
source, which is treated through a renormalisation group equation with respect to a longitudinal scale, with an
explicit integration out of modes below this scale. The approach of Balitski [368-371] relies on the scattering of
Wilson loops and computation of interaction of one loop with the field of the other (related to the eikonal phase
approach & la Nachtmann). Note that within the dipole model, a similar approach, based on the computation
of the scattering phase of a dipole in the field emmited by a fast moving object (ivolving color sturtures as well
as multicolor states), was suggested in Ref. [W7]. Recently, this shock wave approach provided an alternative
computation of the NLLx BFKL kernel with respect to the usual bootstrap approach.

The BK equation is a simplified version of the B-JIMWLK equation, corresponding to the mean field
approximation: one neglect any multi-particle correlation except the two gluon one. There is at the moment
no clear one-to-one correspondence between EGLLA and CGC, except in the peculiar BK limiting case. Loops
(in terms of Pomerons) corrections are also unknown. Toy models in 140 dimensions are under developpement
(Reggeon field theory) to understand these corrections.

Starting from the BK equation, Munier and Peschanski exhibited very interesting links between saturation
models and statistical physics (reaction-diffusion models of the FKPP class) [391-394]. These models provide a
saturation scale Q;(Y") growing with Y: above this scale the scattering amplitude T is small (color transparency ),
and below it saturates. See [395] for a recent review. This reduces the contribution of gluons with k? < Q2 and
may solve the IR diffusion problem.

4.6.3 Saturation and geometrical scaling

From the phenomenological side, these developments were considered as rather formal since both BFKL of
DGLAP evolution could describe the data, without appealing for non-linear contributions responsible for a
saturation of parton growth. A carreful analysis of HERA data in fact revealed, when combining x5, and Q? in
term of a single variable 7 and plotting the O'zo*tp data as a function of this 7 that a curve occured, with almost no
spreading [396]. Golec-Biernat and Wiisthoff (GBW) then introduced a dipole model [397,398] for describing
the total v*p cross-section [397] as well as diffractive events [398]. The basic idea is to describe the v* — p
interaction at small xp; as the scattering of a ¢g pair (a dipole, which is also the starting point in Mueller’s
onium approach), formed long before the scattering off the proton (in a non-symetric frame where the nucleon
is at rest). This initial dipole is characterized by a transverse size r and by a relative fraction of longitudinal
momentum carried by the quark and the antiquark. One should then parametrize the dipole-nucleon scattering
cross-section. The total cross-section can be expressed as (here r = |r|)

1
O'TﬁL(:L',Q2) = /d21/ do |Urp 1 (a,1)|2 6(x,12) , (4.27)
0

where U 1, is the photon wave function for the transverse (T') and longitudinally polarized (L) photons, which
can be expressed in terms of Bessel functions. One then use an effective description of the saturation dynam-
ics, implemented in a simple fonctional form of the effective dipole cross section &(x,r) which describes the
interaction of the ¢g dipole with a nucleon:

5(z,72) = oo {1 — exp <#2(x)>} , (4.28)

where the z-dependent radius Ry is given by

1 x A2
Ro(z) = — . 4.29
O( ) GeV (SC()) ( )
From the fact the squared wave functions are peaked at r ~ 2/Q) , on gets a usual linear perturbative description
in the regime r <« Ry. In that limit the dipole cross-section scales like 72, a typical behaviour for color-
transparency. This is for example what is obtained when computing the dipole-dipole scattering through a two
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gluon exchange (which form just comes out of an eikonal treatment [W8]), when considering a nucleon probe
made itself of dipoles. The power-like behaviour of Ry(x) is inspired by the hard Pomeron description of the
HERA data in the linear regime, obtained within the Mueller dipole model when dressing by small-z gluon
emissions a la BFKL (dipoles in Mueller approach) the initial ¢g dipole.

On the other hand, when r gets larger, of the order of 2Ry, the cross-section saturates, with for small Q2 a
maximal value which equals oo . The critical saturation line is thus given by Q = Qs (z) with

Qs(z) = 1/Ro(x) . (4.30)

To get the geometric scaling prediction, one should note that the non-trivial functional dependency of the ~*
wave function is completely expressed as a shape in the dimensionless variable 7 = |r| @ . In this variable, the
dipole cross-section (4.28) has now the functional form

. (Qi()
g <7 7’2 (431)
after using the saturation scale (4.30). Combining Eqs.(4.31) and (4.27), it is now clear that the functional form

of the dipole cross-section (4.28) remains intact after the perturbative dressing due to the v* wave function.
One can therefore expect the geometric scaling of the total cross-section at small z :

ol M@, Q) =N (), T=QYQl) . (4.32)
with Qs(z) given by
o\ M2
Qs(z) = Qo (x—o) , Qo =1GeV (4.33)

and the parameters A=0.288 and x¢o =3.04 10~*. Note that the value of ) is the typical order of magnitude of the
Pomeron intercept (minus one) measured at HERA. This saturation model was further extended by including
the effect of DGLAP evolution [400]. This can be done by replacing in the dipole cross-section &(z,r?) the
elementary 2 dipole-dipole cross-section valid in the color transparency regime by a more elaborate cross-section
which include DGLAP evolution through the gluon density entering the scattering off the dipole.

In Ref. [399], a compilation of all available data [401-405] for F; as been used, leading to an almost perfect
agreement with geometric scaling, as shown in Fig. 4.11.

This geometrical scaling is the feature of a non-linear evolution, which BK equation can generate. Although
strictly speaking geometric scaling does not imply saturation, it is a manifestation of saturation, which is difficult
to get without a cross-section which would saturate, and lead to a stronger motivation for studying saturation
and unitarization effects in QCD through perturbative approaches.

Another sign of the saturation effect was presented in Ref. [406] were a model, in the spirit of GBW, was
constructed inspired by the BK equation, smoothly interpolating between the saturated regime and the linear
regime. This model was able to describe the most recent very precise Fy data [401-403] in the moderate domain
of @2, explicitely exhibiting a need for saturation effects at small  and small Q? in comparison with a pure
linear evolution a la BFKL.

Geometrical scaling can be extended at each impact parameter b, as we have shown in Ref. [W10]. The idea
of a b—dependent saturation scale is due to Mueller [407], while a b—dependent S—matrix for dipole-proton
scattering was studied for diffractive meson electroproduction in Ref. [408]. We consider here the idealized
process of scattering of a dipole of size 1/Q off a dipole of size 1/A. A and Q are fixed momentum scales,
which are taken in the perturbative region in the following discussion, and the ordering @ > A is assumed. We
suppose that b is larger than the sizes of the initial-state dipoles: b>1/Q,1/A. The Mellin representation of
the solution of the BFKL equation then reads [W8, 409]

1 1 d _
Aaly, Q,b) = 2 02A2H / ﬁ(l—%)vﬁ) (1652QA)27 eGeux() (4.34)

where as usual the integration goes over a line in the complex plane parallel to the imaginary axis and inter-
secting the real axis between 0 and 1 and where the function v(y)=a?/(16v%(1—7)?) is the Mellin transform
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Figure 4.11: v* — p total cross section based on the whole data set of DIS data in the low-z regime plotted as a
function of a single scaling variable 7 = Q?/Q?(x) . Geometrical scaling is the fact that all data follow a single
curve, although they depend a priori on to variables: # and Q2. Figure from Ref. [399)].

of the elementary dipole-dipole elastic amplitude with respect to the ratio of their sizes, with appropriate
normalization. Applying the stepest-descent method to the impact parameter dependent amplitude (4.34) gives

1287a?

Aa(y,Q,b) = (ra2y)?

log(16b>QA) exp {wy — log(166*QA) — ale log2(16b2QA)} . (4.35)

The saturation scale is then defined by the scale Q = Qs for which this amplitude is of order 1, the saturation
scale Qs being given by

1
2 —

In the regime where Q/Q; is sufficently close to A, the amplitude can then be expressed as a function of @ and
Qs only:

A(Q, Qs 1)) = %mn (%) , (4.37)

where the saturation scale now depends on the impact parameter b. Thus we see that the amplitude for each
impact parameter is a function of the ratio of the inverse size of the projectile and of the local saturation scale.
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In fact, the form (4.36) presumably assume to much perturbative control, though the non-perturbative tail is
probably important. Including non-perturbative effects, the b dependence of Qs becomes exponential. This
does not change dramatically the conclusion on the possibility of seeing local geometrical scaling in some range
inb.

A former analysis [408] has already shown the relevance of impact parameter dependent analysis in the
discussion of saturation. There, the S-matrix element for dipole-proton scattering at fixed impact parameter
was extracted from diffractive electro-production of vector mesons at HERA. This quantity can be interpreted
as a transparency coefficient, and thus quantifies the “blackness” of the proton as seen by the projectile. Such
kind of analysis is always model-dependent, since to get the correct normalization of the S-matrix element,
one has to rely on an ad hoc model for the final-state vector meson. Although it was shown in Ref. [408] that
requiring that the initial state be a longitudinal photon limits the model-dependence, an estimated uncertainty
of 20% was still recognized. However, dependence of the cross section on a scaling variable can be tested in a
model-independent way.

The scattering amplitude at fixed impact parameter can be extracted from differential cross sections for high
energy quasi-elastic processes by a Fourier transform with respect to the momentum transfer. By quasi-elastic
we mean that the initial and final states have the same number of particles. In practice, the process we are
thinking of will be diffractive electroproduction of vector mesons.

Let us consider such a quasi-elastic process. Its amplitude A is related to the differential cross section
through the formula

do 1 9

il yom A, (4.38)
where t is the usual Mandelstam variable and all other dependencies have been omitted. At high energies, it
is well-known that the scattering amplitude is essentially imaginary. A Fourier transform of the square root of
the differential cross section with respect to the two-dimensional momentum transfer then gives the scattering
amplitude for a fixed impact parameter. More specifically, one writes

0
A(b) = |ﬁ/ dtJo(b\/H)\/%

where Jp is a Bessel function. This is the formula we will use to extract the b-dependent amplitude from
the data. In the case of electroproduction of vector mesons, at high energy, the photon splits into a dipole
which scatters off the proton before recombining into a meson. This picture is the Fourier conjugate picture
of the collinear factorization studied in Chap. 1. According to this picture, the scattering amplitude A is the
convolution of the photon wave function .+, the meson wave-function 1y and the dipole amplitude Aqg:

: (4.39)

Ay, Q,b) = / Pr gl (r,Q) Yy (r) - Aaly, 1/r.b) . (4.40)

Due to the fact that the product of the wave functions wl;* ®1y is peaked around a typical dipole size depending
only on the external transverse momentum scales, the scaling of the dipole amplitude A4 (see Eqs.(4.37)) is
transmitted to the photon-proton amplitude Aq. As it is well-known from both empirical tests [410,411] and
experimental [412] studies, the relevant distance scale at the photon-meson vertex is a combination of the photon
virtuality @ and of the meson mass M, namely 1/4/Q?+ M? instead of 1/Q as in the case of inclusive scattering.
We then obtain from Eqs.(4.36), and (4.37) that the amplitude 4¢ should be a function of the scaling variable
T=(Q*+M?)(x/z0)* only.

To check this statement, we applied the transformation (4.39) to the HERA data [256,413] on electropro-
duction of p° vector mesons, where the total cross section as well as the logarithmic ¢-slope B were quoted. The
data can then be represented by the parametrization

do

= = Bo- e Blth (4.41)

up to [t| of the order of |tmax| = 1 GeV?, which corresponds to the range in which data have been collected.
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The scattering amplitude at each impact parameter reads

’ Blt|/2 e do
A @0 = 7| [ arney VBT [ oy

— 00

(4.42)
—9 7T0'67b2/2B '

0
gﬁ/ dt Jo(b\/|t|)VBo - e~ BI1/2 =

The experimental points range from Q2 = 0.47 to 27 GeV? and W = 23.4 to 150 GeV. Due to the lack of data
for the slope B for all values of Q2 and W, we assumed

B(Q,W)=0.6- ( 14 0 + 1) + 4a/ log(W/75) (4.43)

(@2 + M

all quantities appearing in the previous formula being expressed in powers of 1 GeV. The parametrization (4.43)
at W = 75 GeV is taken from [414]. A logarithmic energy dependence has been added according to the
Donnachie-Landshoff parametrization for the soft Pomeron. We set the Regge slope o’ to the value 0.25 which
is measured in hadron-hadron cross sections. The results on Fig.4.12 are consistent with “local” geometric
scaling within uncertainties. Although the kinematical range of the data is not very large, scaling is a non-
trivial feature since data points of different () and W overlap.

Further development based on numerical solution of BK equation in the non forward limit [415] or relying
on the traveling waves analysis inspired by statistical physics [416] allowed to push further our analysis. In
particular an analysis, this time in the ¢ Mandelstam variable, led to a possible local dependency of the scaling
variable on ¢. Comparison with HERA data seemed to support this idea [417].

4.7 Onium-onium scattering as a gold plated experiment: v*)y*) at
colliders

This theoretical introduction to QCD in the perturbative Regge limit shows explicitely in what kind of physical
of processes one may have a look to test this peculiar dynamics, and thus to the observables which should be
of interest.

First, these observables should be free of IR divergencies, and as less as possible sensitive to the non-
perturbative content of QCD. This can be achieved by selecting external or internal probes with transverse sizes
< 1/Agep (hard v*, heavy meson (J/ ¥, T), energetic forward jets) or by choosing large ¢ in order to provide
the hard scale.

Second, they should be governed by the ”soft” perturbative dynamics of QCD (BFKL) and not by its
collinear dynamics (DGLAP-ERBL): probes should have comparable transverse sizes. One should therefore
select semi-hard processes with s > p2., > A?QC p where p%; are typical transverse scale, all of the same order.

Third, they should allow control of kr—spreading, that is the transition from linear to non-linear (saturated
regime), meaning the possibility of varying s for fixed transverse size of the probes.

Finally, they should give access both to forward (i.e. inclusive) and non-forward (i.e. exclusive processes)
dynamics, both testing linear and non-linear regimes.

v ~y(*) scattering satisfies all these requirements. This type of process, already illustrated in Fig. 4.1, is
among the one to be discussed in the next chapter.



140 CHAPTER 4. THEORETICAL STATUS

a | ,
< e

10 R R E

B e, ]

i e e o ]

I e, e tadg , D=0.3fm 1

- e et ]

i w2 . e, 7 % z ]

L R ; +%¢’ o b=1.0 fm i

i . %

10 3? ’ ¢ . *ﬁ ’ﬁlm —

= LA e -

; S e

e RN

L S v

10 _4:— m: D¢+D b=1.5fm .

C T e ]

- ® Hi LI .

10 — ] ZEUS # —

- R s

- 2 ZEUS low Q° L

i | [ ‘ | | [ ‘ | | | | | \7

' v T=(Q%+M) (%)’

Figure 4.12: Amplitude for 3 different impact parameters as a function of the scaling variable. The dotted
contours indicate a rough estimate of the total uncertainty due to experimental error on both the total cross
section o and the slope B, see Ref. [10]. The data points are derived from H1 [413] and ZEUS [256] analysis of
diffractive production of p° mesons. The error bars shown take into account the uncertainty on the measurement
of the total cross section only.



Chapter 5

Inclusive and Exclusive tests of BFKL
dynamics

Many proposals and tests have been made in order to reveal the dynamics of QCD in the perturbative Regge
limit. As we have shown in the previous chapter, the best place for such tests is in principle provided by
onium-onium scattering, corresponding to v*~* processes at eTe™ colliders. Nethertheless, many valuable tests
can be performed in other colliders, which we will first discuss.

5.1 Hadron-hadron colliders

At high energy hadron colliders like Tevatron or LHC, tests are feasible, when using specific processes involving

hard jets in order to justify the applicability of perturbative QCD. Jet reconstruction is by itself a very non-

trivial problem, involving jet algorithms (cone and k; are the most popular one) whose implementation will not

discuss here. It will be enough for us to know that a jet can basically be described in terms of its pseudo-rapidity,

its transverse energy and its azimutal angle, which can be related to standard variables of a theoretician [418].
The pseudo-rapidity of a particle is defined by

0
n:—lntan§ (5.1)

where 6 is the angle between the particle momentum p and the beam, or equivalently, by trivial trigonometric
transformations,

1
hn = 5.2
an sin @ (52)
This can be equivalently written in terms of the momentum of the particle as
1 .
p= L PlHpr (5.3)
2 [Pl —pc

where py, is the p component along the beam axis, as can be seen easily by combining the relation tan(6/2) =

(sin@)/(1 4 cosf) with cos@ = pr/|p]. In most practical cases, the mass of the particle can be neglected, and
the pseudo-rapidity then equals the rapidity defined by

1. FE+4+p, 1. py

In —

:—1 = —
Y=gy, T2t

(5.4)

which we already used within our discussion of the BFKL equation. From the fact that Eq.(5.4) is equivalent
to

pL
thy = — 5.5
y=" (5.5)
the name of rapidity is clear, since it equals the usual rapidity used to parametrize the longitudinal boost:
(ET7 pr, 0) I (E7 pr, pL) (56)

141
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where Ep = /m? + p2 (also usually called transverse mass, and denoted my in the litterature), with the boost

E = chyEr (5.7)
pr = shyEr. (5.8)
One can thus write, from the fact that cosf = thn,
Er = Esind (5.9)
pr = |p|thn ~ E cosf, (5.10)

where the last approximation is valid in the zero mass limit. The relation between “experimentally oriented”
variables and “theoretically oriented” variables at the cross-section level is obtained from the straightforward

expression of the jacobian, giving
do do

dEd0 ~ dErdn
Note that the difference in the rapidity of two particles is independent of Lorentz boosts along the beam
axis. Indeed, in terms of the light-cone variables

(5.11)

1
=—(F = )
b+ \/5( pL)

a Lorentz transform along the beam axis reads

Py = py
.= e ’p_. (5.12)
Thus, the rapidity transforms as
y=y+¢ (5.13)

which shows that the relative rapidity is unchanged. In hadron collider physics, the rapidity (or pseudorapidity)
is widely used, instead of the polar angle 6, due to the famous rapidity plateau which states that particle
production is almost constant as a function of rapidity.
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5.1.1 Mueller-Navelet jets
Based on [W27], to be submitted

This test of BFKL is based on the measure for two jets at large pr (hard scale), such that s > p? > A(QQCD,
separated by a large rapidity An, including possible activity between the two observed jets, as illustrated in
Fig. 5.1. The idea is to consider two jets of similar pr in order to minimize the effect of collinear resummation
[419]. From a lowest order treatment it is clear that these two jets should be almost back-to-back, in the very
forward and very backward regions.

On the other hand, the large value of An = In(s/p?) should examplify the effect of BFKL dynamics, due
to possible emission of gluons between them (thus the Pomeron contributes there at ¢ = 0 at the level of
the cross-section), leading to enhanced terms which sums up as > (asAn)™ (LL), as > (asAn)™ (NLL), etc...,
leading to a power-like rise for the cross section. However, to realize this growth as a manifestation of multi-
Regge kinematics is very difficult since it is drastically damped by the behavior of the parton distribution
functions (PDFs) when @ — 1. A possible way out is to fix the PDFs and to vary the center—of-mass energy
of the hadron collider itself, and thereby vary the rapidity difference, An, between the two tagged jets. BFKL
predicts a behavior of the cross sections of the form o ~ exp (a —1)Y/V/Y with « being the intercept. The
D0 collaboration analyzed data taken at the Tevatron pp—collider from two periods of measurement at different
energies /s = 630 and 1800 GeV. The ratio of the two dijet cross-sections measured at these two different
energies can then be expected to be almost PDF-independent. From these they extracted an intercept of
1.65 £ .07 [420], an higher value than the LL BFKL prediction, which for typical kinematics of D} experiment
should rather give an intercept of 1.45. It has been argued [421] that the exact experimental and theoretical
definitions of the cross sections disagreed making the interpretation of the results cumbersome. Moreover, this
experimental measurement of the intercept only relies on two data points, which is probably not enough to
constraint this measure.

Beside the cross section a more exclusive observable within this process drew the attention, namely the
azimuthal correlation between these jets [422,423]. The signal of a BFKL dynamics is a decorrelation of relative
azimutal angle between emitted jets when increasing An. Indeed, while a LLLQ DGLAP evolution would imply
that the two jets would be emitted back-to-back, the fact that more and more (untagged) gluons can be emitted
between them when increasing their relative rapidity should lead to a decorrelation of this relative azimutal
angle. Studies were made at LLx [422-424], which overestimates this decorrelation by far. A better agreement
with the data [420] could be obtained in the LLx scenario using an event generator which takes into account
in a exact way the energy-momentum conservation, which is a subleading effect in pure BFKL approach [425].
On the other hand, the (kinematical) modified LLx BFKL approach [426] (see section 4.5), again based on LLx
jet vertices, could also provide some better agreement with the data.

At the same time, an exact fixed NLLQ (a2) Monte Carlo calculation using the program JETRAD [427]
lead to a too low estimate of the decorrelation, while the Monte Carlo program HERWIG [428], also based on
NLLQ a la DGLAP was in perfect agreement with the data. It should be noted that this last treatment includes
some Sudakov resummation effects, which might be important. The inclusion of such effects within a BFKL
approach in an open problem which might be of interest fo phenomenology.

Starting from first principle from the point of view of Regge and Quasi-multi-Regge kinematics, NLLx
[429,430] and collinear resummed NLLx [431] studies (with LL jet vertices, playing there the role of impact
factors) have been performed, improving the situation with respect to pure LLx BFKL, but still leading to a
much stronger decorrelation than the one seen by the data. There is at the moment a general belief that the effect
of NLLx corrections are important mainly for the Green function, and not for the impact factors. We will show,
based on a full NLLx order analysis [W27], that this is not true, and that the inclusion of NLLx jets vertices
first stabilizes the cross-section when varying the various parameters (PDFs, renormalization/factorization scale,
choice of sq scale), leads to a cross-section which has a shape much closer to NLLQ DGLAP type of evolution,
and last, that the decorrelation is much weaker, although still rather unstable at this NLLx order treatment.
Last, we will investigate the effect of the improved collinear resummation and find a rather minor change in
our above conclusions. Technical details of the numerical implementation as well as very detailled curves and
tables can be found in Ref. [W27].

Let us briefly give a general picture of the dynamical picture of the process before entering with more detail
the full NLLx description which we have obtained. The Mueller—Navelet jets lie at the interface of collinear
factorization and BFKL dynamics at a semi-inclusive level (the interface with collinear factorization and BFKL
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Figure 5.1: kinematics

dynamics within exclusive processes will be studied later in this chapter). The partons emitted from the hadrons
carry large longitudinal momentum fractions and, after scattering off each other, they produce the two tagged
jets. Due to their large transverse momentum, these jets enforce the partons to be hard and thus to obey
collinear factorization. In particular, their scale dependence is governed by the DGLAP evolution equations.
Between the jets, on the other hand, we require a large rapidity difference. Therefore, the hadronic cross section
factorizes into two usual collinear PDFs convoluted with the partonic cross section, described within the BFKL
approach. Thus, from the point of view of the partonic cross section, the incoming partons are treated as
on—shell and collinear to the incident hadrons.

LLx calculation

The kinematic setup is schematically shown in Fig. 5.1. The two hadrons collide at a center of mass energy s
producing two very forward jets, the transverse momenta of the jets are labeled by Euclidean two dimensional
vectors! k J1 and ko, while their azimuthal angles are noted as ¢ and ¢;2. We will denote the rapidities of
the jets by ys1 and yj2.

At any real experiment transverse momenta as well as rapidities are measured within certain intervals. A
proper theoretical calculation should take this into account and integrate |kj;| and yj,; over the according
interval. However, since at the LHC the binning in rapidity and in transverse momentum will be quite narrow
[432], we consider the case of fixed rapidities and transverse momenta.

Due to the large longitudinal momentum fractions 1 and z ;2 of the forward jets, collinear factorization
holds and the differential cross section can be written as

do ! ! d6ap
= dzx dxs fa(x T , 5.14
dlkj1|dlks2|dysi dyse ;/0 ! /0 2 fa(@1) ol 2)d|kJ,1|d|kJ,2|dyJ,1 dys2 (5.14)

where f, 1, are the standard parton distribution functions (PDFs) of a parton a (b) in the according proton.
They depend furthermore on the renormalization scale pur and the factorization scale pp.

The partonic cross section at lowest order in the collinear factorization approach would just be described
by simple two-to-two scattering processes as they are discussed in standard text books. However, the necessary
resummation of logarithmically enhanced contributions calls for a description of the partonic cross section in

1This notation is identical with the notation k used in other chapters.
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kr-factorization:

da’ab
dlks1|dlks2|dys: dyse

Z/d¢J,1 do g2 /d2k1 d%ky Vi (—ky,21)G(ky, ko, §)Vi (ko, 72), (5.15)

where G is the BFKL Green’s function depending on § = zqx2s, and the jet vertex V at lowest order reads [316,
433]:

(0) 40 ) (1. 0) (1) — Y. Ca/r
Vol (k,x) =hy’ (k)S;” (k; ) where hy” (k) 75K (5.16)
SP(k;z) =6 (1 - %J) k[0 (k — k). (5.17)

In the definition of h{”, Cx = N, = 3 is to be used for initial gluon and Cp = (N2 —1)/(2N.) = 4/3 for initial
quark. Following the notation of Ref. [316,433], the dependence of V' on the jet variables is implicit.
Combining the PDFs with the jet vertices we now write

do
dlkj1|dlks2|dysidyse

_ / b1 déys / Py d%ks Bk, 21, —k1)G (ki ko, §)D(kya, 20, ko), (5.18)
where
O(kys2, 2, ko) :/d$2 flx2) Vika, z2). (5.19)

These ® are no longer impact factors in the classical sense as they depend, after the convolution in z with the
PDF, on the total energy s. In the ‘pure’ BFKL formula of Eq. (5.15) the longitudinal momentum fractions z;
were just some external parameter and the vertices V' would not depend on § nor on s.

In respect of the azimuthal decorrelation we want to investigate later, it is useful to define the following
coefficients:

Cm = /dngJ dd).]ﬁg COS (m(d).],l — ¢J72 — 7T)) /d2k1 d2k2 @(k]yl, :L'.]11, 7k1)G(k1, k2, §)@(k]72, :L'.LQ, kg) (520)

Knowing these coefficients, one can easily obtain the differential cross section

do
= Co, 5.21
dksildksoldysidyse (5:21)

and the following measure of azimuthal decorrelation

Cm
(cos(my)) = (cos (s = b1z — ) = G- (522
By decomposing @ in terms of the LLx-BFKL eigenfunctions
1 NIVF ing
E, (ki) = —= (ki) emen, (5.23)
™2

we can reduce the number of final integrations. To this purpose we define the intermediate coefficients
C, (1, 21) =/d2k1 Ok, 251, k1) En, ., (k1)
=(-1)™ /ko' ®(ky1, 251K )Eny 1y (K) (5.24)

é’r(fg),lq (kJ,27 -’L'J,Q) = / d2k2 (b(k‘LQ, T2, k2)E’;:27l/2 (kg), (525)
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and make use of the following relations between different representations of the BFKL Green’s function intro-
ducing the — at LLx arbitrary — scale sq:

Glia ke d) = [ $26u i o) (i) (5.26)
S0
Gn1 Nno,U1 V25w */d2k1 /d2k2 ni, 1/1 )Gw(kla kQ)En27V2 (kQ)

)5711 n25(V1 — 1/2) (527)

Cw— w(nl,ul

where w(n1, 1) is given by the LLx eigenvalue of the BFKL equation, which extends Eq. (4.5) for arbitrary n
values, namely

w(n,v) =asxo (|n| +w) (5.28)

n n
Xo(n,7) :2\11(1)—\11(7—1—5) —\11(1—7—1—5) , (5.29)
with U(z) =T"(x)/T'(z), and as = N.as/7 as usual.
With these new definitions we can write Eq. (5.20) as

S

w(n,v)
Cm EZ/du /d¢J,1 Aoz CH) (k1 21) (S—) C2) (kyz2,2.2) cos(mp)

0

—1)mzn:/dl/ (%)“(n”’) l(/d(bJ,l COS(mﬂﬁJ,l)ég;)j(kJ,hwJ,l))(/d¢J2 cos(ma2)C 3 )(ng,ng))
+ (/d¢J1 sin(me.,1)C )(le,fEn)) (/d¢J2 sin(me.,2)C )(sz,fEm))] (5.30)

After a little bit of simple algebra we end up with

A\ w(m,v)
$
o= (4= 30m0) [ @ Collinslonn) G (sshare) (2) (530
0
Here we have defined
Co (k| z) :/dqu d*kdz f(z)V (k, 2) Epn. (k) cos(me). (5.32)

The origin of the factor (4 — 3d,,0) in Eq. (5.31) is twofold. Firstly the integration over ¢ leads to a 6, |-
Secondly when using the addition formula for cos(mey) to disentangle ¢51 and ¢ 2 also coefficients with sine
instead of cosine are generated. While for m = 0 they vanish, for m # 0 they give the same contribution as
those with the cosine.

Inserting Eq. (5.16) into Eq. (5.32) we obtain for the LLx Mueller Navelet jet vertices in conformal space

CYSCVA/F

CL) (kg 2s) = >

(&2) "™ s fulws) (1 + bm0). (5.33)

It is worth to note, that C(LL ) depends on m only in a trivial way (1 4+ d,,,0) such that the azimuthal
correlations (5.22) do not depend on the PDFs at all. In the following section we will see, that this changes
when one takes into account the NLLx corrections to the jet vertices.

NLLx calculation

The master formulae of the LLx calculation (5.31, 5.32) will also be used for the NLLx calculation. Even
though the vertices do not simplify as drastically as in the LLx case, we gain the possibility to calculate for a



5.1. HADRON-HADRON COLLIDERS 147

limited number of m the coefficients C}, , as universal grids in v. In transverse momentum space one would
need a two dimensional grid. Moreover, at NLLx there are some contributions with an additional transverse
momentum integration, such that some contributions would be analytic functions in e.g. k; while other would
be proportional to distributions like §(*) (k1 —ky1).

Strong coupling, renormalization scheme and PDFs at NLLx

Based on the MS renormalization scheme, we use the MSTW 2008 PDFs [434] and the two-loop strong
coupling in the following form:

1 biInL
s(uh) = — 1+ 2=~ 5.34
o) = oz (1+ 375 ) (5.34

with L = In p% /A cp, and

, 33— 2Ny 153 — 19N
0 =" i —

127 VP (5.35)

In the following a; or a, without argument is to be understood as as(u%) or as(u%) respectively. Since in the
MSTW 2008 PDFs ur and up are set to be equal, for a consistent calculation we are forced to perform this
identification throughout the whole calculation as well.

Jet vertices at NLLx

To calculate the coefficients Cp,,,, (5.32) at NLLx level, we take for V,(k, z) instead of just the LLx result
VO (k,z) (5.16) the full NLLx vertex

Valk,z) = VO(k, z) + a, VIV (K, z). (5.36)

The matrix elements needed to calculate the Mueller Navelet jet vertex at next to leading order — namely the
partonic 2 — 3 process at tree level and the partonic 2 — 2 process at one loop level — are known since long
time. The separation of collinear singularities (to be absorbed by renormalized PDFs) from the BFKL large
logarithms in s was performed by Bartels, Vacca and Colferai [316,433], in terms of a generic and infrared-
safe jet algorithm. In this work, we shall apply such procedure to a concrete jet algorithm, namely the cone
algorithm, as will be explained below.

We will build on the results obtained in Ref. [316,433] using their notation as well. In detail, we perform
a slightly different collinear subtraction in the terms where an integrated transverse momentum (1) is rescaled
by some longitudinal momentum fraction: we rescale the cutoff parameter A = pp accordingly. This variant
does not change the singular terms, and all the discussion of the arrangement of divergences and subtractions

remains unchanged. However the finite part of the subtraction changes such that beside the cutoff functions

also the ‘virtual’ part of the vertex changes, e.g. the term proportional to (%) vanishes completely. 2
Jr

2We note a misprint in equation (105) of Ref. [316]: in the ‘real’ C'4 term the expression q —k must be replaced by q — zk both
in numerator and in the denominator. Just after it, +— is to be interpreted as —.
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The final expressions for the NLLx correction to the vertices read:

V. (k, x)

q

31 k2 15
2 Az T g
+/d2<ﬂ_ 5 +7T2>Vq (k, z2)
21,/
+% d'k /dz
T T
><<(lz)

1
— O\ - KV (k, xz))

1+(1-2)2
2z

(k—K) ((1-2)k-K)
(k—K)2((1 - 2)k — K)*

CF 85 7T2 CA 5Nf
7*(%*1)7——

WO K)SP (K k — K, 22 7)

Ok — K| —z(k - X|+ [K|)) VO K, m]

k/2
N
2(k—K)?
Cr 1422 [d%
Tor J TS / e
g (8 (ks (1= L1 = =)0 0,201 2
& (1 _ Y
+87 (k- (1-2),(1—2)Lz(1 z),x))
A2 5
— S (0) (0)
@((12)2 1)(1/q (k,z) + V (k,xz))]
20 1 el NCE

AQ

-0 <W — 12) Vq(o)(k,z)] ,

(5.37)
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Vi (k)
11C4 1Ny k? 2 67\ Ca 13Ny k?
= (== - ) o) A2y = | VO

KGW 37r)nA2+ T736) 7 T35, ol Ve (ko)
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Here Ny denotes the number of active quark flavors, by = (11N, — 2N;)/(127), and N = as/+/2. A priori, the
factorization scale up = A and the renormalization scale ur = p are independent of each other even though in
the end we will set them equal.

Jet definition

For a concrete calculation of Mueller Navelet jet production one also has to choose a concrete jet algorithm
obeying the property of infra-red safety, as required by the general procedure of Refs. [316,433]. Two of the
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most common and mostly used ones are the cone algorithm

[k — K| + K|
max([k — k'[, [k'[)

2
S‘(JS,cone) (k/,k . kl,.’L'Z;ZE) — S‘(Jz)(k,iﬂ) ) <|: Rcone:| — [AyQ + A¢2}>

’ ’ 2
(Q)k_k/ Av? - A2l — |k_k|+|k|
+SJ ( "TZ) @ ([ y + ¢ } ma,X(|k o k/|7 |k,|)Rcone

k- K|+ |K 2
+ 552) K, z(1-2))© <[Ay2 + A‘bﬂ - Lnal,xﬂk _| li_’|| |k|/|)RC°ne] ) ) (5.39)

as it has been adapted for NLLx calculation in Ref. [435], and the k7 algorithm

SPFI(K k — K, zz2) = SP (k) @(RiT - [Ay* +A¢%])

+ 8Pk~ K, 22) O [Ay? + A¢?] — RZ)
+ 8P (K <1 —2) O([Ay® + A¢%] — R},), (5.40)
where
Ay =log <1Z |kk/|) , A(b:arccosM. (5.41)
z |k/| k'2(k _ k/)2

In our study we will use the cone algorithm with a cone size of R¢one = .5 as it probably will be used in a
CMS analysis at the LHC [432].

LL subtraction and sg

The requirement of a BFKL calculation that the two scattering objects have a similar hard scale is reflected
by the fact that in this standard situation of BFKL physics the energy scale sy can be written as a product of
two energy scales each assigned to one of these scattering objects.

S0 = ‘/80118072 (542)

In Ref. [316,433] the energy scale so; (assigned to the Mueller Navelet jet) was chosen as (|k;| + |k; — k)%
While k is integrated over, it is preferable to let sy depend only on external scales. Also § = x1x9s is in fact
not an external scale since also the longitudinal momentum fractions x; and z9 are integrated over. Therefore,
we want to change to a new s(:

2

X
so1 = (k| + ks —ki])>  — s5, = lek?u (5.43)
J,1
2 / :E% 2
so2 = (kuzl + k2 —ka[)”  — 500 = ki, (5.44)
7,2
5 5 — LJ1L ]S _ oYys1—Ys2 — Y
S S TR paayae = Y 5.45
S0 5o |ksal- kol (549)

where we introduced the rapidities y /2 of the Mueller Navelet jets, and their relative rapidity ¥ = yj1—ys2 -
The energy scale sg is a free parameter in the calculation. However, like for the renormalization scale at
NLLx level a change of it does not go without consequences. In fact, a change of s — s{, in the Green’s function
has to be accompanied by an according correction term to the impact factors [436,437):
/ 21,/ / / 1 8/071'
Onrx(ki;sp ;) = Pnrix(ki; s00) + [ A7k @i (k) Krox (k;, kz)§ In PR (5.46)
0,
with Kppx being the LLx BFKL kernel. Due to the Dirac delta distribution 6(1 — x,;/x;) in the jet algorithm
inside @ the ratio of longitudinal momentum fractions in s, ; reduces to 1 and hence the logarithm in Eq. (5.46)
vanishes for k] = k; such that only the real part of the kernel contributes.
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A subsequent change of s ; by just a factor A can be easily performed at the very end because of the use of
BFKL eigenfunctions:

Crnw(ksl, 25580 = Asp) — Conw (ks , 275 50)

:/d@ d’k /ko’ dz f(2)VOK, ) KK, K)E,,. (k) Cos(m(bJ)%lnS—/
0

:/d¢_] /ko’ dz f(z)VOK, 2)as o (m, % +w) Em,y(k’)cos(m¢'])%1m

1 1
=asY0 (m, 5+ iu) C,<,%7EX>(|1<J|,9[;J)5 In . (5.47)

The LLQ subtraction (denoted LL in formula below), i.e. the terms multiplied by ©(|k—k'|—z(|]k—k'|+|k']))
in Egs. (5.37, 5.38), cancels some part in the limit of the additional emission having a big rapidity distance to
the jet. In fact, numerically this cancellation works very poorly due to an azimuthal averaging which has been
performed for the LL.Q subtraction. A significant improvement can be obtained by omitting this averaging and
introducing new LLQ subtraction terms

(1) Ca 1 k-¥

; LL subtraction — — 2 2(k — k)2 (k — k)

VO, z) (5.48a)

(1) _ YA (0) (1,
Vg; LL subtraction — 2 Z(k — k,)g (k — k,) k— K — 2K')2 ‘/g (k ,ZC). (548b)

As a consequence sg; changes from so; = (|ky;|+ [k —ki|)? to so; = (k; — 2ky;)?. It is also possible to use

~(1) - Cy 1 (k — k) (k — k' — zk) 0
Vq; LL subtraction — F Z(k — k/)2 (k — kI)Q(k T zk)2 Vq( )(k’, SC) (549&)
(1) o CA 1 (k - k/)(k - k' — Zk) 0
Vg; LL subtraction — ? Z(k — k/)2 (k — k,)Q(k T — Zk)2 Vg( )(k/7 SC), (549b)

which are slightly inferior concerning the numerical performance but giving a so change from so; = (|kj.| +
|kJ7i — kz|)2 to S50,i = k.2],i'

We have checked that all three possible subtraction terms after combining them with the according correction
term (5.46) lead to the same result. For reasons of numerical performance we have chosen Egs. (5.48).

BFKL Green’s function at NLLx

Last but not least, we also have to take the BFKL Green’s function at NLLx level. The key to the Green’s
function is the BFKL kernel at NLLx [307,308]. While at LLx the BFKL equation is conformal invariant, at
NLLx it is not such that in fact the LLx eigenfunctions E,, , (5.23) are strictly speaking not eigenfunctions of
the NLLx kernel. Nevertheless, the action of the NLLx BFKL kernel on the eigenfunctions has been calculated
in Ref. [438]. The status of the E, , being eigenfunctions formally can be saved if one accepts the eigenvalue to
become an operator containing a derivative with respect to v [429,430,439]. In combination with the impact
factors the derivate acts on the impact factors and effectively leads to a contribution to the eigenvalue which
depends on the impact factors [429, 430,439, 440]:

||1+.
X1 n,2 1w

7Tb0 1 . 2 . a Cn,u(|kJ,1|;z.],1)
- 2NCXO <|n|, 5T ’Ll/> {—21nuR i In , (5.50)

1 . _
w(n,v) = asxo <|n|7 5 + w) + ag

Ch.v(ky2l,xs2)
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where

_ P
8N,
n

w1 v (4 5) +u (1= 7+ )~ 20(0,7) — 26(m, 1~ )]

B 72 cos(77y) Ny 2+3y(1—9)
4sin®(my)(1 — 27) { [3 + (1 + Ng) (B—27)(1+ 27)] bno

Ny (1 —9)
- (1+ ) sesar e 5} (51

with the constant S = (4— 7% +508y/N.)/12. {(n) = >_7—, k=™ is the Riemann zeta function while the function
¢ reads

x1(n,v) = Sxo(n,v) + g<(3) Xg(n,7)

N

o(n,v) = m(W(kz—i—n—i—l)—wl(lﬂ—i—l)
— 2

(DML B (k4 n 1) + Bk + 1)+ “/’(k+113+;/’:’f;”+1)>, (5.52)

with
1 1+~y v
/ _ / - r _ (L
ﬁ(v)—4[w ( 5 ) W (2)] (5.53)
At NLLx accuracy, only the leading order vertex coefficients (5.33) enter in the derivative term of (5.50).

9 1k kyi|- [k
oty — i L O (Iksalszs1) _ o | J,1|2| 72|

O O (ks 202) IR

(5.54)

Collinear improved Green’s function

As we shortly explained in Sec. 4.5, there are methods to improve the NLLx BFKL kernel for n = 0 by
imposing compatibility with the DGLAP equation [61-64] in the collinear limit [318-320,329]. They are known
under the name w-shift because essentially poles in v = 1/2 + iv and 1 — « are shifted by w/2 with some
compensation terms ensuring that the result is not changed at fixed order (having in mind that w ~ @sxo).
The different attempts are very similar, and here we use the most transparent method presented in [318]. In
fact, based on previous experience [430,440] we use Scheme 3 of [318]. The new kernel a,x ") (y,w) with shifted
poles replaces asxo(7,0) + a@2x1(v,0) and w(0,v) is obtained by solving the implicit equation

w(0,v) = &Sx(l)('y,w((),l/)) (5.55)

for w(n,v) numerically.

In general the additional v-derivative term makes it necessary to recalculate the coefficients dy  (defined
in Ref. [318]) but in our case the vertex does not contain any poles in v nor in 1 — « leaving the coefficients
d1,, unchanged. This was obtained numerically by using a closed contour in 7y-plane around O or around 1,
and numerically integrate integer powers of v or 1 — y times the vertex. Based on Cauchy formula used here
in reverse manner, one can then obtain a numerical evaluation of the residue of arbitrary order, and show that
they actually vanish. By introducing an w dependence in the eigenvalue the pole in (5.27) is no longer a simple
one such that residue in fact reads

o ( +inw)

G0107V11D2 (é) =11 O

<E>W(OM) S — ). (5.56)

w=w(0,v1)
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Results

We focus on the symmetric situation |k 1| = |kj2| and study the two cases |k 1| = 35 GeV, and |k 1| = 50 GeV.
Due to our method of calculation it is easy to use the coefficient grids of these two cases and combine them to
study the asymmetric scenario of [kj1| = 35GeV, |k 2| = 50 GeV (plus the ‘mirrored’ process |k 1| = 50 GeV,
|kj2| = 35GeV) even though in so doing one mixes different choices for pg. But since o only varies by ~ 4%
between 35 GeV and 50 GeV we give the according result as well3.

In all cases we choose the number of active flavors to be five (Ny = 5) with Aqcp = 221.2 MeV such that
as(M%) = 0.1176.

The Monte Carlo integration [441] itself is error-prone. However, as we show in what follows, there are more
serious uncertainties due to the renormalization scale ugr which we choose as pr = +/|ks1] - |kyz2|.- To study
the dependence on it we vary pur by factors 2 and 1/2 respectively. The same we do for the energy scale /s¢.

We investigate the uncertainty rooted in the uncertainty of PDFs formula for asymmetric errors as defined
in Egs. (51,52) of [434] with the eigenvector set ensuring all data sets are described within their 90% confidence
level limits.

The symmetric case |ky1| = |kja| = 35 GeV

Co [Ggl\}z]
1L
01r
0.01+
‘ ‘ ‘ - Y
6 7 8 9 10

Figure 5.2: Differential cross section in dependence on Y for |k 1| = |kj2| = 35 GeV. Blue shows the pure LLx
result, brown the pure NLLx result, green the combination of LLx vertices with the collinear improved NLLx
Green’s function, red the full NLLx vertices with the collinear improved NLLx Green’s function. The errors
due to the Monte Carlo integration — though hardly visible — are given as error bands.

The first thing to look at is the differential cross section as defined in Eq. (5.21). The result of our calculation
is shown in Fig. 5.2. The NLLx correction to the vertices damps the cross section drastically even though the
full NLLx BFKL calculation still leads to a larger cross section than standard Monte Carlo generators [432].
The purely numerical error due to the Monte Carlo integration of the NLLx vertices is below 1%. We varied
the renormalization and factorization scale by factors 2 and 1/2 to investigate the pur dependence. A full scan
over this interval is not possible due to the CPU time consumption of the evaluation for a single choice of
ur. The results are displayed in Fig. 5.3. As one would expect, the full NLLx result depends less on ppr than
the LLx result or the combination of LLx vertices and NLLx Green’s function which was so far state-of-the-
art [430,431]. However, after inclusion of the NLLx vertices the pur dependence is no longer monotone. Another
important energy scale is s¢ introduced by the Mellin transformation from energy to w space which is necessary
to formulate the BFKL equation. Like pp it is an artificial scale which in an all order calculation would not
affect the result. Indeed, the dependence is reduced when the NLLx corrections to the vertices are taken into
account (see Fig. 5.4. The dependence on PDF uncertainties is shown in Fig. 5.5.

The azimuthal decorrelation has often be predicted to be a striking feature of BFKL physics but our inclusion
of NLLx vertices shows an enormous correlation in the azimuthal angles shown in Fig. 5.6, rather close from the
typival values predicted by LLQ Monte Carlos PYTHIA [442] and HERWIG [428], used for CMS studies [432].

3Detailled tables of our results, for precise comparisons with other approaches, are explicitely provided in Ref. [W27].
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Figure 5.3: Effect of changing ur = pp by factors 2 and 1/2 respectively on the differential cross section in
dependence on Y for |kji| = |kj2| = 35GeV. Blue shows the pure LLx result, brown the pure NLLx result,
green the combination of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx
vertices with the collinear improved NLLx Green’s function.
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Figure 5.4: Effect of changing /sq by factors 2 and 1/2 respectively on the differential cross section in dependence
onY for |kji| = |kyz2| = 35GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the
combination of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with
the collinear improved NLLx Green’s function.

Note that HERWIG has the tendency to predict more decorrelation, presumably because since it implements
more radiations than PYTHIA, it has the phenomenological effect to involve some kind of NLLQ corrections,
which enhance the decorrelation. The numeric uncertainties for the calculations including the NLLx vertices is
here larger because the coefficients (), , contain an azimuthal integration which in the case of n = 0 becomes
trivial while for n = 1 has to be carried out. Not only is the Y dependence much flatter for the NLLx vertices.
But the mean value for cos ¢ itself is very close to 1. The ug dependence (see Fig. 5.7) is puzzling compared
to that of just Cy (see Fig. 5.3) and C; (see Fig. 5.13) since the inclusion of the NLLx vertices does not reduce
the pr dependence. A similar behavior can be observed for the so dependence (see Figs. 5.8 and 5.14). See
Ref. [W27] for similar curves for the Ca coefficient.

Numerically this effect is rooted in the complete vanishing of changes of LLx vertices in ratios C,, /C,, since
these changes are not very sensitive on n in case of LLx vertices. In contrast, the NLLx correction — especially
the LL subtraction — is very large (and negative) for the n = 0 component while of minor significance for n > 0.
However, comparing the pure LLx with the pure NLLx calculation the relative change in fact is reduced for the
NLLx one. For both scales, the curves exceeding 1 belong to smaller scales which seem to be very disfavored
in full NLL BFKL calculations as already discussed in [328,439,443]. The dependence on the PDFs completely
drops out for LLx vertices and also for NLLx vertices it is negligible (see Ref. [W27] for the corresponding
figure).

It has been proposed to rather look at ratios C,,/C, with m # 0 # n [430] since concerning the Green’s
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Figure 5.5: Effect of the PDF errors on the differential cross section in dependence on Y for |kji| = |kj2| =

35 GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination of LLx vertices
with the collinear improved NLLx Green’s function, red the full NLLx vertices with the collinear improved
NLLx Green’s function.

function the largest uncertainty is associated with the n = 0 component. This observation is not altered by the

inclusion of NLLx vertices (see Fig. 5.12 and Ref. [W27] for the corresponding figures for the pur = pr, /50
and PDF dependency).
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Figure 5.6: Left: (cos¢) in dependence on Y for |kj1| = |kj2| = 35GeV. Blue shows the pure LLx result,
brown the pure NLLx result, green the combination of LLx vertices with the collinear improved NLLx Green’s
function, red the full NLLx vertices with the collinear improved NLLx Green’s function. The errors due to the
Monte Carlo integration are given as error bands. Right: Monte Carlo results of the CMS Collaboration, based
on a LLQ approach. Figure from Ref. [432].

Figure 5.7: Effect of changing ur = pp by factors 2 and 1/2 respectively on {(cos ) in dependence on Y for
k1| = |kj2| = 35GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination
of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with the collinear
improved NLLx Green’s function.
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Figure 5.8: Effect of changing /5o by factors 2 and 1/2 respectively on (cos ¢) in dependence on Y for |k | =
|ks2| = 35GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination of
LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with the collinear
improved NLLx Green’s function.

Figure 5.9: (cos2¢) in dependence on Y for |k 1| = |kj2| = 35 GeV. Blue shows the pure LLx result, brown the
pure NLLx result, green the combination of LLx vertices with the collinear improved NLLx Green’s function,
red the full NLLx vertices with the collinear improved NLLx Green’s function. The errors due to the Monte
Carlo integration — though hardly visible — are given as error bands.
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Figure 5.10: Effect of changing ur = pr by factors 2 and 1/2 respectively on {(cos 2¢) in dependence on Y for
|ks1| = |kj2| = 35 GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination
of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with the collinear
improved NLLx Green’s function.
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Figure 5.11: Effect of changing /5o by factors 2 and 1/2 respectively on (cos2¢p) in dependence on Y for
|ks1| = |ks2| = 35 GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination
of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with the collinear
improved NLLx Green’s function.
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Figure 5.12: (cos2¢)/(cos ) in dependence on Y for |k 1| = [k 2| = 35GeV. Blue shows the pure LLx result,
brown the pure NLLx result, green the combination of LLx vertices with the NLLx Green’s function. The errors
due to the Monte Carlo integration — though hardly visible — are given as error bands.
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Figure 5.13: Effect of changing ur = pp by factors 2 and 1/2 respectively on the coefficient C; in dependence
onY for |kji| = |kjz2| = 35GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the
combination of LLx vertices with the collinear improved NLLx Green’s function.
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Figure 5.14: Effect of changing /so by factors 2 and 1/2 respectively on the coefficient C; in dependence on Y for
k1| = |kjz2| = 35GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination
of LLx vertices with the collinear improved NLLx Green’s function.
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The symmetric case |ky1| = |kj2| = 50 GeV

Going to larger jet scales, we meet more or less the same advantages and problems as for 35GeV. The
problematic behavior for smaller scales of so and/ or g is more dramatic for |k 1| = [ky2| = 50 GeV (see e.g
Figs. 5.19, 5.20, 5.22, 5.23). Especially the pur dependence (see Fig. 5.19 seems to indicate that already the a
priori natural scale ur = |ks| is too small. See Ref. [W27] for detailled studies of the PDF dependency of the C;
coefficients, as well as so and pr dependency of the C; and Cy coefficients. We note that the stability of Co/Cq
is weaker than in the |k;j1| = |kjz2| = 35 GeV case in the large rapidity range (see Figs. 5.25 and 5.26).

Co [geve]

Figure 5.15: Differential cross section in dependence on Y for |kj1| = |kjz2| = 50 GeV. Blue shows the pure
LLx result, brown the pure NLLx result, green the combination of LLx vertices with the collinear improved
NLLx Green’s function, red the full NLLx vertices with the collinear improved NLLx Green’s function. The
errors due to the Monte Carlo integration — though hardly visible — are given as error bands.
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Figure 5.16: Effect of changing ur = pr by factors 2 and 1/2 respectively on the differential cross section in
dependence on Y for |kji| = |kj2| = 50 GeV. Blue shows the pure LLx result, brown the pure NLLx result,
green the combination of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx
vertices with the collinear improved NLLx Green’s function.
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Figure 5.17: Effect of changing /so by factors 2 and 1/2 respectively on the differential cross section in
dependence on Y for |k 1| = |kj2| = 50 GeV. Blue shows the pure LLx result, brown the pure NLLx result,
green the combination of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx

vertices with the collinear improved NLLx Green’s function.

Figure 5.18: (cos ¢) in dependence on Y for |k 1| = |kj2| = 50 GeV. Blue shows the pure LLx result, brown the
pure NLLx result, green the combination of LLx vertices with the collinear improved NLLx Green’s function,
red the full NLLx vertices with the collinear improved NLLx Green’s function. The errors due to the Monte

Carlo integration are given as error bands.
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Figure 5.19: Effect of changing ur = pp by factors 2 and 1/2 respectively on (cos ) in dependence on Y for
|ks1] = |kj2| = 50 GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination
of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with the collinear

improved NLLx Green’s function.
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Figure 5.20: Effect of changing /so by factors 2 and 1/2 respectively on (cosy) in dependence on Y for
|ks1] = |kj2| = 50 GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination
of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with the collinear

improved NLLx Green’s function.

Figure 5.21: (cos2¢) in dependence on Y for |ks1| = |kj2| = 50 GeV. Blue shows the pure LLx result, brown
the pure NLLx result, green the combination of LLx vertices with the collinear improved NLLx Green’s function,
red the full NLLx vertices with the collinear improved NLLx Green’s function. The errors due to the Monte
Carlo integration — though hardly visible — are given as error bands.
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Figure 5.22: Effect of changing pur = pr by factors 2 and 1/2 respectively on {(cos 2¢) in dependence on Y for
|ks1] = |kj2| = 50 GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination
of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with the collinear
improved NLLx Green’s function.
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Figure 5.23: Effect of changing /so by factors 2 and 1/2 respectively on (cos2¢) in dependence on Y for
|ks1] = |kj2| = 50 GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination
of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with the collinear
improved NLLx Green’s function.

Figure 5.24: (cos2¢p)/(cos ) in dependence on Y for |k 1| = |kj2| = 50 GeV. Blue shows the pure LLx result,
brown the pure NLLx result, green the combination of LLx vertices with the NLLx Green’s function. The errors
due to the Monte Carlo integration — though hardly visible — are given as error bands.
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Figure 5.25: Effect of changing pur = pp by factors 2 and 1/2 respectively on (cos2¢p)/{cos ) in dependence
onY for |kji| = |kyz2| = 50GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the

combination of LLx vertices with the NLLx Green’s function.
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Figure 5.26: Effect of changing /s¢ by factors 2 and 1/2 respectively on (cos 2¢) /(cos ¢) in dependence on Y for
k1| = |kjz2| = 50 GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination
of LLx vertices with the NLLx Green’s function.

The asymmetric case |kj1| = 35GeV, k2| = 50 GeV

We end up with the consideration of the asymmetric case, which we investigate in order to provide a
comparison with NLLQ predictions based on NLLQ predictions [444] obtained through the NLLQ partonic
generator DIJET [445]. These prediction are very sensitive to the precise compensation betweeen the real
and the virtual contribution, and symmetric cut leads to some kind of Sudakov resummation effects which
are not under control at the moment [446], even leading to a negative cross-section for |[kyi| = 35GeV=
|ks2| = 35GeV . These prediction are much more stable in the asymmetric configuration. Our own predictions
are given in Figs. 5.27, 5.30, 5.33, 5.36.

The sensitivity of our prediction with respect to sg, pr and PDFs is similar to the two previous symmetrical
configurations, as shown in Figs. 5.28, 5.29, 5.31, 5.32, 5.34, 5.35, 5.37, 5.38. See Ref. [W27] for detailled studies
of the PDF dependency of the C; coefficients, as well as sg and ur dependency of the C; and Cs coefficients.
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Figure 5.27: Differential cross section in dependence on Y for |kj1| = 35GeV, |kj2| = 50 GeV. Blue shows the
pure LLx result, brown the pure NLLx result, green the combination of LLx vertices with the collinear improved
NLLx Green’s function, red the full NLLx vertices with the collinear improved NLLx Green’s function. The
errors due to the Monte Carlo integration — though hardly visible — are given as error bands.

We now display a comparison between our prediction and the NLLQ predictions [444], for the cross-section
in Fig. 5.39, for the {cos ) dependence in Fig. 5.40 and for the (cos2p) dependence in Fig. 5.41.
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Figure 5.28: Effect of changing ur = pr by factors 2 and 1/2 respectively on the differential cross section in
dependence on Y for |k ;| = 35GeV, k2| = 50 GeV. Blue shows the pure LLx result, brown the pure NLLx
result, green the combination of LLx vertices with the collinear improved NLLx Green’s function, red the full
NLLx vertices with the collinear improved NLLx Green’s function.
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Figure 5.29: Effect of changing /so by factors 2 and 1/2 respectively on the differential cross section in
dependence on Y for |k ;| = 35GeV, k2| = 50 GeV. Blue shows the pure LLx result, brown the pure NLLx
result, green the combination of LLx vertices with the collinear improved NLLx Green’s function, red the full
NLLx vertices with the collinear improved NLLx Green’s function.

Conclusions

We have implemented at a full NLLx order the Mueller Navelet jets cross-section as well as their relative
azimuthal angle dependency. In contrast to the general belief, the effect of NLLx corrections to the vertex
function is very important, of the same order as the one obtained when passing from LLx to NLLx Green
function. The importance of NLLx corrections to impact factor observed in the present work is analogous with
recent results obtained at NLLx in diffractive double p-electroproduction [328,439]. Interestingly, the full NLLx
calculations for (cos ) and (cos2¢p) are quite close to a calculation [444] using DIJET [445] which is based on
DGLAP dynamics and to a dedicated study [432] using PYTHIA [442] and HERWIG [428]. The uncertainty
due to changes in ugr (and sg) is drastically reduced for all C,, when one takes into account the NLLx Mueller
Navelet vertices. The uncertainty due to PDFs are also very small. As a consequence, our results for the
cross-section are very stable.

However, for azimuthal decorrelation the dependence on g (and sp) is still sizeable. In the case of the NLLx
Green’s function with collinear improvement one observes that (cos ) can exceeds 1 for certain choices of the
parameters, in particular for low values of ur = pr , taken to be smaller than the “natural” value v/|kj1]|kJz2].
One might also think of a collinear improvement of the vertices [329] but the Mueller Navelet vertex for fixed
|ks| does not contain poles in 4 nor 1 — v, so there is no room for such a treatment. The resummation of soft
initial radiation might be of relevance for the azimuthal correlation as well. This is left for further investigations.

At present, there is little experience with the effect of NLLx impact factors. To the best of our knowledge, up
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Figure 5.30: (cos ) in dependence on Y for |kji| = 35GeV, |kj2| = 50 GeV. Blue shows the pure LLx result,
brown the pure NLLx result, green the combination of LLx vertices with the collinear improved NLLx Green’s
function, red the full NLLx vertices with the collinear improved NLLx Green’s function. The errors due to the

Monte Carlo integration are given as error bands.
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Figure 5.31: Effect of changing ur = pur by factors 2 and 1/2 respectively on (cos¢) in dependence on Y for
lks1] = 35GeV, |kj2| = 50GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the
combination of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with
the collinear improved NLLx Green’s function.

to now, the only full NLLx BFKL calculation existing in the literature is the vector meson production in virtual
photon collisions [328,439,443], which is very sensitive to NLLx corrections to the impact factor and for which
very large values for sp and pup are preferred. In [443] it has been shown that a collinear improved treatment
combined with the application of the principle of minimal sensitivity [153,154] reduces this large values to more
“natural” values. Still, ugr larger than the “natural” values are favored [443]. In the present case, with such a
choice, we get azimuthal correlations which are rather similar with DGLAP dynamics predictions. To conclude,
contrarily to the expectation, it thus seems that the azimuthal decorrelation is almost not enhanced by rapidity.
This suggest that the study of Mueller-Navelet jets is probably not the best place to exhibit differences between
BFKL and DGLAP dynamics.
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Figure 5.32: Effect of changing /so by factors 2 and 1/2 respectively on (cosy) in dependence on Y for
lks1] = 35GeV, |kj2| = 50GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the
combination of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with

the collinear improved NLLx Green’s function.

Figure 5.33: (cos2¢) in dependence on Y for |k 1| = 35GeV, |k;2| = 50 GeV. Blue shows the pure LLx result,
brown the pure NLLx result, green the combination of LLx vertices with the collinear improved NLLx Green’s
function, red the full NLLx vertices with the collinear improved NLLx Green’s function. The errors due to the
Monte Carlo integration — though hardly visible — are given as error bands.
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Figure 5.34: Effect of changing ur = ur by factors 2 and 1/2 respectively on (cos2p) in dependence on Y
for [kj1| = 35GeV, k2| = 50 GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the
combination of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with

the collinear improved NLLx Green’s function.
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Figure 5.35: Effect of changing /so by factors 2 and 1/2 respectively on (cos2¢) in dependence on Y for
lks1] = 35GeV, |kj2| = 50GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the
combination of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with

the collinear improved NLLx Green’s function.

Figure 5.36: (cos2¢)/(cosp) in dependence on Y for |kji| = 35GeV, |kj2| = 50GeV. Blue shows the pure
LLx result, brown the pure NLLx result, green the combination of LLx vertices with the NLLx Green’s function.
The errors due to the Monte Carlo integration — though hardly visible — are given as error bands.
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Figure 5.37: Effect of changing pur = pp by factors 2 and 1/2 respectively on (cos2¢p)/{cos ) in dependence
onY for [ky1| =35GeV, k2| = 50 GeV. Blue shows the pure LLx result, brown the pure NLLx result, green
the combination of LLx vertices with the NLLx Green’s function.
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Figure 5.38: Effect of changing /5o by factors 2 and 1/2 respectively on (cos2¢)/(cos ¢) in dependence on Y’
for [kj1| = 35GeV, k2| = 50 GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the
combination of LLx vertices with the NLLx Green’s function.
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Figure 5.39: Differential cross section in dependence on Y for |k 1| = 35GeV, |kj2| = 50 GeV. Blue shows the
pure LLx result, brown the pure NLLx result, green the combination of LLx vertices with the collinear improved
NLLx Green’s function, red the full NLLx vertices with the collinear improved NLLx Green’s function. The
errors due to the Monte Carlo integration — though hardly visible — are given as error bands. Dotted points are
based on the NLLQ prediction of Ref. [444].
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Figure 5.40: (cos ) in dependence on Y for |kji| = 35GeV, |kj2| = 50 GeV. Blue shows the pure LLx result,
brown the pure NLLx result, green the combination of LLx vertices with the collinear improved NLLx Green’s
function, red the full NLLx vertices with the collinear improved NLLx Green’s function. The errors due to the
Monte Carlo integration are given as error bands. Dotted points are based on the NLLQ prediction of Ref. [444].
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Figure 5.41: (cos2y) in dependence on Y for |kj 1| = 35GeV, |kj2| = 50 GeV. Blue shows the pure LLx result,
brown the pure NLLx result, green the combination of LLx vertices with the collinear improved NLLx Green’s
function, red the full NLLx vertices with the collinear improved NLLx Green’s function. The errors due to the

Monte Carlo integration — though hardly visible — are given as error bands. Dotted points are based on the
NLLQ prediction of Ref. [444].
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Figure 5.42: Diffractive high energy jet production.

5.1.2 Diffractive high energy double jet production

In a hadron-hadron collision, a jet-gap-jet event is defined by demanding to tag two jets with a high—Er > Agcp
and a large rapidity between them. This is thus a more exclusive process than the Mueller-Navelet one which
we have just discussed. Between the gap, the object exchanged in the t—channel is color singlet and carries a
large momentum transfer due to the large pr, and when the rapidity gap is large one can expect the exchange
of a hard Pomeron (the hard scale is here provided by ¢). A non trivial point is due to the fact that the solution
of LLx BFKL equation for ¢t arbitrary is given in impact parameter space, which can be written based on the
SL(2,C) conformal invariance of the kernel due to absence of scale. However this can be used in practice
when the probes are colorless [277], because then the elementary Born two gluon-exchange contribution, which
evolves due to BFKL equation, can be written itself in a conformal invariant way. In that case, the impact
factor vanishes when the virtuality of the parton goes to zero. This is a direct consequence of gauge invariance
of the probe, as we explained in Sec. 4.2. This is clearly not the case when coupling the BFKL Pomeron
to partons, which are not colorless. For t # 0, imposing the conformal invariance of the Born term leads
to the appearance of § terms in momentum space, which have no clear relationship with Feynman diagrams.
Mueller-Tang provided a prescription [447] in order to couple BFKL Pomeron solution in that diffractive case,
which means basically to remove these § contributions. This was further studied in Ref. [448], and understood
as a deformed representation of the BFKL kernel that can be coupled to colored particles, and for which the
bootstrap relation is fullfiled [449].

It turns out that this LLx treatment is not enough to describe the data, measured a Tevatron by CDF [450]
and DO [451] collaborations.

A first try to improve this LLx treatment was attempted in Ref. [452] by also taking into account the soft
interactions which in hadron-hadron collisions can destroy the rapidity gap, the so-called gap survival probability.
An agreement was only obtained with the BFKL LLx calculation done at fixed coupling constant «; . However,
from the theory side, the importance of NLLx BFKL corrections appeals for a consistent treatment which
would include them. In [453], it was shown that a good description of the data could be obtained when some
NLLx corrections were numerically taken into account in an effective way, based on the modified LLx BFKL
kernel discussed above, but the full NLLx BFKL kernel was still not implemented. A NLLx BFKL treatment
including the Salam prescription, but still with a LLx impact factor, has been performed in Ref. [454], leading
to a satisfactory description of the data.
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5.1.3 High pr central jet production

High pr central jet production with a rapidity gap between the protons and the jet has focused much interest,
in particular based on the fact that this exclusive process may be an interesting channel for C' and P—even
Higgs searches. The mechanism is a gluon exchange to which the Higgs couples through a quark loop, with
another t—channel gluon exchange to compensate the color exchange [455], modified by possible Pomeron-like
enhancement due to the large rapidities between the protons and the Higgs.

Unfortunately, one needs to take into account perturbative Sudakov form factor which are needed to garantee
the exclusiveness of the final state (denoted as T2 at the level of probability). This can be done at the double-
logarithmic level as well as at the NLL level (single logs). Note that this amplitude T plays a crucial role
in regulating the loop integral over the gluon momentum to which the Higgs is coupled. Additionaly, in
hadron-hadron collisions, one should include soft rescattering among the spectators partons, leading to gap
survival factors, which cannot be computed perturbatively (denoted as S? at the level of probability). When
comparing diffractive events at HERA with results from Tevatron, one phenomenologically extract typical values
S? ~ 0.1. See [456] for a review of the various models and proposal in order to see Higgs in diffractive processes.
In particular, the exclusive Higgs cross-section is decreased by a factor of ~ 10~* with respect to inclusive
production, and the estimated cross-section is o(pp — p + H + p) ~ 3 tb, with an uncertainty of two [457], if a
tagging of the out-going proton is possible [458]. This idea lead to the FP420 proposal [459] of having silicon
tracker and fast-timing detectors in the LHC tunnel at 420 m from the interaction points of the ATLAS and
CMS experiments. In this exclusive case, from a J, = 0 selection rule, one can suppress the bb background. The
H quantum numbers can be reconstructed through the angular distribution of two tagged outgoing protons. The
mass measurement may be rather precise (of the order of 1 GeV), when combining a missing mass measurement
(with respect to the outgoing protons) and the invariant mass of the bb pair produced by the H decay. When
including efficiencies, the expected number of Standard Models H events should be around 12. For SUSY Higgs
bosons, this diffractive channel might be one of the most interesting for certain regions in the SUSY space
parameters [458].

The inclusive production o(pp — X + H+Y) is more favorable in terms of cross-sections (although this has
the consequence of possible pile-up problems at LHC), but one pay the price of loosing the spin selection rule,
and further, no missing mass measurement is possible.

Central inelastic production pp — X + (HX)+Y is not interesting from the point of view of Higgs searches.

The need for inclusion of T" and S factors explain why the theoretical treatment of Higgs production in
diffraction cannot be described in a factorizable manner. See however [460-463] for alternative approaches
based on a factorization treatment combined with effective correction factors.

More recently, hard rescattering corrections have been considered, which basically means to take into account
effects of the BK type, based on hard triple-Pomeron coupling diagrams. Theoretical studies [464] have shown
the importance of such contribution. However, a dedicated phenomenological study [465] for the LHC case
shows that this should not affect the prediction for diffractive Higgs production.

In a somehow separate way, exclusive forward jet production in hadron-hadron collision are by themselves
interesting for BFKL studies. The basics ingredients are the same as the one needed when studying Mueller-
Navelet jets. It relies on the computation of impact factors and Green function at LLx and NLLx order. The
effective jet vertex requires a precise definition of the emitted jet (made of one or two s—channel emitted particle
at NLLx), and modeling of proton impact factor (the only hard scale is p%, and a phenomenological ansatz is
needed for the P—proton coupling). Studies have been made combining NLLx Green functions with LLx jet
vertex [466,467]. So far, there exist no complete NLLx treatment. It would be of much interest to investigate
the effect of NLLx jet vertex in this approach. From our results for MN jets at full NLLx one may expect a
rather dramatic effect.

5.2 HERA

Since the beginning of HERA in 1992, there have been much efforts in order to see the perturbative Regge
dynamics. We will mainly discuss here tests which are not completely inclusive, and briefly report on pure DIS
studies.
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5.2.1 DIS and diffractive DIS

When applying BFKL type of dynamics to DIS, one faces the problem that since Q? is the only hard scale,
a model for the proton, either in term of coupling or in term of dipole densities is needed [468, W5, W29,
469]. It turns out that BFKL (at ¢ = 0) and DGLAP (NNLL) [470] both describe the data [401-403], and the
tremendous efforts in order to try to see a need for BFKL dynamics in inclusive data were not conclusive.

Diffractive scattering within the parton model was suggested long ago [471], in pp — X p through an
exchange of a Pomeron between the proton and the anti-proton. The experimental signature was expected to
be a gap between the p remnants and the jets (X state). Extended to HERA, i.e. replacing the p by p and p
by a v*, the same configuration was expected, this time corresponding experimentally to a gap in the detector
between the proton remants and the diffractive final state. Based on simple color counting, one indeed expected
to see 10% of diffractive events in DIS. This was clearly seen at HERA for the first time, and measured with
very high precision [472-475], being one of the important achievement of HERA experiments. Several models
can describe the data.

The first one relies on the idea that the Pomeron has a point-like structure [471], like the proton. Then,
inspired by Regge theory, the corresponding diffractive structure function is expressed as a sum of two compo-
nents, a Pomeron-like one (defining a Pomeron Structure Function (PSF)) and a secondary Reggeon component
(defining a Reggeon structure function). These Pomeron and Reggeon parton densities then obeys DGLAP
evolution. This model is refered as the PSF model. In the second model due to Bartels, Ellis, Kowalski and
Wiisthoft (BEKW) [476], the diffractive structure function is described through the coupling of a two-gluon
ladder, in the spirit of QCD Pomeron, to 2 (¢¢ initiated, for 77 7) and 3 jets (¢qg initiated, for v7) final
states. This was studied phenomenologically in Ref. [477]. The third one [409,478] relies on the QCD dipole
model [280-283], i.e. on the BFKL approach. Finally, the DIS diffraction data were studied based on the BGW
saturation model, which we presented in Sec. 4.6.3.

We refer to Ref. [479] for a global analysis of ZEUS and H1 HERA data, where it is shown that each of the
above four models can describe the whole set of data. The best description is provided by the BEKW and the
PSF models.

One can try to combine the whole set of data from DIS with a NLLx BFKL treatment with various resum-
mation scheme & la Salam et al. This provides a model with two parameters [480], which, although leading to
a description of the data, is less satisfactory than the LLx BFKL description [W5] with 3 parameters.

5.2.2 Transverse energy flow

Based on the fact that it is very hard to disentangle BFKL type of dynamics from conventional partonic
evolution a la DGLAP at a fully inclusive level, it has been suggested to use the fact that BFKL ladders allow
for a transverse energy flow Er which is much larger than in conventional partonic evolution, due to the absence
of transverse momentum ordering in the multi-Regge kinematics which is the basis of LLx BFKL [481,482].
The data [483,484] were rather conclusive in the small x and moderate Q? values, and seemed to favor BFKL
dynamics. However, we are not aware of more recent model based on a NLLx studies, in which the quasi-multi-
Regge kinematics should be implemented. This may change the expected picture, and it would be interesting
to investigate the effect of NLLx contributions for this observable.

5.2.3 Energetic forward jet and 7° production

The hard forward jet production in DIS, with a rapidity gap between the scattered electron and the jet, is one
of the key observable which has been proposed for testing BFKL dynamics [485,486]. The idea is again to
maximize the BFKL effects, while reducing DGLAP resummation through the choice of k% ~ Q2. Since it is
an inclusive observable (there is activity between the jet and the scattered electron), it involve the BFKL LLx
Pomeron at ¢ = 0. The hard scale of the process is provided by the v* virtuality and the jet energy. Early
HERA data [488-490] have been compared with DGLAP and BFKL predictions, favoring BFKL evolution,
in particular in the region where the virtualities of the jet and of the initial v*(Q?) are comparable, but not
excluding a more standard partonic evolution. In particular, models including resolved photons (like RAPGAP)
could describe the data (for highly virtual jets, one gets access to the partonic content of the virtual photon,
which should thus be taken into account) [491,492].
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Figure 5.43: Decomposition of the hard partonic cross section in forward jet production. Figure from [487].

Various Monte Carlos have been used for comparison with the most recent data [493,494]. The CASCADE
[495, 496] Monte Carlo is based on the CCFM approach [497-500], which interpolates between BFKL and
DGLAP resummations. The CCFM equation is based on angular ordering of the partonic emission and resums
the same logs of 1/x in the small x limit as the LLx BFKL approach. On the other hand, the Lund dipole
model (also called Color Dipole Model (CDM)) [501, 502], which we already mention when discussing the
collinear resummed approach & la Salam, is the basis of the ARTADNE Monte Carlo [503].

The situation is the following. For single forward jet, a NLLQ DGLAP approach describes well the data,
when combining the direct and resolved photon components [504]. These data are equivalently well described
when using the CDM model. Consistently with this Monte Carlo result, approaches based on collinear improved
NLLx BFKL leads to a good description of the data for k% ~ Q2. [505,506].

On the other hand, when considering events with two forward jets, the NLLQ DGLAP prediction with
direct and resolved photon contributions fail to describe the data, while the CDM model, which contains some
intrinsically unordered kr dynamics, specific to perturbative Regge approaches, describes well the data. This
might be one of the first sign that data call for a (linear) BFKL type of dynamics, for which partonic approaches
fails, at least at the NLLQ level.

Similarly, it has been proposed to study forward photon production [507], by demanding them to be emitted
in same hemisphere as the out-going proton (to avoid contamination from the quark-box coupled to the initial
virtual photon). These photons could be in principle more reliably measured than forward jets. However,
one should isolate them in order to avoid contamination form 7% — ~7 decay. Additionaly, due to a a/(27)
suppression factor with respect to jet production, the cross-section is much lower. This was studied at LLx
BFKL order, giving a strong enhancement with respect to the quark-box contribution. We are not aware of
recent studies of that process at NLLx order.

Another observable, of the same type as the one investigated above for Mueller-Navelet jets, has been
proposed [508]: the dependence on the azimutal angle ¢ of the forward jet with respect to the incoming lepton.
The lowest order contribution eq — eq predicts a back-to-back emission. The O(as) corrections, from the
partonic processes e + g — e+ qq or e +q — e + g+ g, give a dependency of the type

j—z ~ A+ Bcosd + Ccos(29) . (5.57)

O(a?) corrections give a dependency of the same type, but for the B term which vanishes, due to antisymmetry

in the polar angle distribution (6 — = — ) of the quark-antiquark pair at the top of the diagram, at the +*
vertex. At O(a?) these quarks are predominantly produced backwards, i.e they are not tagged as forward jet.
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Figure 5.44: Exclusive vector meson production at large t.

After integration over their total phase space the antisymmetric contributions thus cancel out. One thus gets

do , ,
prie A"+ C' cos(2¢) (5.58)

with C’ < 0, thus leading to a maximum at ¢ = 7/2. The BFKL ladder is expected to flatten this distribution.
This effect has been studied at LLx level in [508] and at NLLx in [487] for the Green function. A full NLLx

treatment, including the NLLx jet vertex, in the same spirit as we did for MN jets in Sec. 5.1.1, has not been
performed.

5.2.4 Exclusive vector meson production

Hard exclusive vector meson production in the diffractive process v*) p — V X at large s, with a gap in rapidity
between the meson and the proton remnants, is enhanced by LLx resummation effects [509,510]. It is thus a
very interesting process to be studied at HERA, since it is an excellent playground in order to understand QCD
when combining delicate collinear effetcs (including possible higher twist contribution) with hard Regge type of
dynamics specific to the HERA kinematics. For the same reason, as we will see in the next chapter, ILC will be
an ideal place for extending this studies. Much experimental efforts have been devotted to this process by both
H1 and ZEUS experiments, with an impressive improvement of the precision, in particular for the measurement
of the various spin-density matrix elements [256-261].

Depending on the values of ¢ , the proton would remain almost intact, or would be destroyed by the interaction
with the virtual photon. From the theoretical side, a perturbative description is possible when ¢ and/or Q2 is
large, providing the hard scale which justifies factorization. The exclusive v*p — J/¥ p was the first process
to be discussed in this context [511] in the ¢ = 0 limit.

On the other hand, at large ¢, the process v*) p — V X is sensitive to the non-forward structure of the
hard Pomeron. The mecchanism is then based on the coupling of a Pomeron to an (on-shell) parton extracted
from the proton, described by usual PDFs, as illustrated in Fig. 5.44. The approach is thus rather similar to
the double exclusive jets production studied above. For the same reason, one need to couple this non-forward
Pomeron to the quark or to the gluon in a consistent way, relying on the Mueller-Tang prescription [447].
Many theoretical focussed on the BFKL resummation effects, at LLx order [512], either by iterating the kernel
numerically [513] or by taking approximate analytical solution of the non-forward BFKL equation, restricting
to the azimuthally symmetric solution n = 0 [514]. In these approaches, the coupling to the meson was treated
in a non-relativistic way, which means that the quark and antiquark making the meson should equally share
the momentum of the meson. This can be justified for heavy mesons like J/W¥ or T . In that case, defining the
velocity of the quark by v, one can show that %(1 —v) <z < %(1 + v) which gives a support localized at
12 % in the non-relativistic limit v < 1 (see for example page 189 of [9]). This does not apply to light-vector
meson (p,w, @) for which v — 1. In that case a more elaborate collinear factorization is needed, leading to the
introduction of DAs, as we discussed in Chap. 1.

The first model of diffractive leptoproduction of vector mesons v*p — V p based on QCD factorization
involving a DA was presented in the seminal paper [28], in the HERA kinematics, using Q2 as a hard scale.
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It is a LLQ approach in the t—channel, combining meson DA with gluon PDF (at large s skewness was not
taken into account and the discussion was restricted to the ¢ = 0 case). Emphasize was put on the end-point
singularities encountered for transversally polarized meson.

A LLQ model for heavy meson production was then elaborated in [515], introducing a transverse momentum
for the quark and antiquark inside the meson, thus going outside of a pure collinear treatment, which lead to
the absence of end-point singularities. Results were obtained for the various polarizations of 4*) and V.

Meanwhile, a model was elaborated, which relies on hadron-parton duality, i.e. on the fact that the produced
p or J/W are seen as resonances in their final multi-hadronic states, with appropriate quantum numbers JZ¢ =
177, and does not use the concept of collinear factorization for the meson production [516-518] (MRT model),
and for which therefore the problem of end-point contributions does not exist.

Within the kp—factorization approach for exclusive processes [519], a full analysis a the polarization effects
was performed in [520] for the process v*p — pp, at large Q?. This was done using a dipole description for
the v* and for the p, which was then Fourier transformed to get the impact factor for the v* — p transition.
The coupling with the proton was treated using a simple model for the proton impact factor, respecting the
constraint that it should vanish for vanishing virtuality of the t—channel gluon. Denote as My, », the helicity
amplitude of the process, where A\; = 0, & is the photon helicity and Ay = 0, % is the vector-meson helicity*. The
s—channel helicity conservation rule, which we already discussed in Sec. 1.4.7 within a pure collinear approach,
was studied within the kp-factorization [520]. Pure SCHC would mean that My, = Myo = My_ = 0, which
is now modified by a possible transfert of orbital momentum from the two t—channel gluons, which is outside
of a pure collinear treatment a la ERBL-DGLAP. The obtained results lead to hierarchy:

Moo > Myy > Miog > Moy > My (559)
with the scaling given by
Mo VIt 1 My, (M)1+~y MO+N_\/|t|<M>Q
Moo Q V2y' Moo Q v Moo Q? v
M,y t|(M) 2 2 t|(M
0D 20+2) .
Moo Q v Qm3

where (M) is the mean invariant mass of the ¢ g dipole, weighted by the p light-cone wave function, which is
expected to be of the order of the meson mass (except for peculiar configurations for which the dipole may
become larger, see below). Eq.(5.60) leads to the hierarchy (5.59) for the gluon anomalous between .5 and .7.
No end-point singularity was encountered in this approach, due to the off-shellness of the {—channel exchanged
momentum, by an amount of k2%, playing the role of a regulator in comparison with usual GPD or PDF based
approaches in which parton are on the mass-shell.

The recent HERA data [260,261] are in agreement with the above hierarchy, as can be seen for the two
dominant transitions in Fig. 5.45. They exhibit the expected twist 2 dominance of the vj — pr, transition with
respect to the the v7 — pr. The WWQ* » evolution is governed by a Pomeron-like behaviour. A transition is seen
in the data, governed by the parameter Q* + M3 , from a DL type of intercept [305] towards a hard Pomeron
intercept of the order of 1.3, compatible with inclusive DIS studies. The data for ratio oy, /o7 = |Moo|?/|M11]?
are also consistent with the MRT model [516-518]. This may indicate that this ratio is not very sensitive to the
precise form of the p wave-function.

It turns out that the data can also be well described by a GPD like evolution, when including a gaussian
ansatz for the meson wave function combined with Sudakov resummation effects [171-173]. The effect of
saturation in exclusive meson production has been adressed by many authors [397,398,406,408]. See [261,
263] for a comparison between some models including saturation and the most recent data, showing that
electroproduction of meson can be described in a dipole model including saturation. Thus, the situation at the
moment is rather confusing. There seems to be a need for at least a linear BFKL type of dynamics. However,
improved GPD like model can describe the data. Light-meson electroproduction at large W? is a very complex
process, due to the mixing between several type of dynamics (collinear and Regge-like), combined with various
sources of higher twist contribution (from the meson side as well as from the Pomeron side). It is thus very
prematurate to extract any definite conclusion at the moment when comparing the data with the available

40ne should be aware to the fact that experimentalists usually denote these helicity amplitude by permutting the two indices,
see for example Ref. [261].
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Figure 5.45: H1 data for the ratio of the two dominant transitions in light-meson electroproduction, with the
notations T3 = M4 4 and Tyo = Moo . Figure from X. Janssen (H1) DIS 2008 [262].

models. In Chap. 6, we will study in detail how a consistent twist-3 treatment of p-electroproduction (including
both 2 and 3-body contributions) can be carried on. We will compute explicitly the y*p impact factor up
to twist 3 both within CCF and LCCF methods. This new building block should provide very interesting
phenomenological effects for any semi-hard exclusive process.

The photoproduction process yp — p X has been studied at large ¢, in Ref. [521], taking into the chiral-odd
DA of the photon which can contribute at low values of Q? in addition to its chiral-even ponctual coupling.
Both chiral odd and chiral even p—meson had thus to be considered in order to get a consistent treatment.
The authors of Ref. [521] restricted themselves to the WW approximation, therefore only considering 2-partons
contributions to the p—meson, the twist 3 contributions being generated by pure kinematical effects. Again
denoting as My, , the helicity amplitude of the process, where Ay = %+ is the photon helicity and Ao = 0, £
is the vector-meson helicity, one obtains the following results from the point of view of end-point singularities:
the non-spin flip chiral-even part M{%" as well as the single spin-flip chiral-odd part Mj’féd and double spin-
flip chiral-odd part Mf;d_d faces end-point singularities, while other contribution are finite. Thus, contrarily to
the electroproduction case, it seems that the off-shellness of the t—channel exchanged gluons is not enough
to prevent end-point singularities. A detailled analysis with respect to t—scaling however showed that in
the phenomenological accessible range, the finite contribution Mi‘f should dominate with respect to other
contributions.

However, one of the problem arising from the t—shape of the data is the fact that they behave like do/dt ~
1/t%, while the standard chiral even analysis, confirmed by the analysis of Ref. [521], predict a behaviour like
do/dt ~ 1/t* for the T — T transitions and do/dt ~ 1/t3 for the T — L transition. The addition of a chiral
odd contribution does not change this behaviour.

A LLx analysis of the HERA data at the level of differential cross-section do/dt indicated a need for LLx
type of resummation both for heavy and light vector mesons [522,523]. Note that effect of NLLx simulated
by the modified BFKL LLx through the kinematical constraint was found to have quite an important effect,
strongly depending on the scale taken for the running coupling. A somehow similar analysis to the one of [521]
have been carried on more recently in [524,525]. The chiral-odd contributions are then obtained by giving a
constituent mass to the quark. As is well known, such a term is responsible for chiral-odd transitions. The
problem of end-point singularities, which might be a sign for breaking of factorization, has been adressed in
this analysis. It was shown that BFKL LLx resummation improves the infrared behaviour, as is usual for
BFKL Pomeron. This model leads to a good description of the data at the level of do/dt within a pure LLx
treatment (Fig. 5.46). It however needs a phenomenological adjustment of the sy parameter which is needed
to define the rapidity and which is not prescribed in LLx, taken there to be a linear combination of mi and t.
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Figure 5.46: Exclusive vector meson production at HERA. Figure from [524].

When distinguishing the pr and pr production amplitude through the measured spin-density matrix element
9% coefficient (which is approximately proportional to | M, |?), the models of [525] failed in describing the data,
getting a contribution with a wrong sign, although one may claim that the experimental value is small.
Another approach, based on a modified meson wave function which goes outside the pure collinear approxi-
mation has been developped. In this model, the quark and antiquark can carry transverse momenta with respect

to the meson momentum. Their distribution is given by a gaussian distribution

VAL, 2) = fy 5 5

VA 0 +my
M exp l_”_iq (5.61)
mi, 2zZmy,

in a similar way as the GPD like approach of [171-173] for meson electroproduction. The form is motivated by
QCD sum rules. It is obtained by Borel transformation of the quark propagator coupled to the virtual photon
with respect to @* and by substitution of the Borel variable by m3,, where my is of the order of the meson
mass [526]. This model can be used after Fourier transform in transverse coordinate space to get a dipole
formulation of the scattering process. The usual hard contribution is obtained when all propagators involved in
the impact factor when coupling the t—channel gluons to the photon are far off-mass shell. In dipole language,
it means that the dipole have a small size. However, there are two interesting situations in which this dipole
which scatter off the proton can have a large size. The first situation occurs when the longitudinal fraction of
the momentum carried by quark or antiquark building the meson vanishes. This potential end-point singularity
contribution are regularized by the above ansatz (5.61). Indeed, as shown in [527], the end-point contributions
can be resummed at all twist and leads to a finite result. The second situation of large dipole size occurs when
the t—channel gluons are attached to 2 different quark lines. In that case, for photoproduction, the quark
propagators between a t—channel gluon and the photon can have a momentum which is purely longitudinal, for
certain configurations of the hard ¢—channel gluons. This leads to a typical topology very similar to the uper
part of Fig. 1.4 which we shortly discussed in the large angle Landshoff mecchanism. Indeed, in this situation
both the quark which is part of the dipole coupled to the p and the quark which is part of the dipole coupled to
the photon have almost zero transverse momentum [528]. This mechanism®, combined with a double-logarithmic
> (s In1l/x Int)™ approximation, leads to a flattering of the ¢ dependency for the non-flip transition amplitude.
This could provide an explanation for the similar experimental magnitude of pr and pr photoproduction. It
also provides a correct sign for the r% coefficient.

The diffractive photoproduction of photon has also been studied [519,529-531], within kp-factorization in
LLx. The amplitude is dominated by non-flip transitions (the flip transition is 1/t suppressed with respect to

5This model does not include any chiral-odd contribution.



180 CHAPTER 5. INCLUSIVE AND EXCLUSIVE TESTS OF BFKL DYNAMICS

the non-flip transition). The corresponding non-flip transition amplitude is predicted to fall off like 1/¢ at the
Born level (two gluon exchange). When taking into account LLx BFKL evolution, the fall off at the level of the
cross-section should go much faster than 1/¢2, basically due to the fact that at the level of the amplitude, the
enhancement factor goes like exp(12In2ay/7In W2/(—t)). Even for very unatural low values of o ~ .14, it
would lead to a cross-section scaling at least like 1/¢>®. This has been measured by the H1 experiment [532].
Although the W? evolution is compatible with a BFKL type of evolution (but statistics prevent from any
conclusion, the value of the intercept being not very well constraint), the observed ¢ shape is 1/t>% | much less
steeper then predicted by LLx.

Before ending this section, we should comment on the fact that we have ignored in the above discussion the
effect of the non-forward kinematics, of the GPD type. This question was adressed in [533]. Based on the fact
that the QCD evolution is based on splitting of partons, it tends to push partons from large to low value of
x when increasing Q2. In the low zp; limit, i.e. low £ limit, the typical non-diagonal content of GPDs, at a
given scale Q2 for x ~ &, arises from the evolution of partonic distribution at a low Q2 value with x > £. It
thus means that the intial partonic content could be described only in terms of usual forward PDFs, leading
to a kind of “washing-out” of non-forward effects. This can be quantitavely implemented using the Shuvaev
transform [534] which relies on the fact that due to the conformal invariance of LLQ ERBL-DGLAP evolution,
known to be diagonalized through Gegenbauer moments, it is possible to recast the study of GPD evolution as
the DGLAP evolution of some usual PDFs, if one can find effective forward PDFs whose Mellin moment are
equal to Gegenbauer moments of the GPD under study. This problem can be analytically solved, giving an
integral transform which relates the GPD with this effective PDF. The detailled study of [533] showed that this
“washing-out” effect turns in practice to a multiplicative correction factor, the so-called Shuvaev factor, when
passing from PDFs to GPDs at small zp;, which tends to unity in the typical kinematical range of HERA we
are here considering, with a precision of the order of 10%. See however [23] for a review of the limitation of this
method.

5.3 ~*y" at LEP2
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Figure 5.47: The v* — v* total cross-section in kp—factorization. Figure from [535].
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The LEP2 available energy (/s.+.- = 183 to 202 GeV) allowed tests of the total y*y* cross-section, thus
realizing the idea of onium-onium total cross-section. This process was studied with LLx BFKL [536-538],
dipole model [W9, 539], modified LLx BFKL (based on kinematical constraints) [535,540] (see Fig. 5.48a). A
NLLx BFKL was carried on [326,327] (see Fig. 5.49a), based on a NLLx Green function and a LLx impact
factor, with a BLM [158] prescrition which had the effect of significantly reduce the NLLx corrections with
respects to the LLx Pomeron.

The LEP data [541-544] have been analyzed in view of these models. Fig. 5.48b displays the comparison [540]
between OPAL data and modified LLx BFKL (modified by kinematical constraints), including quark box
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Figure 5.48: a (left): Modified LLx BFKL prediction, with so = Q% (upper curve) and so = 4 Q? (lower curve)
versus Born. b (right): OPAL LEP2 data for v*~* total cross-section. versus modified LLx BFKL prediction.
Figures from [540].

(simulating usual DGLAP for Q1 ~ 2), soft Pomeron and reggeon contributions. A comparison between
DELPHI data [541] and the NLLx model of Ref. [327] is given in Fig. 5.49. First, the Born 2 gluon exchange
and quark exchange are too small in the large Y set of the data. Second, LLx BFKL is too high (even including
quark mass effects, which have an important effect [545]). The scenarios with modified LLx BFKL or NLLx
BFKL with BLM scale fixing is plausible, but not needed by the data which could equally well been described
by LLQ type of resummations, except in the large rapidity domain, for rapidities larger than 4, where there is
presumably a sign of BFKL type of dynamics. Due to the very complicate form of the NLLx v* — ~+* impact
factor, which is at present not available in a closed ready-to-use from, there have been no complete NLLx study
of the v*~v* total cross-section. Recently, one step further as been made, by adding to the LLx impact factor
additional NLLx terms nedeed to implement the invariance of the full amplitude with respect to sg and ug
dependence [546]. This has been done based on BLM [158] and PMS [153,154] procedure. This should be
contrasted with Ref. [326,327] where the BLM procedure was implemented at the level of the intercept itself,
which is not supposed to be a physical observable. However, it turns out that these two results are compatible,
and that this NLLx Green function + LLx improved impact factor also describes the LEP2 data at large rapidity.

However, lack of statistics forbade any definite conclusion, as one can see in Fig. 5.49b, specially for the
interesting experimental point at Y = 5.5 which has a very large uncertainty. Indeed, the luminosity (617
pb~! for L3, 592.9 pb~! for OPAL, 640 pb~! for ALEPH, 550 pb~!for DELPHI ) and the energy were limited.
Further, since the cross-section decreases very rapidly when the virtualities of the 4* increases, low (although
still perturbative) values of Q? are required, corresponding to out-going lepton very close from the beampipe.
At LEP 2, due to a rather high minimal detection angle, of only 30 mrad, the tagging of out-going leptons did
now allow for high counting rates. Including all LEP 2 data, only 491 events at L3, 133 events for OPAL, 891
events for ALEPH were collected. Thus, no definite conclusion could be obtained about a signal of BFKL type
of dynamics. This situation would of course change if we would have a high energy and luminosity collider,
with dedicated forward detectors. This should be the case at ILC, as we will discuss in Chap. 7.
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Figure 5.49: a (left): The two solid curves are BLM scale-fixed NLLx BFKL, with sg = Q2 (upper curve) and
so = 4Q? (lower curve). The dotted curve is the Born two gluon contribution plus the quark box exchange.
Figure from [327]. b (right): DELPHI data, compared with these NLLx predictions, with LLx and with the
quark-parton model (QPM), which is included in both NLLx and LLx predictions. Figure from [541].



Chapter 6

Exclusive processes in the Regge limit
beyond leading twist

Based on [W24]

As we have seen in Chap. 4, impact factors (including jet vertices) are building blocks of high energy reactions
in the kp-factorization approach. At the moment, several impact factors are known at the LLx level and at
twist 2. Some impact factors have been computed at NLLx: the v* — ~* impact factor, which enters the
v* — 4* total cross-section, the forward v* — p impact factor [317], and the forward jet vertex. We have seen
in the specific example of MN jets (see Sec. 5.1.1), which is one of the first complete NLLx treatment that have
been carried on [W27] (with the case of forward diffractive v*y* — pp production [328,439,443]), that these
corrections, contrarily to the general belief, can be very important, when passing from a LLx impact factor
combined with a NLLx Green function to a NLLx impact factor combined with a NLLx Green function.

Besides this, as we have seen in the previous chapter, the detailed polarization studies for the various
Y1z — pr,r transition in p—electroproduction extracted from HERA data exhibit two dominant transitions:
the dominating twist 2 47 — pr, and the twist 3 v — pr. This later one has been measured and is by no
means negligible. From the theory side, we have seen that various models exists. One of their common feature
is that they exhibit a huge sensitivity with respect to twist 3 or higher effects (end-point contribution, Landshoff
mecchanism, chiral-odd contributions...). According to our knowledge, there is at the moment no full-twist 3
computation of any hard exclusive process, and such a computation from first principle might be of importance
in order to check whether the data ask for a dynamical twist 3 contribution which would go beyond a pure
kinematical twist 3 description a la WW. This could be tested using asymtotical DAs. In the future, this could
be used for describing

Y (q) +7(d') — pr(p1) + p(p2) (6.1)

at ILC. In the next chapter, we will study in detail VZ,T(Q) + 95 7(¢") = pr(p1) + pr(p2), leaving the phe-
nomenological study of v*(q) +v*(¢') — pr(p1) + p(p2) for future projects.

On the other hand, as we have seen from the beginning of this manuscript, p-exclusive production is an
interesting playground for developping and testing theoretical tools, besides any phenomenological question.
This was in particular our basic object when exhibiting a picture of factorization at moderate energy involving
a TDA and a GDA at twist 2, see Sec. 2.4.

As we have seen in Chap. 3, the application of factorization to the description of an exclusive process beyond
leading twist is not straightforward. One of our goal for the present study is to show explicitely, on a specific
example at twist 3 level, how the LCCF leads to rather simple practical computations. We will thus now
compute in detail the v — pr impact factor up to twist 3. This will be done both within LCCF and CCF
approaches, in the forward limit. We will show that these two results are identical, and that they are gauge
invariant and free of any end-point singularities [W24, W48, W50, W54, W56].

A perturbative treatment of the process (6.1) is valid within kr—factorization whenever the virtual photons
carry large squared momenta ¢*> = —Q? (¢* = —Q") > A%p, and the Mandelstam variable s obeys the
condition s > @Q?, Q'2, —t ~ r2. The hard scale which justifies the applicability of perturbative QCD is set by
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Figure 6.1: v* — p impact factor.

Q? and Q"? and/or by t. Neglecting meson masses, one considers for reaction (6.1) the light cone vectors p; and
p2 as the vector meson momenta (2 p; - p2 = s). The virtual photon momentum ¢ then reads as usual

2
q:plf?m- (6-2)

We focus here on the v* — p impact factor ® of the subprocess
g(k1,€1) +7"(q) — g(k2,€2) + pr(p1), (6.3)

illustrated in Fig. 6.1a. As we have seen in Sec. 4.2, it is the integral of the S-matrix element SZ; 97PT 9 with
respect to the Sudakov component of the t-channel £ momentum along ps , or equivalently the integral of the

k-channel discontinuity of the S-matrix element Sﬁ g

+o0 +oo
1 dk w, 1 dr

foxd —»p(k’ Z_E) =V M % %Sl g—*pg(k’ I_E) =V M % % DiSC,.i Sz g—»pg(& Z_E); (6.4)
—00 0

where £ = (q + k1)? denotes the Mandelstam variable s for the subprocess (6.3), as illustrated in Fig. 6.1.
Note that the two reggeized gluons have so-called non-sense polarizations 1 = 5 = pa4/2/s. Considering the
forward limit for simplicity, the gluon momenta reduce to

K+ Q*+ kK K+ K
k1:%?2+kb ko = s_ p2tki, ki=ki=k =-k. (6.5)

Finally, let us note that when writing (6.5) we took an exact kinematics for the fraction of momentum along
p2. This kinematics naturally extends the usual Regge kinematics in the case where ¢-channel momentum
transfer along po is allowed, which corresponds to the skewed kinematics which is typical of GPD studies. In
usual computation of impact factors used in kp-factorization, one usually makes the approximation that these
two fractions are exactly opposite. Here we make such a choice in order to introduce skewdness effects in a
correct manner since these terms will contribute at the twist 3 order we are interested in. Note that within
kp-factorization, the description of impact factor for produced hadron described within QCD collinear approach
requires a modification of twist counting due to the off-shellness of the ¢t—channel partons. Therefore, when
here we say ”up to twist 3” we only mean twist counting from the point of view of the collinear factorization of
the produced p—meson, and not of the whole amplitude, e.g. v*p — pp or v*v* — pp.

In order to describe the collinear factorization of p-production inside the impact factor (6.4), we note that
the kinematics of the general approach discussed in Chap. 3 is related to our present kinematics for the impact
factor (6.4) by setting p = p1, while a natural choice for n is obtained by setting n = ng = pa/(p1 - p2) (this
latter choice for n, though natural, is somehow arbitrary as we discussed in Sec. 3.5.1.

We will now distinguish and make a comparative analysis of two different approaches: LCCF and CCF. We
will show that these two results are actually fully equivalent to each other, when using the dictionary of Sec. 3.6.
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Figure 6.2: The detailled structure of the diagram (a).

6.1 Calculation based on the Light-Cone Collinear Factorization ap-
proach

6.1.1 ] — p; transition as a recall

Working within the LCCF, we first recall the calculation of the v; — pr, transition which receives contribution
only from the diagrams with quark-antiquark correlators'. It is given by contributions from the P term of the
correlators (3.10) of the twist 2. Higher order corrections would start at twist 4, which is below our accuracy.
The computation of the corresponding impact factor is standard [509]. It involves the computation of the 6
diagrams of Fig. 3.4. The longitudinal polarization of the virtual photon reads, in the Sudakov basis,

Q2
el = 0 (p1 +rh ) (6.6)
while the momentum of the p reads
m2

Pg—p1+?pp27 (6.7)

and the longitudinal polarization of the p is

1 m?

H=el = |pt——Lph]. 6.8
€L =¢,L m, <P1 . P2> (6.8)

Consider for example the diagram (a) of Fig. 3.4, as illustrated in Fig. 6.2. Computing the corresponding
S-matrix element, the corresponding contribution to the impact factor reads

®, — 12 6% 1 / /d'iTT [fve (Yyp1 — 4) P2 (%2+§151)152151]%(y), (6.9)

=—eq——(—1 ;
AR Ty (p1— @ + inl[(kz + Gpr)? + ]

where the factor 1/4 is reminiscent from the Fierz identity, the factor 2/s comes from the normalization of the

% is due to the fact that when summing over the color of
the t—channel gluons, the net color coefficient for v*v* — pp should be (N2 — 1)/(4N?) (due a Fierz factor
1/N. when factorizing each of the two p DAs). Among the two propagators, only the second one, involving
(ke +yp1)® +in = KT — k®x + in has a pole in x, contributing when closing the contour below (therefore
contributing to the discontinuity). The result is then easily obtained after extracting the corresponding residue.
Diagram (c) provide the same contribution, since it can be obtained from (a) by the replacement x < Z.

Diagrams (b) and (d) vanishes for this twist 2 transition. Diagrams contributes only when closing the k contour

non-sense polarizations. Finally, the color factor

Hereafter, except for final results, we perform the computation for a meson which would be a one flavour quark-antiquark state.
Its wave function is then restored at the very end.
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k2 +y1p1 Y1 p1

ko

k1 — 91 p1

k1 —91p1 —§1p1
k1
Figure 6.3: The detailled structure of the diagram (b1).

above. Finally, the net result for the v; — pz, impact factor is, after taking into account the p° wave function

/dy 1Y) —— - (6.10)

Note that diagrams (a) and (c) of Fig. 3.4 are the only diagrams which contribute when computing the hard
part by closing the x contour below.

6.1.2 ~} — pr transition

We now concentrate on the v — pp transition, which impact factor will be one of the main results of this
paper. The 2-parton contribution contains the terms arising from the diagram Fig. 3.4, where the quark-
antiquark correlators have no transverse derivative, and from the diagrams Fig. 3.5, where the quark-antiquark
correlators stand with a transverse derivatives. The computation of the diagrams of Fig. 3.4 for the v — pr
transition goes along the same line as for the twist 2 v — pp transition discussed above. The practical trick
used for computing the contributions of Fig. 3.5 is the Ward identity

2 o 000 = PY where — 1
P m—p—ie’ (6.11)
p p oop

where lines denotes fermionic propagators. This leads to an additional Feynman rule when inserting a derivative.
The corresponding insertions are denoted with dashed lines in Fig. 3.5.

Consider for example the diagram (bl) of Fig. 3.5, illustrated in Fig. 6.3. Computing the corresponding
S-matrix element for the vector part, the corresponding contribution to the impact factor reads

oY = 12, . 5 g 1/ /dHTva (Fr — 1) ¢7 (K1 — §p1) P2 P P2 (2 + y p1)]

“ea 509 fpmp2N 25 [(k1 — §p1)? + in)2[(k2 + §p1)? + in) 2 (), (6:12)

This part of the impact factor receives (identical) contributions when closing the x integration contour either
from above or from below, which reads

1
§ab —eh e (YT Q>+ E*) +2eh - keh - k(1 —2y)
oo | Wy—— (Q2yg+k§)2 L 5 (y) - (6.13)

" k

2
€q9
(I)Z‘J/l :_qTfpm

The computation of the axial part is similar (note the i/4 factor from Fierz)

P2, 5" 1 dk Trl¢y %1*%51)%4(%1*yiﬁl)ﬁzﬁWsm(kzﬁLylﬁl)] a
i =—eq 75 (=g Tomogy, 25/ / [(k1 = 5p1)2 + in]?[(k2 + gp1)? + in)] “eiom 03 ().

(6.14)



6.1. CALCULATION BASED ON THE LIGHT-CONE COLLINEAR FACTORIZATION APPROACH 187

Yyi1p1

(y2 —y1)p1

—k2 —Y2p1 —F2p1

Yy2p1 —4q

Figure 6.4: The detailled structure of the diagram (aG1).

and leads to

1
eq g2 §ab —eh el (yyQ? — )+26T keh -k o
o :fq fom /dyy paly). 6.15
4 N T T) (6.15)
The contributions of 3-parton correlators are of two types, the first one being of ”abelian” type (without triple
gluon vertex, see Fig.3.6) and the second involving non-abelian coupling with one triple gluon vertex (see Fig.3.7)
or two (see Fig.3.8). Let us first consider the "abelian” class. They involve two kind of Casimir invariants:

1 é‘ab é‘ab
— Tr(t¢ o b ¢¢)= 1 1 1), (fG1 1
N Tt £ 4)=Cr 5 = Ca g (aG), (¢G1), (eG1), (1G1) (6.16)

1 ¢ 1a ac aby_ Nc 5ab _ 5ab
N e et )_(CF - 7) 33 = O 37+ (W61, (d4GD), (aG2). (cG2), (bG2). (4G2), (eG2). (G2)

where the 1/N, comes from the Fierz coefficient when factorizing the quark-antiquark state in color space.
Again, to illustrate the method, we consider the peculiar diagram (aG1) of Fig.3.6, illustrated in Fig.6.4. The
vector contribution reads

V. — e ( )2 fm / 1 d /d'i Trigy (1P — d) ¢7 (Y21 — d) b2 (K2 + G2 $1) P2 1]
acl ? 4 p Mo 2N 2s [(y1p1 — @) +in][(y2p1 — @) +in][(k2 + J2 p1)? + in]
X B(y, y2), (6.17)
and equals
2 b
€q 9 “ e e
Docy = —qT fomy N, dy1 dyz ngQ;B(yu y2) . (6.18)
0

The corresponding axial contribution reads

A, = _¢ ()g £,m /dy1 yQ/d’f Tri¢y (yr 1 — d) Yo (Y261 — d) P2 (K2 + G2 1) P2 1]
acl e 4 p Mo 2N 2s [(y1p1 — @) +inl[(y2p1 — @) +in][(k2 + J2p1)? + in]
X 60(e’q"wpn D(yla y2) ) (619)
and equals
2 ab *
A _ €4 o er ey
(I)aGl - = D) - fp mp 2—]\76 O/dy1 dyg gl Q2 D(yl, yg). (620)

Consider now the "non-abelian“ diagrams of Fig.3.7, involving a single triple gluon vertex. They involve two
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Y1 p1

—ko —J2p1  —¥2p1

ki +(y1 —y2);

(y2 —y1) 1

k‘l k2

Figure 6.5: The detailled structure of the "non-abelian“ (with one triple gluon vertex) diagram (atG1l).

kind of color structure:

2 N, 1 6§
— (=) Tr(tctbedy fead = ¢ _— : 1 1 1 2 2), (ftG2 21
N7 g (DT ) = 8 ot (@G, (L), (etG1), (btG2), (G2), (1G2) - (6:21)
ab
Nf 1(71')Tr(t"’ td %) fead = f% CL;N : (ctG1), (btG1), (ftG1), (atG2), (dtG2), (etG2),
P F c

where the 2/(N2? — 1) comes from the Fierz coefficient when factorizing the quark-antiquark gluon state in color
space. Let us consider the diagram (atG1) of Fig.3.7, illustrated in Fig.6.5. We denote as

k¥nf + kPn”
d’k)y=¢"* — —— 6.22
(k) =g - (6:22)
the numerator of the gluon propagator in axial gauge, and
V,U«IHU«ZHU«S (klv k?v k3) = (kl - k2)#1 Gpaps 4 (623)

the momentum part of the 3-gluon vertex, where k; are incoming, labeled in the counter-clockwise direction.
The contribution of the diagram (atG1) then reads, for the vector DA,

1
12 (—4)N. 5 1 dk _
Blgr = —eagrigent ot me by g [dudve| SETHE (i~ D (bt ) o)
0

d”P (k1 4 (y1 — y2)p1) Vora(=k1 — (y1 — y2)p1, k1, (y1 — y2)p1) o
[(y1p1 — @)% +in][(k1 + (y1 — y2) p1)? + in)[(k2 + G2 p1)? + in]

P e el Blyr, y2) . (6.24)

Note that for this diagram, as well as for all "non-abelian“ diagrams, one can easily check that only the ¢g"*
part of (6.22) contributes.
Closing the x contour above or below gives for the vector DA part of the diagram (atG1) the result

2 ab m
€9 0" N, (Y1 — y2) U2 x
ot =5 "oy w op /dy1 WP )T P ) (0:25)

Similarly, the contribution of the diagram (atG1l) reads, for the axial DA,

A i2(—i)Nc §ab _
ot = —eay; 20y pfp2N 55 dyldyz Tr [+ (Y11 — 4) Yo (K2 + G2 1) P2 P175]

d"? (k1 + (y1 — y2)p1) me(*lﬁ — (Y1 —y2)p1, k1, (W1 —¥2)P1) » o

(1 — @)% T inl [k + (o — ) p1)® + ][Ok & G pn)? 4 ] P2 € oo D001 92) - (6:26)
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Figure 6.6: The detailled structure of the diagram (gttG1).

and closing the x contour above or below gives

2 ab _
eq9 6% N, (Y1 — y2) Y2
P, =1 m ——/d d e ey Dy, ya) . 6.27
atG1 9 pfp 2N, Cp / Y1 ay2 0 (§1E2+§2 (yQ*yl)QQ) T €y (yl y2) ( )

We consider now the "non-abelian* diagrams of Fig.3.8, involving two triple gluon vertices. They all involve

the color structure

N. 6ab
T tctd cea edb:_C .
et e f Cr 2N

e (6.28)

For illustration, let us consider the diagram (gttG1) of Fig.3.8, illustrated in Fig.6.6. It reads, for the vector
DA,

1
12 (—i)N, s 1 dk .
Bl = —eago ot 8 mofogne oo [ didu [ 55T (i - B (~a+ (L4 - ) )
0

Vora (@ — (1 +y1 —y2) p1, k1, —k2 + (y1 — y2)p1) d*? (k2 + (y2 — y1)p1)
(y1p1 — )2 +in)[(—q+ (L +y1 — y2) p1)? + in[(k2 + (y2 — 1) p1)? + 7]
X Vars(ka + (y2 — y1)p1, —k2, (y1 — y2)p1) p3 03 €5 B(y1, y2) - (6.29)

It equals, when closing the x contour below on the single pole coming from the third propagator,

1

2 ab
€9 5" N 1 By, y2) .
q)g‘]/ttGl = *qT mp fp Q—NCC_F@/ Y1 dy2 TGT-%. (6.30)
0

The axial DA contribution from the diagram (gttG1) reads

2 (—)N, sab 1 d

7 —12) N, a K y
Bl = —ca o gt o fy oo [didu [ SETrA (i~ )% #0951 7 (<0 + (14 3~ 1) )

0

Vora(q = (1+y1 — y2) p1, k1, —ka + (y1 — y2)p1) d*P (ks + (y2 — y1)p1)
(yip1 — @2 +in)[(—g+ (L +y1 —y2) p1)? + ) [(k2 + (y2 — y1) p1)? + i)
X Varo(k2 + (Y2 — y1)p1, —ka, (Y1 — y2)p1) P2 D3 € s B(y1, y2) - (6.31)
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It equals, when closing the x contour below on the single pole coming from the third propagator,

1
2 ab
eq g 0% N, 1 / D(y1, y2)

oA =12 m —_— dy, ——="=2el. - e, . 6.32
gttG1 9 o Jo 2N, Cr Q2 / Y1 Y2 h T Ey ( )

All other diagrams of each class can be computed according to the previous examples.
In order to present now the full result in a compact form, we decompose the result impact factor into

spin-non-flip and spin-flip part. The non-flip part is proportional to

Toy = —(ey-e7), (6.33)

whereas the spin-flip part involves

(ey ki)(er ki) | (ey-er)
T, = 6.34
We label the transverse polarizations as?
B = (m L el — — (01,4
€ = V= e1+ies] = 0,1,7,0), 6.35
) = D= e el = (01—
€ = e = e 1es] = 0,1,—1,0). 6.36
5 ler— el \/5( ) (6.36)
They satisfy
W = (=N (6.37)
and
e =M e =1 and DD =D = 1. (6.38)
In this basis,
€EL+) eChx 4 6&—) e = 6§L+) )4 6&—) etH) = —91 - (6.39)
Decomposing the impact factor as the sum of spin-non-flip and spin-flip contributions
QU (k) = @) (K Tog, + 7T (R T (6.40)
and introducing the notations
2 6ab
— k2/02 d ab _ €9 mp fp A1
a=k"/Q° and C 7\/5622 5N, (6.41)
one obtain the following results for the two bodies contribution
1
ST () = c 1 CF/dy1 2y1 = Dol (1) +2y1 (1 —y1) w3 (y1) + ¢4 (1)
nf2 = 2 CF y1 (L—y1)
2a(a+24 (1—y) (g — D) ¢T (1) + 64 () } (6.42)
yi (1=y0) (a+ y1 (1—w1))°
and
c 1 / 4
QT () = ————C /d c 1—-241) oT (1) + 5 ()] - 6.43
o (k) 5 o OF J Y1 at ) o) [( 1) 1 (1) + ©a(y)] (6.43)

2Convention of Landau.
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The three bodies contribution reads

(I);Yle_?:PT(kQ Cab_/dyl/ {yl ¢ D (y1,92) (( a (N —2Cp) + aNe(1—y1) >

at+(l-y)yr \(n1—y2+Da+yi(l-y2) vaa+yi(y2—1)
G B(y1,y2) ( (QCF* )2y —1) aN: (1 —y1) > (6.44)
at+(l—y)yr \(1 —v2+Da+yi(1—y2) wyea+yi(y2—y1) '
2CFrn 1 N (1= y2) (y1 — y2) Q?
+ (& B (y1,y2) + ¢ D (v, ( - [ +Cr + Ne
(Cs (yl yz) Cs (yl yz)) a+(1—y1)y1 - (1—y1)a+(1—y2) (yz—y1) F
and
T (12) = c* 1 dawy ( 2C0p = N. _ Ne )
13 - 2 Crat+yi (1—y1) \a(l+y1—y2)+y1 (1—92) ay2+y1 (—y1+y2)
x [ D(y1,y2) M+ y1 —y2) + ¢ Blyr,y2) (1—y1 —y2)] - (6.45)

The full result for the impact factor reads, after several simplications due to the use of the equation of motion
and the symetrical properties of 2 and 3-parton correlators, as

ST (k)

cab (a+2y1 (1 —w))a T T
- 2[4 21 — 1 +

5 { / et (o)) (291 — 1)1 (y1) + 9a ()]
n(l—y)a [ 2—N./Cr
at+tyr(I—y) o —y2+1)+ y1 (1 —y2)

1 v A 2+N(,/CF

Y2+ y1 (yo yl)} - 2/dyl Ay [G By p2) + GED (1, 2)] [ﬁ

Y1 (2= N./Cr) y1 7
+0<+y1 (1—y1) <a(y1 —y2+ 1) +y1 (1 —y2) 2>

dy1 dys [& B (y1,y2)— ' D (y1,92)]

&(yl —y2) (1 —y2) 1
JrCF 1=u a(l—y1)+(y2—y1)(1—y2)]} (6.46)
and

YTPT (1.2\ _ cab « T B B .

P (k7)) = 5 {4/dy1 atm(l 7y1))2 [@A(yl) (2y1 — 1) 1 (yl)}
f4/dy1 dy?#((ll—m) [G'D (y1,92) (—y1 +y2 — 1) + & B (y1,92) (y1 +y2 — 1)]
(2—N./CF) N 1
g |:O‘(y1 —pe+)+y(1—y2) Cryra+uy (y2— y1)} } : (6.47)

The gauge invariance of the considered impact factor requires a special attention. As we have seen at the end
of Sec. 4.2, the v* — pr impact factor is constructed in such a manner that it should vanish when k2 =0,asa
consequence of the gauge invariance of the impact factor. From our final formulas (6.46) and (6.47), it is obvious
to check that ®; and ®,, ; indeed vanish when EQ = 0 since T}, ;. is a phase for flip transition, which is regular
in the k* — 0 limit. The vanishing of the ”abelian”, i.e. proportional to Cr part of (6.46) is particularly subtle
since it appears as a consequence of the equations of motions (3.59, 3.60). Because of that some comments can
be useful. Let us note that the sum of Eq. (3.59) multiplied by y; and of Eq. (3.60) multiplied by g1 takes the
form

2517103 (y1) + (y1 — 7)1 (1) + o4 (y1) (6.48)

1 1
y1/dy2 B(y1,y2) + G'D (y1,y2)] — 1/dy2 B(ya,y1) + G D(y2,11)] ,
0 0
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from which, after integration over y; of the both sides of (6.48) multiplied by , we derive the equality

L 1 1
d
/yl—ygll (2y15103(y1) + (y1 — 1)1 (v1) + @a(m1)) = */dzﬂ/dyz B(y1,y2) + (5 D(y1,y2)] . (6.49)
0 0 0

©‘|w

Now, by inspecting the expression (6.42) in the limit & — 0 we see that only the first term in {...} survives and
it has a form of the L.h.s of expression (6.49). Similarly, by inspecting the expression (6.44) in the limit o — 0
we see, that only the last line of this expression survives in the limit &« — 0 and that the resulting expression
coincides with the r.h.s of (6.49). Consequently, the non-vanishing terms cancel out due to the relation (6.49).
At the same time, the vanishing of non-abelian (~ N.) part of (6.44) is the result of direct cancellation of
the nonvanishing contributions of the diagrams (bG1l), (dG1), (aG2), (cG2), (bG2), (dG2), (eG2), (f{G2) of
Fig. 3.6 (see Eq.(6.16)) with the corresponding ones coming from diagrams of Fig. 3.7 and Fig. 3.8 containing
triple-gluon vertices. Thus, the expression for the v* — pr impact factor has finally a gauge-invariant form
only provided the genuine twist 3 contributions have been taken into account, hidden in formula (6.46) when
writing ®,, ;. by the fact that we have used e.o.m., which explicitly relate 2 and 3 particles correlators.

We end up this section with a comment about the problem of end-point singularities. Such singularities
does not occur both in WW approximation and in full twist-3 order approximation. First, the flip contribution
(6.47) obviously does not have any end-point singularity. The potential end-point singularity for the non-flip
contribution (6.46) is spurious since ¢’ (z1), p¥ (z1) vanishes at 21 = 0, 1 (this is enough to justify the regularity
of the result in the WW approximation), as well as B(z1,22) and D(z1,x2).

6.2 Calculation based on the Covariant Collinear Factorization

We now calculate the impact factor using the CCF parametrization of Ref. [135-137] for vector meson DAs. Let
us outline basic ideas behind our calculation. We need to express the impact factor in terms of hard coefficient
functions and soft parts parametrized by light-cone matrix elements. The standard technique here is an operator
product expansion on the light cone, 22 — 0, which naturally gives the leading term in the power counting and
leads to the described above factorized structure. Unfortunately we do not have an operator definition for an
impact factor, and therefore, we have to rely in our actual calculation on the perturbation theory. The primary
complication here is that z? — 0 limit of any single diagram is given in terms of light-cone matrix elements
without any Wilson line insertion between the quark and gluon operators, like

(V(pv)[¥(2)7,4(0)[0)  and  (V(pv)[(2)7uAal(t 2)¥(0)]0)

we will call conventionally such objects as perturbative correlators. Actually we need to combine together
contributions of quark-antiquark and quark-antiquark gluon diagrams in order to obtain a final gauge invariant
result.

One should stress that despite working in the axial gauge one can not neglect completely an effect coming
from the Wilson lines since the two light cone vectors z and n are not equal to each other and thus, generically,
Wilson lines are not equal to unity. Nevertheless in the axial gauge the contribution of each additional parton
costs one extra power of 1/Q), therefore a calculation can be organized in a simple iterative manner expanding
the Wilson line. At twist three level it is enough to consider the first two terms of such expansion

1
[z,0] =1+ z'g/dt 2% Aq(2t) + O(A?). (6.50)
0
For instance, the quark-antiquark vector correlator can be written, for the general case 22 # 0, as
1
(V(pv)[9(2)7.(0)[0) = (V (pv) |1 (2) 7,2, 012(0)]0) — ig/dt<V(pv)Ii(Z)VuzaAa(zt)lﬁ(O)I@7 (6.51)
0

where we formally inserted the Wilson line in the r.h.s and performed its approximate subtraction according
0 (6.50). Then using relation (3.41), we express the gluon field operator in the second term of (6.51) in terms
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of field strength, which gives us the (V (pv)[¥(2)7,Gap(t 2)12(0)|0) correlator. For the later we apply again the
procedure of Wilson lines insertion (and its approximate subtraction)

(Vv (),1(0)]0) = (V(pv) 1 (2)7ul2, 0]2(0)[0)

1 oo _
—ig [ [dtdoe 7 (V(pv)|(2)[z, 2t + nolyznPGag(zt + no)zt +no,09(0)|0) +...,  (6.52)
00
where ... stands for the correlators with more than one gluon field.

Such correlator naturally appears (after Fierz decomposition) in the expression for the impact factor gener-
ated by the leading order diagrams of perturbation theory. Now we proceed to the extraction of leading 1/Q
asymptotic. It is achieved, due to the dimensional counting reasons, by the substitution of the off light-cone
correlators by their light-cone limit where 2t +no o 2, 22 — 0. In this limit, using the CCF parametrization
of Sec. 3.3.2 for the light-cone correlators, one can deduce after some transformations that

(p(p) |1 (2)7,1(0)]0)] 20 =

1 N 1 _
fomy |—ipu(e* - 2) [ dy e ™2 (h(y) — h(y)) + el [dy ezy(p'z)gf)(z) +..., (6.53)
0 0
where ... stands for the contributions vanishing at twist 3 level, and
Y Y v
h(y) = ¢V / day / davs 7(022,@2) : (6.54)
0 0 g

The physical polarization vector satisfies e - p, = 0 (or e - p = 0 since p, = p up to twist 3). On the other
hand, the transversely polarized meson is chosen to be orthogonal to the light-cone vectors fixed by the external
kinematics: e-ng = 0. But one should take into account that the er vector defined by (3.31) has a non vanishing
scalar product with the vector ng,
er np = ———. (6.55)
pb-z
This relation was used to derive (6.53).

Note that the zt + no « z condition means actually that the vector z (which is an internal integration
variable for the impact factor) is approaching during this limiting procedure the direction of the light cone
vector m, z < n. One should mention, to avoid any misunderstanding, that it does not mean that we must
put, say in Egs. like (6.53), the e - z scalar product equal to zero. What we actually do when performing the
1/Q power expansion is a Taylor expansion of scalar functions F(p- 2, 2%), which depend generically on the two
variables p - z and 22, with respect to the variable 22, whereas any scalar product of z with other vectors should
remain intact.

Performing a similar sequence of steps we obtain the following result for the axial-vector correlator at the
twist 3 level

(p(2p) 10 (2)7u759(0)]0)] 20 =

1 1
ifp My |€pasny e*apB 2 fdy 6”’(1)‘2)(9&1)@) _ §T) () + epaﬁye*apﬁn’yp . zfdy ezy(p»z)gf)(y) . (6.56)
0 0

with
y

7" ) =4Cé4/d041

0

A(al, ag)
aZ '

dag (657)

O\‘d\

Comparing the obtained results (6.53), (6.56) for the perturbative correlators with initial parametrizations
(3.34), (3.28) we see that at twist 3-level the net effect of the Wilson line is just some renormalization of the h
function in the case of vector correlator, whereas for the axial-vector we obtain in addition to the function g¢
renormalization a new Lorentz structure, the last term in (6.56). Nevertheless, we found that the last term in
(6.56) produces at the end a zero contribution to impact factor.
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Let us now discuss gluonic diagrams which involves quark-antiquark gluon correlators, like

(p(Pp) ¥ (2)7: Aa(w)(0)[0) .

Applying our procedure one can easily show that at twist 3 level

T * Va’a (p-z)ai+i(p-w)a
(p(Pp) |V (2)7ug A0 (W) h(0)|0) lwecz 220 = _mPfSVppHeTa/Dgi(ot 2) itps)en titpw)a (6.58)
g
_ . * AO&,O& i(p-z)a1+i(pw)a
P9 A0SO O st o = =i,y pucapman’ses [ Do 20D oiertitoanes,
g

see Eq.(3.42,3.43). Note that the first nontrivial effects induced by the Wilson line insertion start for such
perturbative correlators at the level of twist 4 only. Therefore taking into account such 3-partons contributions
is quite straightforward: one needs to calculate, projected in accordance with (6.58), diagrams describing the
production of collinear on-shell quark-antiquark gluon state. One comment is here in order. Perturbative
expansion generates, among others, diagrams where the gluon field is attached not to the internal part of
the diagrams but to the "external” quark (or antiquark) lines. Such diagrams, in accordance to the logic of
collinear factorization, should be factorized in terms of not 3-parton but 2-parton correlators. Quasi-collinear
gluon radiation appears at large distances and corresponding subprocess should be factorized not in the hard
coefficient but is included in the soft part of the process, described by the 2-parton quark-antiquark correlator.
The internal variable z (and w) integration can be reduced to the Fourier integrals

/d4z '3 = (2m)454(1), /d4z zq /%) = —i(2ﬂ)4%54(l)7

where [ stays here for some combination of the external and internal momenta®. The corresponding intermediate
calculations do not contain principle difficulties both for the case of 2-partons and 3-partons contributions. Note
that the contributions computed here have the same hard part as the one of the section 6.1, except for 2-partons
contributions with derivatives discussed in that section which have no counterpart here. In what follows, we
simply give the final results. Then we will discuss in details an important issue related with the restoration of
the gauge invariance for the final result.

We use the notations

k> N?
BEEA A C

For the 3-parton contributions we obtain the result

«

7692 m, fp 5ab

o3 = 199 AP3 6.59
o (9 (e) 80 (6.59)
with
Tt Dz _ _
AP3 = —Tf 7502 {CXV(Zl,ZQ)(Zl — 22) + C?A(Zl,ZQ)(Zl + 22)} (660)
1~2#g
and
_ 2«
999 = | D 6.61
@ = [P (6.61)
_ 2 _ _ _
v " (1 —cf)Zgz Cfzg (20 — Zicf)zize (21 — Zacy)Zo
14 A T, — — _
x {(43 (Zh 22) * CB (Zl’ 22)) S ( QZg + 2122 az + 2224 Z1 (a + 2121) (a + 2252)
1—cyr)z2 z > 5. — S
+ (& V (21, 22) — Q?A(Zl,ZQ)) 21T, (, 1)z — ,CfZgZI - ,CfZgZQ + i f2 + 1z ,Zl )
QZg + 2122 azy + 2224 Qzo + 2124 a+z1z21 o+ 2929

where Dz is defined according to (3.39) and where we have used symmetry properties of gluon distribution
amplitudes under the exchange of quark momentum fractions: V' (z1,22) = —V (22, 21), A(21, 22) = A(z2, z1).

3The subsequent integration over the internal momenta with delta function derivative is done using integration by parts.
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Let us discuss now the 2-parton contributions. We obtain

eg’m, f, 6
P2 = W’;P {qﬂq )+ AP} (6.62)
with .
~ o+ 227 20
0
where

(6.64)

whereas for A®? term we get

1
2 _ (v) 7 (2)
AD? = /dz{ (:) - 22 } . (6.65)
0

Note that ®%9(a) and %99 () vanish in the limit o — 0, whereas A®? and A®? do not depend on a. Now
we need to demonstrate that A®2 and A®3 cancel each other. It guarantees the property of the impact factor,
®(a = 0) = 0, which is directly related to the gauge invariance.

One can now separate from A®? the contribution A®?2 that is due to functions h(z) and % (z), which
originates in our method from the Wilson lines insertion procedure,

AD? = AP2 + AP, (6.66)
where
! d ~(a)(z)
AD2 =T, [ == (22— 1)h Al . .
f/,zz{(z i) + } (6.67)
0

To calculate A®?2, it is convenient to present h(z) and g( )( ) in the form

1 1
h(u) :Q//dt/Dzé(u—zl—zgt)M, gf)(z):4§§4/dt/D25(u—zlfzgt)M.
0 0

Zg Zg

Using this relation one can easily found that

AP2 — Ty ;. /Dz {d,/ V(z1, 22) In 2121 n ?A(ZDZQ) In 212’2} .
@ 2

2 Z, 2
Zg zZ9Z29 Zg zZ122

The second term in (6.66) can be reduced to the form

1

AD; = Tan /dz {In(2) g™ (2) + In(2) ¢*(2)} .

where [136]
g1 = 00 + 30 0E), 01(2) = () — g aeg ()
Then, we separate the WW and genuine twist 3 contributions to A®7,
AD? = APV 4 AQFIT
in accordance with

g (2) = g (@) + g1 (), g (2) = gT W (2) + g1 ().
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Using the explicit expressions for these functions in the WW limit

1 z

g "W (z) = i—uﬂﬁn(U), g“WW(Z)=/T¢||(U),
z 0

one can easily found that the WW contribution to A®? vanishes,
ABWW — .

Then, using results of Ref. [136] , which allow to express g'!9¢"(z) and g!9°"(2) in terms of 3-partons DAs,
we found after some transformations that

Aq)igen _ TnQ.f. /Dz {G’/V(Zl,@) (Zl —2 2171 i) " ?A(Zlsz) (51 + 29 I 21722 i)} '

Zg 2129 2922 Zg Zg 2129 2122 Zg

These results mean that

AD? — Tn_f/ D2 (¥ V(er, 20) (o1 — 22) + A1, 20) (51 + 22)} (6.68)

2 292172
and thus that the constant terms of 2-parton (6.68) and 3- parton (6.60) contributions cancel each other
AD? + AP = 0.
Finally, the impact factor is given as a sum of two contributions

_egtmy fp 6
VaQg: 2N,
where ®%9(«) and ®%9(«) are given in eqs. (6.63) and (6.61).

D(a) = {®9(a) + 999 () } (6.69)

6.3 Comparison of the two computations and discussion

The above results for the v* — p impact factor were obtained based on the LCCF and CCF method, and look
at first sight very different. As a testing ground of the validity of the dictionary elaborated in section 3.6, it is
interesting to show the exact equivalence between the two results. The detailed proof relies on the rewritting
of both results in terms of the DAs ¢ B, D, and uses the expressions for g/t 9¢" and g!T9¢" through V (thus
through B) and A (thus through D) as given in Ref. [136]. Since it is rather involved and technical, we do
not present the proof here. This is done with whole details in Appendix B of Ref. [W24], where the exact
equivalence between the two results is proven.

The above computation has thus explicitely illustrated the efficiency of the LCCF method, which allows us
to include in a systematic way higher twist effects, here examplified on the study of the p-meson production
up to twist 3 accuracy. Our computation is rather straighforward in LCCF approach, while more involved in
CCF. On the other hand, the price to pay in LCCF is that one needs to introduce a set of DAs which are not
independent. As explained in Chap. 3, the crucial point in the comparison of these two methods is the use
of Lorentz invariance constraints formulated as the n-independence of the scattering amplitude within LCCF
method, which allows one to reduce these DAs to a minimal set, when combined with the EOMs.

Our result of course does not preclude the solution of the end-point singularity problem which we already
discussed, and which may still require a separate treatment. However, we expect that we could use our result
to predict in a way rather independent of the unintegrated gluon distribution in the proton the ratio of the two
dominant transitions v; — pr and v} — pr.

To the best of pour knowledge, our obtained result is the first complete twist 3 result for an exclusive process
-including dynamical genuine twist 3 effects-, here based on kr—factorization. The first natural extension of the
present study would be to consider the non-forward case. This is essentially a matter of technical computations.
We do not expect any surprise at that level, but this is clearly needed in order to get a description of the ¢
dependence. In the electroproduction case, this will of course mix with the ¢t—dependence of the coupling of the
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Pomeron to the proton, which combines both perturbative (& la BFKL) and non-perturbative origins. Another
interesting question would be to consider twist 4 contributions, in particular when using practically the LCCF
approach. This again could be studied in this impact factor example. Besides this, we have not considered the
effect of ERBL-DGLAP evolution, which, although they are expected to be moderate due to the limited values
of Q?, might be of practical importance if phenomenology is to be done at an increasing level of precision.

The problem of combining NLLx studies with a twist 3 treatment should also be adressed. This could the
give a consistent treatment for all kind of transitions in the large s limit, at NLLx level. At the moment, we do
not know any example of NLLx description involving higher twist effects. Additionaly, the problem of end-point
contributions presumably require the inclusion of Sudakov type of effect. The problem of including such effects
within kp-factorization is an open question, even at LLx. Thus, hard p—exclusive production will presumably
remain a subject of very active research both from the experimental and the theoretical sides.
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Chapter 7

Onium-onium scattering in v(*H(*)
colliders

7.1 Sources of photons

The direct v+ cross-section (computed through the box diagram) is out of reach experimentally. For example,
o177~ 107%%(w, /eV)%em?, that is 107%°cm? for visible light (w ~ 1 eV)! This can be circumvent in two
ways: photons can be produced either, using the Fermi [547], Weizsécker [548], Williams [549] idea that the
field of a charged particle is a flux of equivalent photon (which are almost real), from a high luminosity collider
of charged particle (Ap, pp, eTp, eTe™) or from Compton backscattering to pump the energy of electrons of a
storage ring or of a collider in order to produce high luminosity and high energy photons.

7.1.1 Photon colliders: hadron and nucleus colliders

The first option can be realized in hadron and nucleus colliders: to produce high energy w = zFEz. photons
with high luminosity, the equivalent photon approximation

PV/Ze(Zv Q2) ~Z? Qem/ (2 Q2)

implies that one can use either a high energy (to compensate the 1/z pole) and high luminosity hadron collider
(LHC, Tevatron), or a heavy nucleus collider (Z? then balance the lower luminosity) (RHIC, LHC). At LHC,
both modes would give comparable fluxes of photons. Note however that contrarily to a general belief, as we
will discuss in Sec. 7.5.4, the hadron-hadron mode provides a higher flux than when replacing hadrons by heavy
nucleus. Still, vy events are poluted by pure (soft) hadronic interactions between source of photons, since
hadrons or nucleus are sensitive to strong interaction. One needs to select peculiar ultraperipheral events [550—
552] for which the typical impact parameter b between hadrons (nucleus) exceeds 1/Agcp. Such ultraperipheral
collisions of protons or nuclei of high energies constitute a promising new way to study QCD processes initiated
by two quasi real photons, since they mimic eTe™ colliders, which of course do not face any hadronic interactions
among themselves, and are thus considered to be very “clean”. Such a selection is possible experimentally
with very forward detectors, with (anti)tagging protons: forward detector at CDF (with coming data), LHC
detectors (Roman pots) suggested at 420 m (FP420 at cms and ATLAS) and 220 m (RP200 at ATLAS) from the
Interaction Point at LHC [459]. These last detectors are very promising for both vy and hadronic diffractive
physics (ex: Higgs exclusive production, MSSM, QCD), but they suffer from non trivial problems with fast
time trigger (long distance from IP to the detector to be compared with the rate of events at high luminosity).
Combining both detectors would increase acceptance. In the high luminosity mode of LHC, it is anyway not
clear whether pile-up (occuring when a second scattering occurs during the time of a first scattering) would not
prevent studies of ultraperipheral processes. Typically, the integrated luminosity should probably not exceed
1 fb~! in order to avoid pile-up, which reduces significantly the opportunity for dedicated exclusive studies at
LHC. The situation would be more favorable in the low luminosity mode.

For some peculiar ultraperipheral processes, it may well be that the tagging of out-going proton could not
feasible. In that case, the distinction with pure strong-interaction processes could be made relying on the
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Figure 7.1: Distribution of the transverse momenta squared of the scattered protons for the v — 4 (empty
histogram) and P — P (shaded histogram) collision assuming a diffractive slope of B = 4 GeV~2, without (left)
and with (right) smearing by the beam divergence. Figure from Ref. [553].

different low ¢ spectra (Coulomb pole for ultraperipheral processes from the photon mediated processes versus
power-like behaviour in QCD mediated events) [553]. For the pure QCD induced processes, instead of a pole
behaviour, the shape has a typical exp(—Bp%) behaviour, with B ~ 4 GeV~2. In fact, due to smearing by the
beam divergence for the initial running condition at LHC, the distinction is less clear than one could expect, as
shown in Fig. 7.1.

Additionaly, since the impact parameter b is not directly reconstructed, survival probability [554] have to
be taken into account. In the elastic case, it corresponds to the probability of the scattered protons not to
dissociate due to the secondary soft interactions rescattering, as we shortly discussed in Sec.5.1.3. This is of
course a non-perturbative ingredient which cannot be extracted from first principles. Since the proton impact
parameter goes like the inverse of \/@ (where Q2 is the photon virtuality), b is much larger than the range of
strong interaction. The effect of these survival probabilities is expected to be small for vy induced processes
than for py processes. Still, since the average values of Q2 get higher when increasing the v — v cms energy,
this gap survival probability, close to 100% for two-photon induced processes at moderate energies, decreases
when considering v — v processes in the Regge limit.

The above situation should be contrasted with processes involving e*, which are not directly affected by
strong interaction. This is the key reason why ete™ colliders are the cleanest solution in principle for )~
physics, both from a theoretical and from an experimental point of view.

7.1.2 Photon colliders: ¢ — 7 conversion

At eTe™ colliders, a small number of equivalent photons, of soft spectrum (dn, ~0.03 dw/w), is produced:
Loyy(Wo/(2E.) > 0.1)~10"2 Lot~ and Loy (W, /(2E:) > 0.5)~0.4107% Lo+ .

To produce a photon collider, the Novosibirsk group suggested [555-557] to reconsider the use of Compton
backscattering of a laser on the high energy electron beam of a collider [558-560]. Due to the w-channel
diagram of Fig. 7.2, which has an almost vanishing propagator, the cross-section is peaked in the backward
direction. In this direction, almost all the energy of the incoming electron is transfered to the outgoing photon
(up to 82 % at ILC 500 GeV). The limit comes from the fact that one does not want to reconvert « in ete™
pairs! The corresponding number of equivalent photons is of the order of 1 if the beam has a small size, with
laser flash energy of 1 — 10 J. The photon beam follows the direction of the incoming electron beam with an
opening angle of 1/7.. Due to the very good focussing of electrons beams expected at ILC, this is the main
effect limiting the luminosity in v mode: the distance b between conversion region and Interaction Point is ~ 1.5
mm, making impossible to use a magnet to deflect the low energy outgoing electron beam.

It has been suggested to use a non zero scattering angle between the two incoming beams to remove them
(see Fig. 7.3). In order to compensate the potential lost luminosity with non zero scattering angle, crab-cross
scattering is studied (the paquet is not aligned with the direction of its propagation, like a crab). The luminosity
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Figure 7.2: u-channel diagram for Compton scattering.
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Figure 7.3: v7v/~ve collider with cross-crab angle. Figure from Ref. [561].

could reach 0.17 L+, , a very interesting value since the cross-sections in «~y are usually one order of magnitude
higher than for eTe™. As we already seen when discussing chiral-odd GPDs, the matrix element of the Compton
process is helicity-conserving except for the term proportional to the electron mass, which is helicity-flip, and
dominates in the backward region. This provides a very elegant way of producing quasi monochromatic photons
of maximal energy and given polarization, by using 2)\.P. = —1 (A, = mean electron helicity and P. = mean
laser photon circular polarization), see Fig. 7.4. Note that the WW distribution is sharply peaked around
almost on-shell and soft photons: in ye or vy mode, in order to use perturbative QCD, one needs to provide
hard scales, from the outgoing state (J/¥,...) or from large ¢. Ingoing v* hard states are provided only in eTe™
mode with double tagged outgoing leptons.

7.2 ILC project

The International Linear Collider (ILC) is expected to be a rather expensive project: 1.78 G $ for site-dependent
costs (tunnelling in a specific region, ...) and 4.87 G$ for shared values of high technology and conventional
components. Still, this estimate is comparable to the cost for the Large Hadron Collider (LHC) when including
costs for pre-existing facilities. The decision of constructing this collider will be taken depending on the results
obtained at LHC, in particular for precision measurement in the Higgs sector and potentially for beyond standard
model physics. Still, from the point of view of strong interaction studies, it is a very clean machine, as any eTe™
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Figure 7.4: Spectrum (left) and average helicity (right) of the Compton-scattered photons. Figure from [562].
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Figure 7.5: Paquet structure for ILC.

collider, in comparison with hadron-hadron colliders. Its high cms energy combined with a high luminosity
would open the way to many interesting exclusive channels [563]. It would be very complementary with respect
to low energy and high luminosity accelerators like JLab, BEPC-III ...

7.2.1 Reference Design Report for ILC

The design value of \/s_; .- = 2FEjcpton should have a nominal value of be 500 GeV, with a luminosity of 125 b1
per year within 4 years of running, at 500 GeV, with a possible scan in energy between 200 GeV and 500 GeV.
An upgrade at 1 TeV, with a luminosity of 1 ab~! within 3 to 4 years is planned. To reach such high luminosities,
the paquets should have a rather intricate structure (see Fig. 7.5) [563]. There are non trivial technological
problem for extracting the outgoing beam. At the moment, 3 options are considered for the scattering angle: 2
mrad, 14 mrad and 20 mrad, with in each case a hole in the detector at that angle to let the outgoing beam get
through toward the beam dump (reducing the acceptance in the forward calorimeter). Crab-cross scattering is
needed to get high luminosity. T'wo interaction regions are highly desirable: one which could be at low crossing-
angle, and one compatible with ey and v physics (through single or double laser Compton backscattering). vy
mode leads to the severe constraint that a.> 25 mrad !. The mirors could be placed either inside or outside
the detector, depending on the chosen technology, in ey and vy modes, with almost no space for any forward
detector in a cone of 95 mrad (Fig. 7.6). If the option suggested by Telnov (single detector 4 single interaction
point + single extraction line) would be chosen (this solution without displacement of the detector between 2
interaction points is much cheaper) it could become difficult to make diffractive physics. However, this v — ~
option is of major importance for many channels, based on the very high cross-section for exclusive processes

Hast quadrupole (@ =5cm) at 4m from IP and horizontal disruption angle=12.5 mrad, thus 0125+45/400=25 mrad.
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Figure 7.6: Layout of the quad and electron and laser beams at the distance of 4 m from the interaction point.
Figure from Ref. [561].

in comparison with ete™ mode. A v —~ option together with an e™ — e~ collider, with two detectors, would be
the best solution. Though, for economical reason, a scenario without this initial v — v option has been prefered
recently.

7.2.2 Detectors at ILC

There are 4 concepts of detectors at the moment: GLD, Large Detector Concept, Silicon Design Detector
Study (Sid) and 4th (sic). Each of them involves a very forward electromagnetic calorimeter for luminosity
measurement, with tagging angle for outgoing leptons down to 5 mrad (10 years ago, 20 mrad was almost
impossible!). It is ideal for diffractive physics, which cross-sections are sharply peaked in the very forward
region. The luminosity is enough to get high statistics, even for exclusive events, as we will illustrated in detail
in Sec. 7.4. For example, LDC (see Fig. 7.7) contains a BeamCal, an electromagnetic calorimeter devoted to
luminosity measurement, located at 3.65 m from the vertex [564]. The main background is due to beamstrahlung
photons, leading to energy deposit in cells close from the beam pipe (see Fig. 7.8). This implies cutting-of the
cells for lepton tagging with E,,;,,=100 GeV, 0,,,, = 4 mrad (and to lower energies for large angles).

7.3 v*v* — hadrons total cross-section

In comparison to LEP, which we considered in Sec. 5.3, s would be higher, the luminosity would be much higher
(a factor ~ 10%), and detectors would give access to events much closer to the beam pipe (LEP: 0,,:, > 25 to
30 mrad). One can thus hope to get a much better access to QCD in perturbative Regge limit, since the typical
virtualities of the photons will be lower, thus leading to higher cross-sections. To have enough statistics in order
to see a BFKL enhancement with respect to conventional partonic at TESLA, it was considered to be important
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Figure 7.8: Beamstrahlung in BeamCal.

to get access down to 0, ~ 25 to 20 mrad, as we have shown in [W9]. Probably this could be extended up
to 30 mrad due to the expected luminosity (a factor 2 to 3 of luminosity higher than TESLA project, which
we considered in [W9]). With detection down to 4 mrad, this is thus not anymore a critical parameter®. In a
modified LLx BFKL scenario [535], one expects around 10* events per year with 6,,,;, ~ 10 mrad.

7.4 The v*v* — p% o exclusive process

Based on [W15, W16, W20]

In the v case (eTe™ without tagging or v collider option), one can consider any diffractive process of type
vy — J/UJ/T [565,566] (or other heavy produced state). The hard scale is provided by the charmed quark
mass, with an expected number of events for TESLA around 7.410* (i.e. 910* with ILC muninosity). The
expected efficiency of the detectors at the time of the TESLA project when Ref. [566] appeared, combined with
a branching ratio of the order of 6 % in both eTe™ and u+ ™ modes lead to an expected number of events of 88,
for 0,,in > 20 mrad. The situation could be much more favorable based on much lower values of the minimum

2Note that within a e and v+ option, the Telnov suggestion would forbid any forward detector below typically 100 mrad.
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tagging angles at ILC.

Due to the small detection angle offered by Beamcal, combined with high energy and high luminosity, one
can think about the very exclusive process v*v* — p® p? from ete™ — ete™p® p° with double tagged out-going
electrons. In order to avoid any complication due to twist 3 contributions, we will in fact restrict ourselves to
the twist-2 dominant py production, thus considering the process

ete” —ete plph . (7.1)
We proposed and studied this reaction in [W31, W34, W15, W16, W35, W38 W20, W41, W45] as a test of
BFKL dynamics at arbitrary ¢. The idea is to select events in which two vector mesons are produced with large
rapidity gap, through scattering of two highly virtual photons, thus getting access to the kinematical regime
in which the perturbative approach is justified. If additionally one selects the events with comparable photon
virtualities, the perturbative Regge dynamics of QCD of the BFKL type should dominate with respect to the
conventional partonic evolution of DGLAP type. In comparison with the study which we performed in Sec. 2.4,
we are thus exploring now a different kinematical region in which the cms energy is parametrically large: this is
the lower left corner of the phase-space described in Fig. 2.24. The study of Sec. 2.4 will provide us a partonic
a la DGLAP description of the process. One of the question to be adressed will be to find a kinematical region
in which such a partonic contribution is suppressed with respect to the gluon exchange contribution a la BFKL.

From a phenomenological point of view, before studying the process in detail, let us note that one can
expect measurable counting rates for our reaction, by a rule of thumb comparison with vy — J/¥.J/¥. Indeed,
by crossing, since the typical values of Q% should be comparable with m% L and since the p production
will be treated through collinear factorization in a way which make it similar to the + point-like coupling of
vy — J/WJ/U (the detailled form of the p DA does not change dramatically the order of magnitude), the
fact that the authors of Ref. [565,566] got measurable cross-section made us confident before starting detailled
study.

The first step is to study in detail the Born order two gluon contribution, in order to prove the feasibility of
the experiment. We do this at the level of

Vi (@) i r(a2) — pY. (k1) pY (k2), (7.2)

for arbitrary values of t = (q1 — k1)?, with s > —t. The process is illustrated in Fig. 7.9. Based on our
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Figure 7.9: Amplitude for the process e e™ — et e™ p% p2.

computation of Chap. 6, this could be extended to the case of pr production. The choice of longitudinal
polarizations of both the scattered photons and produced vector mesons which we first adressed in Refs. [W31,
W34, W15, W35] was dictated by the fact that this configuration of the lowest twist-2 gives the dominant
contribution in the powers of the hard scale Q?, when Q% ~ Q3 ~ @2, as we have seen in Sec. 1.4.7. We
then extended our study for all combinations of polarizations of virtual photons necessary to obtain all helicity
amplitudes of the process (7.2) in Refs. [W20, W41, W45].
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The study of the BFKL enhancement effects, at LLx and in the collinear improved LLx approach a la Salam,
were studied for ¢ = 0 in Refs. [W16, W38]. A full NLLx study has been carried at ¢t = 0 in Refs. [328,439] and
in the collinear improved NLLx approach in Ref. [443]. We shall comment on the various obtained results at
the end of this section. Note that restricting to ¢ = 0 automatically selects the longitudinally polarized photon.
A dedicate study for arbitrary value of ¢ should thus be performed to get an evaluation of BFKL enhancement
effects of the Born order evaluation for all v* polarization.

7.4.1 Kinematics

The measurable cross section for the process (7.1) of Fig. 7.9 is related to the amplitude of the process (7.2),

illustrated in Fig. 7.10, through the usual flux factors for respectively transversally and longitudinally polarized

photons

14+ (1—y)?
ty) = ———— w)=1-u, (7.3)

where y; (i = 1,2) are the longitudinal momentum fractions of the bremsstrahlung photons with respect to the

incoming leptons. This relation reads [221]

do(ete™ — ete pY p?) 1 a\?2 0.0 0 0
= - |l l oc(viv: — +t l o(vivy —
dylddeQ%dQ% Y12 Q%Q% (ﬂ') [ (yl) (y2) (’YL,YL prL) (yl) (y2) (’YT’YL prL)
+ ) t(y2) o(Vivr — pro1) + ty) ty2) o(vpar — p1e%)] - (7.4)

The presence of hard scales Q7 permits us to apply the collinear approximation at each ggp—meson vertex, and
the use of distribution amplitude (DA) for describing the ¢¢ content of the p mesons, as illustrated in Fig. 7.10.
The amplitude My will be described using the impact representation, valid at high energy, as illustrated in

q1

q1
N p(k1) \ q %(

—~

A p(k1)
p(k2) i
/ /QQ ’ (
% 4 p(k2)

Figure 7.10: The amplitude of the process v*(Q1)7*(Q2) — p2(k1)p% (k2) with the collinear factorization in the qgp
vertex.

Fig. 7.11, except when dealing with the quark exchange which we considered in Sec.2.4.

We introduce two light-like Sudakov vectors ¢ and ¢4 which form a natural basis for two scattered virtual
photons®, which satisfy 2¢} - ¢4 = s ~ 2¢1 - g2. The usual s+~ is related to the auxiliary useful variable s by
Sqeqs = $— Q% — Q3. The momentum transfer in the t—channel is 7 = k; — ¢;. In this basis, the incoming photon
momenta read

i Q3
G =q; — ?qlz and qo = ¢ — ?q/l' (7.5)
In accordance with (6.6), the polarization vectors of longitudinally polarized photons are, after using (7.5),
20Q 2Q
L) _ 1 d L@ — 2u 2 76
WUTg T e M AT g, T e (76)

with eQL(i) = 1 and ¢; - €1(;y = 0, whereas the polarization vectors of transversally polarized photons are two

dimensional transverse vectors satisfying GQT(Z.) =—1(i=1,2) and g; - ep(;) = 0.

3In previous chapters we denoted these light-cone vectors by p; and ps2, but here p1 and p> denote the lepton momenta.
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q1

N

_lll

d

s

q2

Figure 7.11: The amplitude Mg in the impact representation. The vertical blob symbolizes the interaction of two ¢g
dipoles through gluon exchanges at high s.

We label the momentum of the quarks and antiquarks entering the meson wave functions as ; and [{ for
the upper part of the diagram and Iy and I} for the lower part (see Fig. 7.11).
In the basis (7.5), the vector meson momenta can be expanded in the form

2
r
by = a(k) ¢, + ———d
1 CY( 1)q1 + a(kl)SqQ—i_rL )
2

ky = B(ka) g5 + @(Ji -7 (7.7)

In the following, we will treat the p meson as being massless. a and (3 are very close to unity, and reads

a(k1)~1M+O<i>,

s 52
2, .2
+r 1
S S
where 72 = —r?. They will be replaced by 1 in the phenomenological applications of Secs. 7.4.3 and 7.4.4. In
this decomposition, it is straightforward to relate t = 72 to r? through the approximate relation
2 )2 2 2 2
tN_M_E2(1+&+&+E_) (7.9)
s s s s
(see [15] for an exact relation). From Eq.(7.9) the threshold for |¢| is given by [t|min = Q3Q3/s, corresponding
to r, = 0. In the kinematical range we are interested in, the relation (7.9) can be approximated as r? = —t, as

usually in the Regge limit.
The links with the ete™ process can be made by using the same Sudakov basis for the two incoming leptons:
2 2
1 D 1 P . 1—y
pr=—q +n=2¢ +pi1 and po= —gh+y=2¢] +pi2, with p®=-—"—""0Q7. (7.10)
(! S Y2 S - Y

Thus, one gets

Sete— = @ 32 ) —2p,p,-

In the following, since we keep only the dominant s contribution, we use the approximate relation so+.- ~
s/ (y1y2)-

(14 Lol ot
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7.4.2 Impact representation

As we have seen in Sec. 4.2, the impact factor representation of the scattering amplitude for the process (4.8)
has the form (see Fig. 7.12)

Figure 7.12: Amplitude My at Born order. The t-channel gluons are attached to the quark lines in all possible ways.

2
M = is / TR gabviala) =) () G i) = () (L 4 ) (7.11)

(2m)2k* (z — k)? -

where @“szwT(ql)*”%(kl)(k,z — k) (CID“MZWT(‘J?)_”J%(’CQ)(E,[ — k)) are the impact factors corresponding to the
transition of v7 1(q1) — p2 (k1) (77 r(q2) — pY (k2)) via the t—channel exchange of two gluons*. The amplitude
(7.11) calculated in Born order depends linearly on s (or sy« when neglecting terms of order Q?/s) as the
impact factors are s-independent.

We have recalled in detail in Sec. 6.1.1 how the calculation of the impact factors in the Born approximation
is performed. They are obtained by assuming the collinear approximation at each ggp—meson vertex, which
means that projecting the (anti)quark momenta on the Sudakov basis ¢, g5,

(li1+21m1)?

h=znd+li+zar, ——4,
z1S8
_ _ —li1 4z, )?
1/1 = Zl‘]i - ZJ_l + zZiry — (7—)(]/2 >
z1S
lig—zory)?
lo = zaq5 + 1o — zory — Q‘Ii ;
zZ28
_ _ —lio— Zory)?
1/2 = qué — ZLQ — 29T | — —( 225 ) qll , (712)

we put the relative momentum [;; to zero. For longitudinally polarized photons the impact factor reads

1

. pab

q)ab'YL(Qi)HP%(ki)(E7Z — E) = 47‘(‘0{5% 2N Qz fp /d 2iZi ZZ Zz PP(ZI, k ) , (713)
0

4Note that the normalization used in this manuscript differs by a factor (2m)? in the way the amplitude is written when comparing
with Ref. [W20]. This is due to the different normalization ®¢pc = %CI)[WQO] .
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where the expression

1 1 1 1

P iaka s i) — - - - 7=
plEn kL ) Z?£2+u?+zi2£2+u? (zir — k)2 +pf  (zr—k)2+ pf

(7.14)

originates from the impact factor of quark pair production from a longitudinally polarized photon. This expres-
sion is the extension to the non-forward case of the formula (6.10), which is obtained by setting r = 0.
For transversally polarized photons, one obtains

Q)ava(qﬂ»)_’PL(k )(E r— E)

1
= 27 \;_ 26;;) /clz:Z —Zi) ¢(zi) €- Qlzi, ky 1y i) (7.15)
0
where - ~
Qi kr, i) = ZiT Zir k—zr k—zir (7.16)

B TR R A CT Ry N A CAy 5 R
is proportional to the impact factor of quark pair production from a transversally polarized photon.

In the formulae (7.14) and (7.16) and in all this section, we denote pu? = Q? z; z; +m?, where m is the quark
mass. The limit m — 0 is regular and we will restrict ourselves to the light quark case, taking thus m = 0. Both
impact factor (7.14) and (7.16) vanish when £ — 0 or r — k — 0 due to QCD gauge invariance, as we explained
in Sec. 4.2.

In the formulae (7.13, 7.15), we have denoted, in order to simplify notations, ¢ = 71, which is the twist-2
DA of the produced longitudinally polarized p°—mesons. For the case with quark ¢ of one flavour it is defined,
according to Eq. (1.76), by the matrix element of the non-local, gauge invariant correlator of quark fields on
the light-cone, which reduces for pr, to

1

0lg(z) v* q(=z)|pr(p) = Ga) = f, p" /dze 1RmDEn) g (2) (7.17)

0

where the coupling constant is f, = 216 MeV and where the gauge links are omitted to simplify the notation.
As usual, ¢ is normalized to unity. As in Chap. 6, the amplitudes for production of p%’s are obtained by noting
that [p°) = 1/v2(|au) — |dd)).

Note that Eq.(7.17) corresponds to the leading twist collinear distribution amplitude. Such an object can
be used strictly speaking for asymptotically large Q2. In the phenomelogical application of sections 7.4.3 and
7.4.4, in order to get measurable cross-sections, the dramatic decrease of the amplitudes with increase of Q?,
combined with the experimental condition of ILC project, requires rather low values of Q? (of the order of 1
GeV?) for which subleading twist contributions could be significant. This can be taken into account within
a more phenomenological approach which incorporates intrisic kr quark distribution and which goes beyond
standard QCD collinear factorization [170-173], as we discussed in Sec. 1.4.8. We do not consider here these
effects and adhere to the usual collinear QCD factorization. We expect that they would not change dramatically
the order of magnitude of the cross-section.

Let us label the amplitudes for the scattering process (4.8) through the polarization of the incoming virtual
photons as M, »,. They can be calculated using Eqs.(7.11) and Eqs.(7.13-7.16) supplemented by the choice of
the transverse polarization vectors of the photons®

= \/%(;1, i) (7.18)

and the longitudinal polarization vectors (7.6). For the case Ay = Ao =0

I

1

Moo =15CQ1Q2 /dZ1 dzo 21 21 $(21) 22 Z2 $(22)Moo (21, 22) , (7.19)
)

5We use here the same conventions as in Ref. [W20]. These conventions differ by a global factor i with respect to the conventions
(6.35) of Chap. 6. This has of course no physical consequence.



210 CHAPTER 7. ONIUM-ONIUM SCATTERING IN ~*)~(*) COLLIDERS

with
Moo (z z)—/LP (z1,k,1, 1) Pp(z2, =k, —1, p2) ; (7.20)
00(%1, 22 EQ(I—EP 1, %, L, 1) PplZ2, =X, =L, U2); .
for the case Ay = 4, —:
o 1
Moy, =is Bl Q1 /dzl dzy 21 Z1 ¢(21) (22 — Z2) P(22)Mox, (21, 22), (7.21)
0
with
A2k A
Mon, (21, 22) = | 5= Pp(z1, k1, 1) Q(z2, =k, —1, p12) - €2 ; (7.22)
E(r —k)?
for the case \y = 4, —:
o 1
M)\lo =15 5 Q2 /dz1 dzo (21 — 21) ¢(21) 29 Z9 ¢(22)M,\10(21, ZQ) R (723)
0
with
2k N
M, 0(21, 22) = m Q(z1,k,1, 1) - € Pp(z2, =k, —1, p2) . (7.24)
and for the case \y =+, —, Ao =+, —
c 1
Maon, =is / do1 dzs (21 — 51) 6(21) (22 — 52) B(22)Mn,a, (21, 22) (7.25)
0
with
@k A1) Aa(2)
Mk1k2 (Zla 22) = 1{32(7) Q(Zlaka I, ,U/l) - € ! Q(ZQ; _ka I, IU/Q) - € 2 . (726)

2
Here and in the following, we denote C' = 2w N;v;l a? aem fg. In terms of the above amplitudes, the cor-

responding differential cross-sections can be expressed in the large s limit (neglecting terms of order Q?/s)
as
do Ve —PLPL | Mo, |?

dt T T 167s2 (7.27)

and it does not depend on s, in accordance to the kp—factorization in the Born approximation.

7.4.3 Non-forward Born order differential cross-section for v} , vi + — p% p)
Analytical integration in kp-space through conformal inversion

The k, convolution of the two impact factors with the two t—channel propagators can be rewritten in terms of
k. —integral of scalar basic blocs. The most complicated basic blocs are boxes with two massive propagators
of different masses, and two massless. This integration is thus non trivial. We developped a powerful method
in Ref. [15], inspired by methods used in 2-dimensional conformal theories in coordinate space [567], which we
here used in momentum space. This allowed us to perform these integration analytically. The idea is to reduce
the number of massless propagator in order to reduce the number of Feynman parameter on which one should
integrate. We here illustrate the method on the example of a triangle diagram with one massive propagator
and two massless one. The transformation

m— — (7.28)
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reduces the number of propagators and gives

J / &’k 1 1 ny 7)
— — —
3m EQ(Eiz)Q (E—Za)2+m2 Z2+m2 a a

d*K K2R2 1
- i N a)| - 7.29
/(K*E)Q <(EQK)2+KAZI§2 W22 L m2 +(a<—>a)> (7.29)

After performing the shift of variable K = R + k' and then finally making the inverse transformation

k 1
EH?,E % M- —, (7.30)
we end up with
1 d’k (r + k)? 1 i
ng = —2 / 5 2 "5 5 Y + (a — a) . (731)
r k 2.2 2 r2a a—m? m2r4 asrs +m
(T a + m ) (k — r 242 fm?2 ) + (r a2+m2)2

The computation of this integral can now be performed using standard Feynman parameter technique, with
now only 2 parameters instead of 3. It turns out that this method was known in 4-dimensions [568], in the case

of ladder diagrams®.

Analytical results for k) -integrated amplitude M), ,,

In this section we summarize the results for the amplitudes M}, , obtained after performing analytically the
k) integrals. In the transverse-transverse (TT) case, the amplitude can be expressed in term of two projection
operators in the transverse plane as follows:

i

rtrd

‘rd A
2 > b(r; Ql,Qz,ZhZz) 12 € €57, (7.32)

Mz, (21, 22) = [G(Z; Q17Q2;21,Z2) <5ij -

where we denote 12 = r2.

Combining (7.25) and (7.32), and using |M, 4 |? = |M__|?, one gets in the case of two photons with the
same polarization :

2
2
2 dzy dza(z1 — Z1) ¢(21) (22 — Z2) P(22) (b(1; Q1, Q25 21, 22) — a(r; Q1, Q25 21, 22))| , (7.33)

2 _
e e

o —_

and analogously for different polarizations :
2

1
IMi_|? = s / dzy dzy (21 — Z1) ¢(21) (22 — 22) p(22) (b(r; Q1, Q2; 21, 22) + a(r; Q1, Q2; 21, 22))| . (7.34)
0

MQ

For the longitudinal-transverse (LT) case, restoring the dependency over all variables, one defines from (7.22)
and (7.24) the scalar function f

Mo (15 Q1, Q2; 21, 22) = f(r;Q1,Qa; 21, 22) 7 - €, (7.35)

or equivalently
Mo (r; Q1, Q23 21, 22) = f(1;Q2, Q15 22, 21)1 - €, (7.36)

6We thank G. Korchemsky and E. Sokatchev for pointing out to us the existence of this work.




212 CHAPTER 7. ONIUM-ONIUM SCATTERING IN ~*)~(*) COLLIDERS

which leads to
2

1
2
Moo = M- = S Q2 | [ derdea s 2601) (o2 = 2) ) (65 Qu. Quion, 2] - (73)
0

and analogously for the transverse-longitudinal (TL) case

2

1
2
Mol® = [M_o|? = 5 % Q3r? /d21 dz2 22 Zo p(22) (21 — Z1) ¢(21) f (15 Q2, Qu; 22, 21)] - (7.38)
0

The expressions of a(r; Q1,Q2; 21, 22), b(r; Q1, Q2; 21, 22) and f(r; Q1, Q2; 21, 22) presented as combinations
of finite standard integrals are given in the Appendix of Ref. [W20].

For the longitudinal-longitudinal (LL) case, it turned out [W15] that (7.19) can be effectively replaced by
M (21, z2) whose integral over z1 o with symmetrical DA gives the same result. M (21, 2z2) reads

Moo(zl,ZQ)z—( L Lt )JM(ZQ)—( L ! )ng(zl)

Ar’+pt o ZHrt+ Br24p3 2+
+‘]4#1#2 (Zla 22) =+ J4,u1#2 (21, 22) . (7'39)

J3, and Jyy, 4, are two dimensional integrals with respectively 3 propagators (1 massive) and 4 propagators (2
massive, with different masses), they are both IR and UV finite. Their expressions are given in the Appendix
of Ref. [W20].

Due to the collinear conformal subgroup SL(2, R) invariance discussed in Sec. 1.4.5, the p? distribution
amplitude has an expansion in terms of Gegenbauer polynomials of even order which reads

B(z) =62(1—2)(1+ i a3 nCal%(22 — 1)). (7.40)

n=1

Except for a short discussion in section 7.4.4, we will restrict ourselves to the asymptotical distribution amplitude
corresponding to agz, = 0. The effect of taking non zero as,, for n > 1 allows us to evaluate the precision of our
study.

To complete the evaluation of the amplitude M, one needs to integrate over the quark momentum fractions
z1 and zo in the p mesons. For arbitrary values of ¢, it seems not possible to perform the z; and 25 integrations
analytically. We thus do them numerically. We observe the absence of end-point singularity when zy(5) — 0 or
z1(2) — 1. Indeed, for the longitudinal polarizations involving Pp as defined in Eq.(7.14), the z divergency of
type 1/z, 1/Z is compensated by the zZ factor when z — 0, 1, while for transverse polarizations, involving Q) as
defined in Eq.(7.16), there is no singularity since @ is itself regular. -

For the special case t = t,,;, (where only the LL amplitude is non-vanishing), which will be useful in the
discussion of sections 7.4.3 and 7.4.4, the integration over z; can be performed analytically”, with the result
[W15)

N2 —-1 , , 9% 1 1\, » 1 1 9 3
Moo=—ts N asaemprQ%Q% [G(R—l—ﬁ)ln R+12( —E)lnR—l—lQ(R—i—E)—i—(?)R +2+ﬁ)

x (In(1-R)I®>R—In(R+1)In*R— 2Lis (~R) InR + 2Li> (R) InR + 2Liz (~R) — 2Liz (R))] , (7.41)

where R = Q1/Q2. When Q1 = Q2, the expression (7.41) simplifies to

_NZ2-1 92
Moo = is— oZem f) @(14«3) —12). (7.42)

7This non trivial expression was obtained after use of Landen, Euler and Hill relations [669] among Lis and Li3 functions. One
needs (see Appendix A.1. of [W15]) in particular to extend analytically the two complex-variable Hill relation for Lis(z y) in the
whole complex plane [570].
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On the other hand, in the large R > 1 typical of a DGLAP-type dynamics, the expression (7.41) reduces to

_N2-1 , 5 9672 (InR 1
Moo =is N? QsQem f W &R 6R/ (7.43)
in agreement with the fact that this one loop gluon contribution contributes for a LLQ and a NLLQ term. This
result can be obtained directly by imposing from the very beginning the k; ordering typical of parton model.
This is shown explicitly in Appendix A.2 of Ref. [15].

Results for differential cross-section

The formulae for My, , obtained in Sec. 7.4.3 permit us to evaluate the magnitudes of cross-sections (7.27) of

the diffractive double rho production for different helicities of virtual photons. In our estimates we use as a
strong coupling constant the three-loop running as(Q1Q2) with A% = 305MeV (see, e.g. [571]).8

In Fig. 7.13 we display the t-dependence of the different v} + v; r — 0% p% differential cross-sections for
various values of Q = Q1 = Q.

We first note the strong decrease of all the cross-sections when Q%,Q increase. For LL, this follows from an

obvious dimensional analysis, since

(for Q1 = Q2 = @), in agreement with (7.42).

Secondly, all the differential cross-sections which involve at least one transverse photon vanish when t = t,,,;,,.
It is due to the vanishing of the function @ for r = 0 (see (7.16)). Physically, this fact is related to the s-channel
helicity conservation at t = t,i,. Indeed, since the t-channel gluons carry non-sense polarizations, helicity
conservation occurs separately in each impact factor.

In Fig. 7.14, we show the shape of the integrands My, », of the various amplitudes My, », as a function of
z1 and 29, as they appear in formulas (7.21, 7.23 and 7.25):

Moo = 21 21 (21) 22 Z2 #(22) Moo (21, 22), (7.44)

and for \; = +, —
Myo = (21— 21) d(21) 22 22 p(22) My, 0(21, 22), (7.45)
My, = (21— 21) ¢(21) (22 — 22) B(22) Mx,a, (21, 22) - (7.46)

M, a, (21, 22) is symmetric under (z; < Z;) for a longitudinal polarization A\; = 0 (cf. 7.14) and antisymmetric
under (z; < Z;) for a transverse polarization \; = +, — (cf. 7.16); thus the factors z; z; for \; = 0 and z; — z;
for \; = -+, — ensure the symmetry of MAI)\Q under (z; <« Z;) as we can see on Fig. 7.14. Because of the
p% mesons distribution amplitudes ¢(z;), My, x, (21, 22) vanishes for any polarization in the end-point region.
Consequently the case of a transverse polarization vanishes in the central region z; = zZ; = 1/2 and also in the
end-point region z; close to 0 or 1, so that it restricts the available z; phase-space and reduces the resulting
differential cross-section, in agreement with the dominance of longitudinal photons (helicity conservation) in
the process Vi ¢ 757 — P 7

The amplitude involving at least one transverse photon has a maximum at low —t value with respect to Q1 Q5.
The Fig. 7.14 corresponds to —t = 0.16 GeV? which is a typical value for the region where the cross-sections
with transverse photons in Fig. 7.13 are maximal.

A peculiarly characteristic shape appears in the amplitudes with two transverse photons, as shown in bottom
panels of Fig. 7.14. When the value of t changes towards t,,;, the peaks become very narrow, as shown in the
left panel in Fig. 7.15 for M _. For t very close to t,,i, they are practically concentrated only on the boundary
which leads to the vanishing of the amplitude. On the other hand, when the value of t increases and leaves the
maximum of cross-sections the peaks in Fig. 7.14 decrease and spread, as shown for M _ in the right panel of
Fig. 7.15.

8Running of ag is in principle a subleading effect with respect to our treatment. Nevertheless, numerically, as we discuss in
sec.7.4.4, the dependence of our predictions for the rates in eTe™ scattering on a choice of a5 is negligible at Born order, but is
more subtle when LLx BFKL corrections are taken into account.
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Figure 7.13: Differential cross-sections for the process v r vi 7+ — p% p2. The solid curve corresponds to the viv;
mode, the dotted one to the v~y mode, the dashed and the dashed-dotted ones to the y7y7, modes with respectively
the same T = T" and different T' # T’ transverse polarizations. The different figures (a), (b), (c) correspond to different
values of Q1 = Q2.
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Figure 7.14: Shape of the amplitudes Moo, —M4o0, M4+, —My— as functions of z; and za, for —t = 0.16 GeV? and
Ql = Qg =1 GeV

In the case of LT polarizations, the shape of the amplitude M, which contains only one factor (z; — Z;),
is shown in the right upper panel of Fig. 7.14. Its comparison with the upper left panel of Fig. 7.14, showing
the shape of the Mgy amplitude, leads to the conclusion that M, shares some properties with M _ and M.
In particular, the presence of a transverse polarization leads to the vanishing of Mg at ¢t = tin. On the
other hand, the presence of a longitudinal polarization increases the cross-section at small values of t. As a
consequence of the competition of these two mechanisms, the maximum of the cross-section determined by M
is located closer to t,,;, than in the case of the cross-section given by M, _. This is illustrated in Fig. 7.16
which shows the t-dependence of the various differential cross-sections in log-log scale.

Third, in Fig. 7.17, we display the t-dependence of the 7} 7 7; 7 — pf, p} differential cross-sections for
Q=Q1=Qz =1 GeV up to values of —t much larger than photon virtualities Q);, where t plays the role of
the dominant hard scale in our process. Of course, in such a kinematical region the cross-section are strongly
suppressed in comparison with the small ¢ one. Nevertheless, Fig. 7.17 illustrates the expected fact that the
hierarchy of cross-sections is different in two regions: at large ¢, the v v& — p% p% cross-section dominates
over the one of v; v; — p% p% which is the dominant cross-section at small ¢, since the virtual photons are
almost on shell with respect to the large scale given by ¢.

To conclude this subsection, we note that all the above cross-sections are strongly peaked in the forward
cone. The phenomenological predictions obtained in the region of the forward cone will practically dictate the
general trends of the integrated cross-sections. This fact is less dangerous than for the real photon case since
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Figure 7.15: Shape of the amplitude —M_, for —t = 0.01 GeV? (left) and —t = 0.8 GeV? (right), with Q1 = Q2 =
1GeV.

the virtual photon is not in the direction of the beam, and thus the outgoing p mesons can be tagged. We will
come back shortly on this issue The only difficulty has to do with the tagging of the outgoing lepton, since
the cross-section is dominated by small (hard) values of QiQ. In this section we did not modify cross-sections
by taking into account the virtual photon fluxes, which would amplify both, the dominance of small Q? region
as well as the small y; domain, characteristic for very forward outgoing leptons. This is discussed in section
7.4.4. In particular, it will be shown that the differential cross-sections are experimentaly visible and seems to
be sufficient for the t—dependence to be measured up to a few GeVZ2.

Note also that at this level of calculation there is no s-dependence of the cross-section. It will appear after
taking into account triggering effects and/or BFKL evolution.

Quark exchange contribution to the cross-section

The process (4.8) described above involves gluon exchanges which dominate at high energies. However, at lower
energy, the process can be described by double quark exchange. This was investigated in Sec. 2.4, in the case
t = tyin. Using the Egs.( 2.131) and (2.132) together with the asymptotical p} distribution amplitude (7.40)
one obtains the scattering amplitude for the photons longitudinally polarized

@ @ m Q. Q%
T4+ 250 =27 ) (L9 4259 57

G N2 -1 asae’mf2 1—Q—% 1_Q_%
i =—40m> =< 21 - - 7.47
S I o
S S
and for the transversally polarized photons
2(1+QT% ln%% 2<1+QT% ln%%
AT N A T4 _1
N2 1 asaom 2\ -5 ’ 1- 52 '
qq  _ pgqd 949 _ _ o2 te — 2 TsTemJp ° ° (74
S S
In the large s limit, one respectively gets®
- N2 —1 o5 em [
M = 02 Ne L 2 tem Jy (7.49)

N2 s

(&

9 After correcting a misprint in Ref. [W20].
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Figure 7.16: Differential cross-sections for the process vi r Y. r — 0% p%, for small value of t. The solid curve
corresponds to the v7 v} mode, the dotted one to the 777 mode, the dashed and the dashed-dotted ones to the y7y7
modes with respectively the same T'= T and different T' # T" transverse polarizations, for Q1 = Q2 = 1 GeV.

and
. N2 1asaemf2 2 Q Q1Q2
~ 2 1 22
Mify = —dom = _— (4111 T2+ 140 +12> (7.50)
s N2 —1 o e f2
_ 0w = Qs fp<12Q1Q2+141 Q1Q24ln2Q1/Q2+12).
s s

Other amplitudes vanish at t = t,,;,. These expressions should be compared with the corresponding 2 gluons
exchange contributions discussed in the previous sections. The LL amplitude is almost constant around ¢ = .1,
and given by (7.41). The TT amplitude (7.32) behaves as

99 T N2-—
~ —ja—s
T 5 Ng

t
Qg Cem f,? w ’ (751)
where the constant a = 253.5 is extracted from a numerical fit.

The Eqs. (7.47 - 7.51) confirm the well known fact that in the Regge limit the two gluon exchange dominates
over the double quark exchange, with relative enhancement of s, in accordance with (4.1). In the case of
longitudinally polarized photons which does not vanish at ¢,,i,, and for the same photon virtualities Q3 = Q% =
Q?, let us consider the ratio B

Ry = Moo _ 32(Qi+Q3) @° (7.52)

MES 28((3) —24 sas

For a typical value of @* = 1 GeV?, as soon as s (~ s,«,+) is higher than 4 GeV?, this ratio is bigger than
unity, which at first sight seems to be always the case for ILC. (7.41) would thus completely dominates with
respect to (7.47), by several orders of magnitudes. In fact, sy-,~ can reach such low value as 4 GeV?, because
of the outgoing energy carried by the outgoing leptons and the strong peak of the Weizsécker-Williams fluxes
at small v* energies. We discuss this effect in section 7.4.4 at the level of the ete™ process, after performing
the phase-space integration of the differential cross-section at ¢,,;,. It will be shown that nevertheless the quark
contribution is really negligible in almost all the ILC phase space.

In the case of the two gluon contribution with transverse virtual photons (7.51) which vanishes at ¢t = t,,in,
its dominance over the corresponding quark contribution (7.48) appears very rapidly when [t — #,,;,| starts
to increase, and persists in the whole essential region of the phase space (remember that (7.51) is peaked at
t —tmin = k 0.01GeV? where k is of order 1-10). This dominance will also be discussed in more detail in section
7.4.4 at the level of the eTe™ process.
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Figure 7.17: Differential cross-sections for the process vi r v r — p% p%, up to asymptotically large t. The solid curve
corresponds to the v7~v7 mode, the dotted one to the 777 mode, the dashed and the dashed-dotted ones to the y7v7»
modes with respectively the same T' = T" and different T' # T" transverse polarizations, for Q1 = Q2 = 1 GeV.

7.4.4 Non-forward Born order cross-section for ete™ — eTe™p? p?
Kinematical cuts for the phase-space integration

Our purpose is now to evaluate the cross-section of the process ee™ — ete™p? p% in the planned experimental
conditions of the ILC project [563] discussed in Sec. 7.2. The cross-section which takes into account all the
kinematical constraints, which are explained below, is given by

+ + + +

do¢ e —e'e pLpL Q%mam Q%mam Ymaz Ymaz do® e~ —ele pLpL
= Q7 Q3 / d / d : 7.53

dt / ) @ / , @[ W g dy2 dQ? dQ3 (7.53)
SY1

1min 2min

with Q1min = 1 GeV, Qimaz = 4 GeV, € = 107% and 4,142 = 0.6. The cross-section (7.53) can be evaluated
combining the cross-section formulae (7.4), (7.27) and the results of section 7.4.3 for the helicity scattering
amplitudes.

The important feature of the formula (7.53) is that the dominant contribution for the v* y* — p% p9 process
is strongly peaked at low ;. The integration over @;, y; is peaked in the low y; and @); phase space region
due to the presence in (7.4) of 1/(y; Q?) factors coming from the Weizsicker-Williams fluxes, and thus amplifies
this effect. We show below that this dominant part of the phase space is accessible experimentaly using the
BeamCal calorimeter.

The integration domain in (7.53) is fixed by the following considerations. In the laboratory frame, which
is also the cms for a linear collider, the standard expression for the momentum fractions which respect to the
incoming leptons and for the virtualities of the bremsstrahlung photons are, respectively, given by

E — Elcos?(6;/2)
Yi = B
where FE is the energy of the beam, while E! and 6, are respectively the energy and the scattering angle of
the out-going leptons. At ILC, the foreseen cms energy is /s = 2F = 500 GeV. The experimental constraint
coming from the minimal detection angle 6,,;, around the beam pipe is given by 0,00 = T — Oin > 0; > Orin
and leads to the following constraint on y;

and Q7 = 4EE!sin*(0,/2), (7.54)

Q?

yi>f(Qi):1*ma

(7.55)
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where the constraint on the upper bound of y; coming from 6,,,, is completely negligible at this cm energy.
The condition on the energy of the scattered lepton Fyqp > Ef > Epy, results in

B E
TR sy > 1 — =22 7.56
Y i (7.56)

Yimazx = 1-

Moreover we impose that
Syxyx = Y1Y28 > CQl QQ (757)

(where ¢ is an arbitrary constant of the order 1) which is required by the Regge kinematics for which the impact
representation is valid. We show below that this constant ¢ can be adjusted to choose bins of data for which
also in the case of ete™ scattering the contribution with quark exchanges (discussed in Sec. 7.4.3) is completely
negligible.

We arbitrarily choose @; to be bigger than 1 GeV as it provides the hard scale of the process which
legitimates the use of perturbation theory. @;mq. Will be fixed to 4 GeV, since the various amplitudes involved
are completely negligible for higher values of virtualities @; values (see section 7.4.3). The constraints on y; min
discussed so far are summarized by conditions

(7.58)

Y1 min = IMax (f(Ql)a 1-—- E%GI> and Y2 min — Max (f(QQ); 1-— % %> .

E ' sy

Further simplifications of conditions (7.58) can be done by taking into account that the only condition on the
maximal value of energy detection of the scattered leptons comes from kinematics, i.e. E,., = F, and some
specific features of the planned detector.

The BeamCal calorimeter in the very forward region allows in principle to detect particles down to 4 mrad.
More precisely, it measures an energy deposit for an angle between 4 mrad and 26 mrad. But this detector
is also polluted by the photon beamstrahlung, specialy for very small angles (see Fig. 7.8). We assume a non
ambiguous identification for particles whose energies are bigger than 100 GeV. More precisely, the efficiency
of detection of an electron depends on its energy and becomes less ambiguous when the energy increases. It
is above 70 % in the part of the phase space which dominates the cross-section (small y;, corresponding to
E! ~ E;). A precise evaluation of this efficiency would require to set up a Monte Carlo simulation for the
beamstrahlung contribution, which is beyond the scope of this paper. This sets the maximal value of y; to
Yimaz = 1 — E2in = 0.6 with Ey,;, = 100 GeV and E = 250 GeV.

Such a big value of E,,;, can be considered as surprisingly high and could lead to a strong reduction of
the allowed phase space. In principle one could enlarge the phase space by taking into account particles whose
energies E! are between 100 GeV and 20 GeV with angles 6; bigger than 10 mrad (see Fig. 7.8), but the
contribution of this domain is negligible (see Fig. 7.18) since the lower bound of y; (see Eq.(7.58)) prevents us to
reach the small values of y; and @); which give the dominant contribution to the cross-section. We safely neglect
the contribution of this region of phase space and assume in the following E,,;,, = 100 GeV and 6,,,;, = 4 mrad.
Thus, with 6,,,;, = 4 mrad and /s = 500 GeV, we have stan?(0,,in/2) = 1 GeV?2, which means that f(Q) <0

Emin
Yimaz = 1- E
Y
0.8 1 — Bmax
/ E
0.6
0.4 f(Q1)
/
0.2
1.5 2 2.5 3 3.5 4 Q1 (GeV)

Figure 7.18: y: integration domain for 0, = 10 mrad, Emin = 20 GeV and Emaez = 100 GeV.
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for Q% > 1GeV?2. The relations (7.58), with E,,., = E, reduce to only one condition y2,in = QlQZ This has
to be supplemented numerically with the condition y1,,in, = €, where € is a numerical cut-off: although because

of the Regge limit condition, we have y; > Qslyfz > Ql’;;;‘QZ’”" 6.610~% which thus provides a natural lower

cut-off for y;, nevertheless we choose € = 1079 so that it is smaller than the smallest reachable value of y1 but
still non zero. This cut-off has no practical effect, except for avoiding numerical instabilities in the integration
code.

The above discussion justifies the various cuts in formula (7.53).

Background in the detector

BeamCal is an electromagnetic calorimeter which cannot distinguish charges of particles. Thus, it is important
to check that the cross-sections of any other processes which could lead to final states which can be misiden-
tified with the final state of the process eTe™ — eTe™p} p% are suppressed. Indeed, the final state of the
process eTe™ — yyp} p? | with photons of the same energy deposit in detector as outgoing leptons, cannot be
distinguished with the final state of ete™ — eTe™p% o .

We shall argue that the process ete™ — yyp? p? leads to a cross-section which is negligible at ILC. Let us
first start with the process ete™ — p% p? illustrated in Fig. 7.19(a), studied in Refs. [572,573].

(a) (b)

+

Figure 7.19: Example of Born order diagrams for the process eTe™ — p? p? (a) and for the eTe™ — yvp? p? process

(b).
Its differential cross-section behaves typically like

4 44
do  %emly
dt stﬁ

: (7.59)

with the virtualities of the photons propagators equal to mi. More accurate expressions can be found in [573],
if one identifies gv., = f, m,.
Now, when considering the competitor process e

photon as in Fig. 7.19(b), we get

Te™ — yypY pY, that is adding two additional bremsstrahlung

+o— +eom ete—
do€ ¢ —ryPLeL do€' ¢ —e'e pLpL O‘imQ%Q%
~

dt dyy dys dQ3 dQ3 it dyr dys dQ1dQ3 — ais’my

(7.60)

which is suppressed at ILC energies, and would be of comparable order of magnitude only for colliders with cm
energy of the order of a few GeV.

Results for cross-section

ete—mete™
We now display in Fig. 7.20 the cross-sections do® © 7 ° "ML s a function of ¢ for the different polarizations,

dt
which are plotted after integrating the differential cross-section in (7.53) over the phase space considered previ-
ously. We made the following assumptions: we choose the QCD coupling constant to be as(y/@Q1Q2) running at
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Figure 7.20: Cross-sections for eTe™ — eTe™p% p} process. Starting from above, we display the cross-sections corre-

sponding to the 777 mode, to the 77y} modes, to the v;5 modes with different 7' # T and finally to the v;vi,
modes with the same T = T".

three loops, the parameter ¢ = 1 which enters in the Regge limit condition and the cm energy /s = 500 GeV.
Fig. 7.20 shows for eTe™ scattering the same differential cross-sections related to different photon helicities as
Fig. 7.13. We see that the shapes of corresponding curves are similar although they lead to quite different values
of cross-sections. The cross-sections corresponding to photons with at least one transverse polarization vanish
as in the v*4* (cf Sec. 7.4.3) case at t = tpip. Similarly, each of them has a maximum in the very small ¢ region.
These maxima are shown more accurately on the log-log plot in Fig. 7.21.

At this point one technical remark is in order. By looking into the upper plot in Fig. 7.21 related to the
Mo amplitude, one sees that the points corresponding to nonzero |t — tin| approach smoothly the point on
the axis |t — tyin| = 0. This point |t — tnin| = 0 is of special interest because it gives the maximum of the
total cross-section (since the transverse polarization case vanishes at t,,;,) and then practically dictates the
trend of the total cross-section which is strongly peaked in the forward direction (for the longitudinal case)
and strongly decreases with ¢ (for all polarizations), as shown already at the level of the y*~v* cross-sections in
Sec. 7.4.3. Due to numerical instabilities, the differential cross-section at |t — t,,:,| = 0 must be evaluated in a
different way than those for |t — ;| # 0, i.e. by the use of expression (7.41) in which the integration over z;
was already done in the analytic way. Since Eq.(7.41) involves several polylogarithmic functions its structure
of cuts is quite inconvenient for further numerical integration over variables y; and @;. In order to overcome
this technical problem it is useful to rewrite (7.41) by the use of Euler identity [569] in the form

CNZ-1 or2 1 1\, s
Moy = —1is N2 oz? Qem, fp2 - m [6 <R+ E) In“ R (7.61)

1 1 ) 3 o
+12 <RE)1HR+ 12 <R+E> + <3R + 2 +§) <<FL12(1R)> In R

~In(R+1)In*R — 2Lis (—R) In R + Lis (R) InR + 2Li3 (—R) — 2Liz (R))] .

since now the imaginary terms only come from Lis (R) and Lis (R) along their cuts, which cancels among each
other analytically. Therefore, one can safely use their real part in a numerical fortran code as defined in standard
packages.

The ILC collider is expected to run at a cms nominal energy of 500 GeV, though it might be extended
in order to cover a range between 200 GeV and 1 TeV. Because of this possibility, we below discuss how the
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Figure 7.21: Cross-sections for eTe™ — eTe™p) p} process, in log-log scale. Starting from above, we display the
cross-sections corresponding to the 77y}, mode, to the v} ~; modes, to the v;v4 modes with different T' # T” and finally

to the y5~y4 modes with the same T = T".

change of the energy in cms influences our predictions for the cross-sections measured in the same BeamCal
. . . . etem—etemproyg
detector. Furthermore, we discuss the effects of our various assumptions on the cross-section CI"T

at the point ¢,,4,, and consequently on the behaviour of the total cross-section.

do" " (£b/GeV?)

dt
300

250

200 /

150;
100/ /

200 400 600 800 1000
V3 (Gev)

Figure 7.22: Cross-sections for efe” —e efp% p% at t = tmin for different a5 : the blue and red curves for s running
respectively at one and three loops, with ¢ = 1.

+

Fig. 7.22 shows the cross-section at ¢, as a function of the cm energy /s for different choices of strong
coupling constant as. To see the sensitivity of our predictions to these choices, we plot the cross-section at t,,y,
in two cases: the blue curve corresponds to a,(1/@Q1Q2) running at one loop and the red one to a,(v/Q1Q2)
running at three loops. The curves in Fig. 7.22 are very close to each other, which leads to a small uncertainty
on the total cross-section as we will see in the following.

The shapes of plots in Fig. 7.22 distinguish two different domains: if the planned cm energy range /s is lower
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than 500 GeV, the function f(Q;) (cf. equation (7.55)) appearing as a constraint on the minimum value of y; in
the phase space integration domain does not play any role at 6,,;, = 4 mrad. Thus the cross-section increases
with /s between 200 and 500 GeV. Because of the condition we assumed on the minimal value of the energies
of the scattered leptons, the y; integration domain becomes very narrow (cf. equation (7.56)) when /s goes to
200 GeV and leads to a strong decreasing of the cross-section at this cm energy. Note that if /s becomes bigger
than 500 GeV, f(Q;) will cut the small y; region (which contribute mainly because of the Weizsacker-Williams
photons fluxes) when +/s increases. Thus the cross-section falls down between 500 GeV and 1 TeV. This is
due to the limitation caused by the minimal detection angle offered by the BeamCal calorimeter, which is thus
optimal for our process when /s = 500 GeV. This effect on f(Q;) could be compensated if one could increase
the value of @; but this would be completely suppressed because of the strong decreasing of the amplitude
with @;. The above discussion leads also to the conclusion, that although the Born order cross-sections do not
depend on s, the triggering effects introduce an s-dependence of the measured cross-sections.

do " (fb)GeV?)

300

250, e

200¢ 7

///
150 /
100!
50/ :
200 400 600 800 1000

Vs (Gev)

Figure 7.23: Cross-sections for efe” > e efp% p% at t = tmin for different values of the parameter c: the red [black]
curves correspond to ¢ = 1, the green [dark grey] curves to ¢ = 2 and and the yellow [light grey] curves to ¢ = 3. For
each value of ¢, by decreasing order the curves correspond to gluon-exchange, quark-exchange with longitudinal virtual
photons and quark-exchange with transverse virtual photons.

+

Fig. 7.23 shows the cross-section at t,,;, for different values of the parameter ¢ which enters in the Regge
limit condition Sy«y+ = y1y25 > cQ1 Q2. The value of the parameter ¢ controls the dominance of gluonic
contributions to the scattering amplitude: the increase of ¢ should lead to suppression of quark exchanges.
To see that we display the quark contribution in the same bins: we use the usual phase-space for the process
ete™ — eTe p? p% (cf. Eq.(7.4)) with the expressions of the amplitudes (7.47) and (7.48), and perform their
numerical integration on y;, ); with the same cuts as in the two gluon exchange process. For each value of ¢ we
plot the three curves corresponding to the two gluon exchange process and the quark exchange processes with
longitudinal and transverse virtual photons.

A technical remark is in order when performing this integration numerically. The equation (7.48) is not
divergent when Q? — s because this limit is only valid if s(1 — Q%/s)(1 — Q3/s) is finite and positive since
this term corresponds in our notation to the cm energy of the virtual photons. In order to avoid numerical
instabilities we add the condition y;y25 > Q%, Q% to the Regge limit condition. We can check that this
supplementary constraint does not change our results for the other contributions, namely for the two gluon
exchange and the quark exchange with longitudinal virtual photons processes.

As expected, the quark contribution is suppressed when increasing ¢ and becomes completely negligible as
soon as ¢ exceeds 2. All above discussion concerned the case t = t,,;, which determines the general trend of
the cross-section in the non forward case. Because of that we hope that above conclusions are also valid at the
level of the integrated over ¢ cross-section. Thus, we omit bellow the quark exchanges.
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We finally obtain the following results for the total cross-section integrated over ¢t. We shall show three
different predictions which differ by the choice of the definition of the coupling constant and by the choice of
the value of the parameter ¢ controlling the gluon dominance. First we choose a;(v/Q1Q2) running at three
loops, the constant ¢ = 1, the cms energy /s = 500 GeV and we obtain (up to numerical uncertainties):

ot = 324 fb (7.62)
ot = 15fb
oIt = 02fb
gTotal  — 341 fb.

With a nominal integrated luminosity of 125 fb~!, this will yield 4.26 10® events per year.
Secondly, with the choice of a4(y/Q1Q2) running at one loop, the constant ¢ = 1 and the cms energy
/s =500 GeV, we obtain:

ol = 33.9fb (7.63)
ot = 15fb
oIt = 02fb
ogTotal  — 356 fb.

As expected, we see that the transition from three to one loop changes very little the total cross-section. This
result will yield 4.4510% events per year with a nominal integrated luminosity of 125 fb™!.

In the third choice, we choose a;(/Q1Q2) running at three loops, the same cm energy /s = 500GeV and
the constant ¢ = 2 (for which as previously discussed quark exchanges are completely negligible) and we get:

ol = 281 fb (7.64)
ot = 13fb
ot = 0.2fb
glotal  — 996 fb.

This result will yield 3.7 10% events per year with a nominal integrated luminosity of 125 bt
Finally, we also consider the same assumptions as the previous ones except for the value of the constant ¢
which is now set to ¢ = 10 in order to consider a more drastic Regge limit condition and we obtain:

ol = 193 fb (7.65)
ot = 09fb
ot = 0.11fb
gTotal  — 90.3 fb.

This result will yield 2.5 10 events per year with a nominal integrated luminosity of 125 fb~!. Thus, this shows
that the precise way one implements the restriction of the kinematical phase space to the domain of applicability
of the impact representation does not dramatically change the number of events.

All the prediction above were obtained using the asymptotical DA. In order to see the sensitivity of this
assumption on our results, we do also the calculation using the DA (7.40) within different models. The choice
of the DA of Ref. [574] with as = —0.1 and a4 = 0 gives 4.2 103 events per year, while the choice of the DA of
Ref. [248] with az = 0.05 and a4 = 0 gives 4.3 10 events per year. In summary, our predictions are quite stable
when changing the main parameters characterizing the theoretical uncertainties of our approach.

Let us comme back to the detection issue concerning the two p°’s. Each produced p° has a branching ratio of
almost 100 % in the desintegration 77~ . Based on the cuts we have used for the tagging of the two out-going
electrons, one can try to evaluate whether each of these 4 pions will be detectable, i.e. if they will be not
too close from the beam pipe. The angle with respect to the beam pipe of the virtual photon as a function
of the angle of the corresponding out-going lepton is 6* ~ —E'/,/Q? 4+ (E — E’)26. Since the cross-section

is completely dominated by configurations where E' > /Q? + (E — E’)%, the p® is far from the beam pipe,
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typically 100 mrad. The two emitted pions are a bit boosted in the p direction, so they will be seen in a region
of the detector where the efficiency should be rather high. In contrast, the vy — J/UJ/¥ [565,566] is much
less favorable due to the low 6% branching ratio of J/¥ — £¢T .

We will now study the effect of BFKL enhancement, restricting ourselves to the forward case, thus considering
the process

Vi(q1) Vi (q2) — p (k1) pY (k2) . (7.66)

7.4.5 Leading order BFKL resummation effects for the forward ~; v; — p% p%
amplitude

General expression

In the BFKL framework, as we saw in Sec. 4.1, writting the amplitude of the process (7.66) through its inverse
Mellin transform as

M(s,t) = is / d—“’ewyfw(ﬂ) , (7.67)

211

and using the forward BFKL solution (4.3) for f,(0), one obtains, after using the expression (6.10) of the
forward impact factor!?,

N2 -1 ! !
fu(r*=0)= 47Tagaem;\772fP2QlQ2/ dzy 2171 ¢(21)/ dz2 z2Z2 (22) (7.68)
c 0 0

> 1 21 1 : 21 1 20y
[ (L [0y,
oo w—w(y,n) k3 \m? k% + pf kB \m?2 k7?4 ps

Let us denote the expressions in the square brackets as I(z,v) and I(z, —v) respectively. It is straightforward
to put the propagators on a common denominator and show that

2 e 3 1 2 S, 31 3 1
I(z,v)==(m*) 27" T (3 —i) (—5+iv)=—(QF) 2" (22) 27T (2—iv)T (-3 +iv). (7.69)

Next, the z integrals can also be done. We have

1 3, 1 1,
/dzzéqb(z)l(z,u)z—(Qf)_Q—HuI‘(%—iu)l"(—%—i—iu)/ dz6(zz)2""

0 0
F(%+iu)

3,
_ —2-2iv (H2\ "2t ¥ 3 _ - 1
= —6/m2 Q) 2" T(E—iw)I (-3 +iv) Tt (7.70)
since the integral over z is just the definition of the Euler beta function. Finally this yields the Mellin transform

o0

fp2Q1Q2/ dv w%w(u) (Q%)73/2+w (Qg),g/Q,iU

— 00

N2 -1
NZ
23 -i)r2E+a)r (-3 -w)I (-1 +iv)

fw(r2 =0)= 97T204§ozem

7.71
% NCEDINCER D) ’ (7.71)

which immediately leads to the final result for the amplitude (7.67)

M8, timin, Q1,Q2) = is 9r2a’a NE _ 1f2 1 /00 dy e?W)Y (Q—%)w
yvmans b s—rem NCQ 14 (Q1Q2)2 - Q%
G- (5 + z‘g) r(-3 - i) U (=5 +iv) (7.72)
P2—aw)I'(2+iv)
We define R = Q1/Q2 and write this as
N2 -1 97T2Q§aem 2

A(s, tmin, Q1, Q2) = is— LJ(Y,R), (7.73)

NZ (Q1Q2)?

10Note that the convention for impact factors differs between [W16], [W20] and this manuscript: ®c.c = 27T‘I)[W16] = iq)[WQO]'
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with

& CT2(2 i) T2 (B 4+ i) (=2 —i)T (=L +4v
J(Y, R) — / dv ew(u)YRQlV (2 ) (2 ) ( 2 . ) ( 2 ) . (774)
oo r2—-—i)IT(2+iw)

We now want to evaluate the integral J. We have three possibilities at hand: (i) numerically, (ii) saddle
point approximation and (iii) sum over residues of poles of the integrand. The first two methods are used to
obtain BFKL results while the last one is used to check the Born limit.

Born limit

A very valuable and non-trivial check on the BFKL result as well as the Born result is the fact that in the
limit ¥ — 0 (no evolution) or alternatively as — 0 (the gluons in the ladder do not couple to each other) the
BFKL amplitude must reduce to the Born level result. We refer to the Appendix of [W16] where we show,
using method (iii) for the evaluation of the integral, that our BFKL result (7.72) does indeed reduce to the
correct Born level results (7.41) (or equivalently (7.61)) derived in Ref. [W15], first for the special case R =1
and the DGLAP-like limit R > 1, and finally for the general case R # 1. Note that the calculations presented
in that Appendix are done in a completely different way than in the Born level calculation in Ref. [W15] (there
we relied on the computation of k| integration for arbitrary t, as explained in Sec. 7.4.3, which where then
simplified in the forward limit), so the agreement is very convincing.

Saddle point approximation of the BFKL amplitude

For R = 1 the integrand has a saddle point at v = 0, but the product of I'-functions that multiplies the
exponential is not very broad. This means that the approximation will yield a too large answer. But let us try
anyway. The expression multiplying the exponential in the integrand at v = 0 takes the value 73/4, so for the

case Q1 = Q2 we get

7T3ﬁ e411’12 asY

JY 1)~ —; 14a,((3)Y

L Y>> 1, (7.75)

so the BFKL amplitude is

Nc2 _ 1) agaemfg etn2a.Y
4N2 Q* 14a,((3)Y

However, we can do better than this [W5]. We can keep the general case Q1 # Q2 with R = Q1/Q2. The
integral is then

A(s,t =tmin, Q1 =Q2=Q) ~ iSWE’ﬁg( (7.76)

J(Y.R) = /_OO dy # @Y+ IR (L ) (7.77)
where
g(v) = R* ¢1(7) (7-78)
with 3y(1— ) A()
_ iy -y _ 1Y ) .
91(7) = ['(5/2 —y)[(3/2+~)sin®(my)  sin®(7y) Y

Expanding the exponent to second order we see that the saddle point is shifted:

" " . 2 2
W"0)Y , W'(0)Y <1/ 221nR> 2In" R Fw(O)Y,  (7.80)

wW)Y +2ivlnR ~ w(0)Y +2ilnRv + 5 Vi~ 5 + BI0N% S0y

and we can shift the integration variable accordingly to get a Gaussian integral. The result is now

7T3\/7_T 64 In2asY < 1n2 R )
J(Y,R) ~ exp| ——————1, Y >1, 7.81
(¥, R) 4 o)y P\ HalB)Y (751
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Figure 7.24: Exact numerical result (solid line) and saddle point approximation (dashed) to the integral J(Y, R)
for R =1 (left) and R = 10 (right).

and

A(s,t = timin, Q1,Q2) ~ism /T )

N2 — 1) Q20 f2  eAlm2a.Y n2R
(e —1) Jp_c = p< = ) (7.82)

AN Q1Q3 \/14a.((3) T MalB)Y

These approximations can be compared to numerical evaluations of the integral for each value of Y. This is
illustrated in Fig. 7.24. We see that the saddle point approximation gives the correct asymptotic behavior for
large Y and is less accurate for smaller Y. For R = 1 the approximate answer is about 40% too big for ¥ ~ 2
and about 10% too big for Y ~ 10. For R = 10 the approximation is slightly better. Note that the Linear
Collider is likely to test regions with Y 2 5, where the saddle point approximation works relatively well.

Leading order results

In addition to the parameters p, f, taken as above in our Born study, one should fix furthermore three parameters
in the calculation: « in the prefactor, which gives the strength of the coupling of the pomeron to the impact
factor; @, in the BFKL exponent, which gives the strength of the coupling of the gluons inside the pomeron;
and the energy scale of the rapidity Y. For all cases with a running strong coupling we use a three-loop running
as(p?) [571] with p? = ¢,Q1Q2 as we did in our Born study. Unless otherwise stated, we use this running
coupling with ¢, = 1 in the prefactor of the amplitude.

At LLx accuracy, ay is a fixed parameter, i.e., it does not run with the gluon momenta in the BFKL ladder.
We choose to, however, let it depend on the given ()1 and (3, which are external to the pomeron but provide
a reasonable choice; we thus choose a; = %as(Qng). The pomeron intercept is determined by «s, and it is
known to be too large when comparing to HERA data. Our chosen values give quite large pomeron intercepts,
but we do not want to artificially suppress the growth by choosing very small values of . Instead we will see
in Sec. 7.4.6 that the growth becomes slower when higher order corrections to the BFKL evolution are included.

The rapidity is defined as

s

Y=In <CYQ1Q2) , (7.83)
where ¢y is a constant that is not constrained at LLx accuracy. As discussed in [537,538] this constant is
related to the average attained values of z1 5 in the process. The authors of [537,538] chose a very small value
cy = 0.01. We estimate the corresponding effect more conservatively and choose ¢y = 0.3 for the cross section
predictions shown below (see also [W9]). We will now investigate the sensitivity to these choices. Note that all
the results shown here have been obtained by numerical evaluation of the integral over v and not by the saddle
point approximation.

We begin by comparing the energy dependence of the BFKL cross section and the Born cross section.
Fig. 7.25a shows the ratio of the differential cross sections do/dt|;—s,, ,, calculated from BFKL and at the Born
level, as a function of the rapidity Y for three choices of Q; and @2, and for a fixed value ag = 0.2. There
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Figure 7.25: a (left): Ratio of the leading order BFKL cross section to the Born level cross section as

@

dt trrLin
a function of the rapidity Y, using as = 0.2. The solid curve is for R = Q1/Q2 = 1, the dashed curve is for
R =5, and the dotted curve is for R = 50. b (right): same ratio with as = %as(Qng), where Q5 is fixed at
QQ =2 GeV and Ql = RQQ

is clearly a strong Y-dependence, as seen from (7.82). Note that all of the Y-dependence of this ratio comes
from the BFKL amplitude, since the Born level result is independent of the energy. Fig. 7.25b shows the same
plot but using our “standard” choice of ay = %as(Ql Q2). The difference between Figs. 7.25a and 7.25b serves
to illustrate the sensitivity to the choice of ay, and shows that using a (J-dependent coupling for the pomeron
decreases the growth with energy for increasing virtualities.

In Fig. 7.26 we show the same ratios as a function of the center-of-mass energy /s for Q1 = Q2 = 2 GeV in
the left plot and for @1 = 10 GeV, Q2 = 2 GeV in the right plot. The three different curves represent different
choices of the energy scale in the definition of Y, corresponding to three different values of the parameter cy .
This freedom to change the scale introduces an additional uncertainty in the results. In Fig. 7.27 we show the
same kind of plot, but varying instead the parameter ¢, in the argument of o, to highlight the uncertainty
coming from the choice of scale in as. Note that the parameters ¢y and ¢, both affect the argument of the
BFKL exponential, and thus the energy evolution.

Finally, in Fig. 7.28 we show the ratio as a function of Q@ = @1 = (2. Thus we see that the BFKL
prediction differs from the Born level prediction in all kinematical variables, which allows testing BFKL dynamics
experimentally, and possibly fitting the free parameters. However, there are several (very large) uncertainties
in the calculated amplitude. This has to be kept in mind when viewing the cross section predictions that will
follow.

In Fig. 7.29a we show the differential cross section do/dt|i—;,, ., as a function of the photon virtuality @ in
the symmetric case R = 1, i.e. Q = Q1 = @2, for three different energies /s, and in Fig. 7.29b we show the
same cross section as a function of /s for three different virtualities Q.

These predictions are made with the parameter choices discussed above and contain the corresponding
inherent uncertainties. To get some idea of the possible variation in the magnitude of the cross section because
of the parameters, we plot in Fig. 7.30 the cross section for @ = 2 GeV for the standard parameter choices,
and for two extreme versions, one where we choose new parameters ¢/, = 1/2¢o, ¢ = 2cy and one with
¢, = 2cq, ¢ = 1/2cy. These curves are plotted in gray and should give some indication of the theoretical
uncertainty. This clearly calls for an evaluation of NLLx order effects.

7.4.6 Estimation of next to leading order effects
Collinear improved LLx BFKL resummation

The BFKL kernel is known to NLLx accuracy [276,306-308], as well as the NLLx impact factor for our process
[317]. The calculations to obtain the full cross section are difficult, however, and have been performed only
recently [328,439,443]. At the time of our evaluation of Ref. [W16], it was not yet available. We will explain now
how we evaluated higher order effects. To estimate these effects we implement two improvements to the LLx
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to the Born level cross section as a function
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of the center-of-mass energy /s, for Q1 = Q2 Q = 2 GeV (left) and @1 = 10 GeV and Q2 = 2 GeV
(right). The different curves in each plot correspond to three different definitions of the rapidity variable,
Y = In(eys/(Q1Q2). The solid curves are for cy = 1, dashed curves are for ¢y = 1/2, and dotted curves are
for cy = 2. The scale of a; is given by ¢, = 1.

Figure 7.26: Ratio of the leading order BFKL cross section ‘Zl—‘z ‘t v
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Figure 7.27: Same as Fig. 7.26, but the different curves in each plot correspond instead to three different scale
choices in a5 The solid curves are for ¢, = 1, dashed curves are for ¢, = 1/2, and dotted curves are for ¢, = 2.
The scale of Y is given by the standard ¢y = 0.3.
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Figure 7.28: Ratio of the leading order BFKL cross section to the Born level cross section as a function

do
E‘tmin
of the virtuality Q for fixed Q2 = 2 GeV, for three different energies /s and standard scale choices c,, cy as
defined in the text.



230 CHAPTER 7. ONIUM-ONIUM SCATTERING IN ~*)~(*) COLLIDERS
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Figure 7.29: a (left): differential cross section do/dt|i=¢,,,, as a function of the photon virtuality Q@ = Q1 = Q2
for center-of-mass energies /s = 100 GeV, 300 GeV and 500 GeV, with standard scale choices as defined in the
text. b (right): differential cross section do/dt|;—¢,,,, as a function of the photon—photon center-of-mass energy
/s for photon virtualities Q = Q1 = Q2 = 2 GeV, 3 GeV and 4 GeV.
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Figure 7.30: Differential cross section do/dt|i—,,,, for photon virtuality Q@ = @1 = Q2 = 2 GeV for standard
parameters ¢, cy (black curve) and for new parameters ¢/, = 1/2¢,, ¢ = 2¢cy and ¢, = 2¢4, ¢ =1/2¢cy
(upper resp. lower gray curves).
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Figure 7.31: The characteristic BFKL functions wy,r(y) for the NLL resummed model with ny = 3 (solid line)
and ny = 0 (dotted line) and w(vy) for LLx BFKL (dashed line), for a value of @; = 0.2. The dot shows the
location of the saddle point of wyrr(nf = 3), vs = 0.51, while w(y) and wyrr(ny = 0) have saddle points in

v=1/2.

BFKL amplitude. First, we use BLM scale fixing [158] for the running of the coupling in the prefactor. Second,
we use a renormalization group resummed BFKL kernel, as will be explained below. We will then compare our
estimate of the NLLx effects based on our calculation with the full NLLx evaluation of Ref. [328,439,443].

In Ref. [537,538] it is shown that for the BFKL calculation of the total y*v* cross section, the BLM procedure
for choosing the scale leads to pu? = coQ1Q2 with co = e~%/3, and thus to a larger coupling which will increase
the cross section. In the process v*p — Vp at next-to-leading order [575] the correct scale choice was instead
found to be ¢, = e71/2. The use of the BLM procedure in exclusive processes has been further discussed in [14].

An approximate BLM scale for our process is found by using the NLLx impact factors computed in [317]
and neglecting higher order effects in the BFKL kernel. The BLM procedure, choosing the scale such that the
terms proportional to 3y vanish, then leads to the simple choice ¢, = 1.

We investigate here the effect of higher order corrections described by the LLx collinear resummed approach
discussed in Sec. 4.5, which we will denote NLL in this section (although it is based on the LLx kernel). This
means that when performing the inverse Mellin transform in Eq.(7.67), the position of the pole in the w plane
is determined by the equation

w = asx(v,w). (7.84)

This equation implicitly defines the function wyrr(7y) that we need to perform the integral J(Y, R) over v =
i(1/2 — v). We therefore estimate the NLLx BFKL result by using a resummed BFKL kernel in the BFKL
exponential, but we keep the LLx form of the solution and the impact factors.

As we explained in Sec. 4.5, the renormalization group (RG) resummed BFKL kernel of Salam [318] and
Ciafaloni et al. [319,320] is actually a resummation of the full NLLx kernel, which removes the problems of this
kernel. It is however possible to perform such a resummation of the LLx kernel, which leads to a result that
includes a large part of the corrections coming from the NLLx kernel. One such model, based on the general
idea of the approach of [318-320] (more specifically Scheme 4 of [318]), was recently proposed by Khoze et
al. [330]. This approach uses a fixed strong coupling in the BFKL kernel which is essential for the approach
here. A running coupling in the BFKL kernel radically changes the properties of the solutions, and it is no
longer possible to evaluate the w integral by a simple residue. Therefore we do not pursue it here, although it
may be attempted along the lines of [480].

We make one modification to the approach of [330]: they use an asymmetric scale choice in the definition
of the rapidity (see [318-320] for a discussion) which was appropriate for their problem under study, but our
process is more suited for a symmetric scale choice and we therefore perform the necessary modification. The
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characteristic function is then expressed as
X(7,w) = xo(7) + @sxi(v,w) (7.85)

where xo(7) = x(7) is the usual BFKL function (4.5). The correction piece x1(vy,w) is given by

l+wAi(w) 1 1T4+wAi(w) 1

_ ht
Qs Ww)=——"——+ = — —w , 7.86
x1(7,w) P L el Xo (7) (7.86)

where yg! is the higher twist part of xo,

W) = xol) = = = 72 = 26() — v(1 +9) — v2 = ). (787)

A (w) is obtained from the Mellin transform of the DGLAP splitting function P,, by

1 1
with
11 ny (67 a? 5
Al(w)1218+<36 6)w+(9(w ). (7.89)

We will in the following throw away any terms proportional to w and only keep singular and constant terms.
For ny = 0 we then have A;(w) >~ —11/12. It is possible to account for quark loops for ny > 0 by replacing [330]

~ 4

12 18 ' 6NZy

a, 1 1 11 7ny  Crasny (111
: 7.90
| (G-5) o=

Ar(w) — Ar(w) + nyg r]\;g;qu(W)qu(W) ~3

The characteristic kernel wyrr(7y) obtained by solving (7.84) with x(v,w) given by (7.85) is shown both for
ny =3 and ny = 0 in Fig. 7.31 together with the LLx BFKL kernel. An important feature of the kernel (7.84)
is that for ny = 0 it has no pole at v = 0. The pole reappears when including the quark loops as shown above.
It is also clear that for the resummed kernel both the pomeron intercept and the second derivative at the saddle
point are reduced.

To compute the cross section using this model we need to make use of Eq.(7.84) in performing the integral
over v. This is possible to do purely numerically, by solving the equation (7.84) explicitly for each given value
of v when performing the integral numerically. However, we may obtain some more insight into the properties
of the NLLx corrections by instead performing the integral by the saddle point method as in Section 7.4.5.
We expect the accuracy of the saddle point method to be similar to the LLx calculation. For the saddle point
calculation we need only compute the position of the saddle point (v, ,ws), where ws = wyrL(7s), and the

[/ —

particular value w? = w/;;;(7s). These can be obtained explicitly in terms of the partial derivatives of the

S

function x(v,w) as follows. The chain rule gives

d 0 0 d
UJNLL('Y) =a, X(%W) T X(%W) WNLL('Y) (7'91)
dry oy ow dry
so that the saddle point condition gives
d 0 s
dovii)| - _o L 2w (7.92)
dfy Y="7s afy Y="7s
We then obtain the second derivative of wyrr(y) (using the saddle point condition)
d2 a 62X(9('Yaws)
S 72 _
W' = LZL(V) - e E (7.93)
A = 11—, 2

wW=wsg
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Figure 7.32: Saddle point approximation of the integral J(Y, R = 1) for LLx BFKL and for the LLx corrected
kernel.

Finally, to find the saddle point values v, ,ws; we must simultaneously solve the equations

Ox (7, ws) s
9y T=Ys ’
ws = asX(Vs, ws)-

(7.94)

The symmetric scale choice with ny = 0 gives a kernel symmetric under v — 1 — v, so that the saddle point is
always located at s = 1/2. This does not hold for an asymmetric kernel obtained either by the asymmetric scale
choice, or, as here, by the inclusion of ny > 0 effects. The saddle point values 7s,ws must then be determined
separately for each value of a.

The residue obtained by the integral over w using the w-dependent kernel is different from the LLx case; we
have

ewY ewsY
Res = - (7.95)
w=ws W — asX(Vs,w) 1 -
where we defined the third constant
ox(vs,
Oy = as% . (7.96)
The saddle point evaluation of the integral Jypr (Y, R) now gives
2In® R
— 9(N2 -1 agaem 2 gwsY €Xp (_ WY )
ANLL(Sat = tmin, Qla QQ) ~is 775 27 ( < ) fﬂ ‘ - (797)

AN Q@3 iy 11—

We show the difference between the energy evolution of the LLx kernel and the resummed LLx kernel in
Fig. 7.32. This plot shows the integral J(Y, R = 1) for LLx and improved LLx for a fixed value oy = 0.2. The
growth with rapidity is strongly reduced by the NLLx effects, and the diffusion pattern is also changed. This is
quantified by the pomeron intercept ap = wg, which is reduced from ap = 0.55 to ap = 0.20, and by the second
derivative w! of the kernel, which decreases from w? = 28@,2((3) ~ 6.73 at the LLx level to w” ~ 1.02 using
the improved LLx approximation.!! The overall normalization is also affected by the factor 1/(1 — ws), where
in this case wy ~ —1.51.

The complete cross section prediction from the LLx modified amplitudes with BLM scale choice is shown in
Fig. 7.33 as a function of the energy. The dashed line shows the LLx BFKL result for comparison.

I Note that these values of ws and w!’ depend on the value of s, so care has to be taken to determine them correctly when using
formula (7.97).
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Figure 7.33: Cross section for LLx BFKL (dashed lines) and for the LLx corrected kernel (“NLL”)(solid lines),
using cy = 0.3 and the BLM scale choice ¢, = 1, for the three cases Q = Q1 = @2 = 2 GeV, 3 GeV and 4 GeV
(from top to bottom in the plot).

Forward eTe™ — eTe™p? pY differential cross-section with BFKL evolution

We consider below only the point ¢t = ¢,,;, and we first consider the leading order BFKL evolution, discussed
in Sec. 7.4.5. Of course such an estimate should be taken with great caution since it is well known that LLx
BFKL overestimates the magnitude of corrections.
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Figure 7.34: Cross-sections for ete™ — ete ™ pl p% with LLx BFKL evolution at t = tni, for different as : the
upper and lower red curves for a, running respectively at one and three loops and the green one (the middle curve) for
as = 0.46.

In Fig. 7.34 we show the corresponding cross-section at t,,;, as a function of /s, for different choices of
as: we considered « running at one and three loops (red curves) as in the previous discussion for the two
gluon exchange and we also used a fixed value of a; (green curve) corresponding to the three loops running
coupling constant at a typical virtuality @ = 1.1 GeV. We have used the expression (7.82) of the LLx BFKL
amplitude, with the rapidity ¥ = ln(%), s = Afr as(v/Q1Q2). The plots in Fig. 7.34 are obtained by
assuming that the constant ¢ in Eq.(7.82), which at LLx is arbitrary and of order 1, is chosen to be 1. The
factor exp(41n2 a,Y") explains the enhancement of the sensitivity to the choice of « compared to the one in
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the Born two gluon exchange case, since 41n2 Y takes big values for ILC rapidities Y. For the same reasons as
discussed earlier in this section, the function f(Q;) does not appear for /s lower than 500 GeV; the LLx BFKL
cross-section then grows exponentially with s in this domain. The effect of f(Q) starting from 500 GeV gives
an inflexion point of the curves and a maximum beyond 500 GeV; then the curves decrease until 1TeV.
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Figure 7.35: LO BFKL cross-section for ete™ — ete™p% p% at t = tymin for different values of the parameter ¢’: by
decreasing order, the curves correspond to ¢’ =2, ¢’ =1 and ¢/ = 0.5. ¢ is fixed to be equal to 1.

The effect of varying the parameter ¢ in the BFKL prediction is illustrated in Fig. 7.35. As expected, it
has a strong effect in the order of magnitude of the differential cross-section, since the rapidity is very high and
thus leads to a large value of the factor exp(41n2 @,Y"), which is highly sensitive to the precise definition of the
rapidity.

Such a dramatic enhancement of the cross-section as well as these uncertainty are clearly non-physical, due
to a to large Pomeron intercept, in view of HERA result as well as based on our evaluation of higher order
corrections of the in Sec.7.4.6 at the level of the v; vi — p% p% sub-process.

Based on our study of Sec.7.4.6 for higher order corrections, we now display our prediction [W45] at the
level of the forward ete™ — ete™p} p? process. In the approach of Sec.7.4.6 we must find the solutions (the
improved LLx Pomeron intercept and the anomalous dimension) of the set of the two coupled equations (7.94).
Although this approach uses a fixed strong coupling, we reconstruct in ws and -, a scale dependence by fitting
with polynomials of @; a large range of solutions obtained for various values of as(v/Q1Q2). Our results are
now much less sensitive to the various theoretical asumptions than the ones obtained at LLx accuracy. Having
integrated over the accessible phase space of this reaction at ILC, we compare in Fig. 7.36 the curves at Born
order (green) with the (red) one obtained after collinear improved LLx BFKL resummation. The experimental
cut imposed by the resolution of the electromagnetic calorimeter BeamCal is responsible for the fall of the
cross-sections with /s increasing from 500 GeV. This improved LLx evolution gives an enhancement of the
Born approximation by a factor 4.5, which allows us to definitively conclude of the measurability of the BFKL
evolution for this process at ILC. We finally mention that increasing the collider energy from 500 GeV to 1 Tev
will probably lead to a transition between the linear and the saturated regime (Qsqt ~ 1.4 GeV for /s = 1
TeV).

7.4.7 Summary and discussion

The diffractive production of a meson pair is one of the gold plated processes which permit clean studies of the
BFKL dynamics at ILC. Our first motivation was thus to show the feasibility of the experiment. In the Born
approximation, we estimated the cross-section for production of p%-meson pairs in the eTe™ collisions occurring
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Figure 7.36: Cross-sections at ¢t = t,,i,, for ete™ — ete™p? p% with collinear improved BFKL evolution (red
curve) and at Born order (green curve).

in the kinematical conditions of future ILC. For this aim, we first calculated all v*-helicity contributions in
the Born two gluon exchange approximation, in a mostly analytic way, by the use of techniques developped in
Ref. [W15]. Having done, we calculated the cross-section for the electroproduction of p% -meson pairs which takes
into account kinematical cuts imposed by the LDC design project for the BeamCal detector. By assuming a
nominal value of the integrated luminocity, we predict (in the numerical analysis of cross-sections) a production
of at least 4 103 meson pairs per year, a value which is sufficiently large to ensure a reliable data analysis. These
results are stable with respect to our various discussed theoretical uncertainties.

In a controlable manner, by imposing appropriate cuts (7.57), one can get rid of the DGLAP type of
contributions (quark exchange) computed in Sec. 2.4, with still high couting rates.

We discussed a possible background process in the BeamCal detector which can identify in a misleading way
an outgoing lepton with a photon. We predict that the cross-section for such a background process is negligibly
small at ILC energies.

The study of pure LLx leads to an unrealistic enhancement, with very huge uncertainty due to the very
high value of the intercept. Our evaluation of the higher order correction through collinear improved LLx
BFKL evolution widely reduces both this enhancement and uncertainties, which is essential to make precise
predictions. We then obtain an enhancement factor of the order of 4.5

The above discussion about BFKL enhancement was restricted to the forward case t = t,,5,,. In the non-
forward case, the phase space region with small ¢ values dominates the cross-sections. The obtained hierarchy
between cross sections in Born approximation for different photon polarizations will presumably still be valid
when including BFKL evolution at any order of resummation (LLx, NLLx, etc...). Indeed the argument given in
Sec. 7.4.3 for Born order and on which this hierarchy is based, only relies on the s-channel helicity conservation.
Technically, it is based on the impact representation which is valid beyond Born and/or LLx approximation.

The full NLLx cross-section, with both impact factors and BFKL kernel computed in the NLLx accuracy,
has been carried out at ¢ = 0 in [328,439]. The effect coming form the inclusion of the NLLx impact factors is
large, comparable with the effects due to the NLLx correction to the Green function. These NLLx corrections
to the impact factors reduces the cross-section. In this study, the values of sg and for the scale of the coupling
were obtained based on PMS [153,154], BLM [158] and FAC [155-157] principles. They lead to unatural high
values for these two parameters. At the level of the v; 75 — p% p? sub-process, the obtained prediction
of Ref. [328] is displayed in Fig. 7.37, and compared with our collinear improved LLx results'?. We obtain
a rather good agreement between the two predictions. However, one cannot deduce any definite conclusion
from such a comparison. Indeed, a recent study [443] based on a collinear improved NLLx Green function
combined with NLLx impact factors shows that the unnatural choice of the renormalization scale pug in the
non collinear improved NLLx Green function treatment of Refs. [328,439] is affected by this collinear improved

12Fig. 7.37 differs from the comparison shown in Fig. 8 of Ref. [328] due a numerical mistake in the first version of our paper
[W16], corrected in Ref. [W45].
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Figure 7.37: Cross-sections at t = t,;,, for y*v* — p? p% with full NLL BFKL evolution (black) [328] and (this
work) collinear improved BFKL evolution (red) for Q1 = Q2 = 2GeV and three quark flavors.

NLLx treatment: the application of PMS to the amplitude leads to ug value which are still a bit higher than
the natural scale v/@Q1 Q2 , (of the order of 4,/Q1 Q2 , but not anymore of the order of 10/Q1 Q2 ). The same
conclusion holds for the choice of the scale sy which tends to be of the order of the natural scale Q1 Q2. This
is thus consistent with what we obtained in our study of MN jets in Sec. 5.1.1, in particular in relation with
the fact that a choice of pug a bit higher than the natural scale ki ko leads us to more consistent results for
the azimutal dependency. On the other hand, these lower scales lead to a rather large enhancement of the
cross-section with respect to the NLLx evaluation of Refs. [328,439], of the order of 2 for Y = 10, thus giving
an enhancement with respect to our collinear improved LLx prediction of a factor up to 4 for Y = 10. Clearly,
there is still some room for predicting more precisely the counting rates.

In conclusion, the important message of these studies is the clear feasibility of the experiment, and the
rather high expected enhancement based on BFKL type of dynamics. However, based on our experience on
MN jets and other observables which were considered for a long time to be good tests for BFKL dynamics,
definite conclusion could be obtained only when comparing with LLQ and presumably NLLQ DGLAP type
of predictions, which are expected to be much lower, but had not been evaluated completely so far (the only
available result in this spirit is the lowest order quark exchange contribution, which we evaluated in Sec. 2.4, and
the In@Q1/Q2 LLQ DGLAP correction (7.42)). This exclusive diffractive reaction may as anticipated become
the best tool to investigate the perturbative picture of the hard Pomeron.

7.5 Hard Pomeron-Odderon interference effects in the production
of 777~ pairs in high energy ~~ collisions

Based on [W25]

7.5.1 Introduction

As we saw in Sec. 4.3, from the theoretical point of view the Pomeron should have a C-odd partner, the Odderon.
The need for the Odderon contribution [576], in particular to understand the different behaviors of pp and pp
elastic cross sections [577], is quite generally accepted. Indeed, t—dependence of the elastic pp data at the ISR
show a dip for [t| ~ 1.3 GeV? while the pp smothly decrease at that ¢, which can be interpreted as a sign of an
Odderon contribution, since o5 — 0y, is sensitive to a C—odd contribution, as illustrated in Fig. 7.38. However,
this is the only evidence we have, depending on only a single small set of data. The Odderon has never been
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Figure 7.38: Differential cross section for elastic pp and pp scattering in the dip region for /s = 53 GeV; data
taken from [577]. Figure from [296].

seen in the perturbative regime, where it can be described (at lowest order) by the exchange of three gluons in
a color singlet state.

Studies of specific channels where the Odderon contribution is expected to be singled out have turned out to
be very disappointing, in particular for exclusive photoproduction of 7° [578], but new channels have recently
been proposed. A first possibility is to consider the reaction v*v* — n.n. [579], which could be tested at ILC.
However the expected cross-section is very small. A second recent proposition relies on the exclusive production
of an heavy vector meson C' = — like J/W¥ or T in pp and pp collision, through Pomeron-Odderon and Pomeron-
photon fusion [580]. Still, in all of these attempt the main difficulty relies on the presumably low value of the
Odderon coupling with hadronic states.

Thus, due to its small exchange amplitude one should rather consider observables where Odderon effects
are present at the amplitude level — and not at the squared amplitude level. This lead to a another strategy to
reveal the Odderon, first initiated in Ref. [581], based on observables linear in the Odderon amplitude, through
interference with the Pomeron amplitude. In Ref. [581], it has been proposed to look for the Odderon in open
c ¢ difractive photoproduction, through the asymmetry in the fractionnal energy of charm versus anticharm jets,
which is sensitive to the interference between O and P.

This approach has been extended to the diffractive photoproduction of pion pairs [582,583] and to the
diffractive electroproduction of pion pairs [584,585] since the 7% m~-state does not have any definite charge
parity and therefore both Pomeron and Odderon exchanges may contribute to the production amplitude.

We now present our results [W23] on such an observable in the hard regime, a charge asymmetry in the
production of two 7+ 7~ pairs in photon-photon collisions, which could be tested at LHC, and more presumably
at ILC. We thus consider the process

Y(g,e) v(¢\e) =7t (py) 7 (p-) 77 () 7 (L), (7.98)

where € and ¢’ are the initial photon polarization vectors, see Fig. 7.39. We have in mind the ultraperipheral
collisions of protons or nuclei of high energies, like at LHC, as dicussed in Sec.7.1.1, as well as v — «y collision in
a photon collider or in an e™ — e~ collider like ILC.

At high energy the application of pQCD for the calculation of a part of this process is justified by the
presence of a hard scale: the momentum transfer ¢t = (¢ — p. — p_)? from an initial photon to a final pion pair,
—t being of the order of a few GeV?2. The amplitude of this process may be calculated within kr-factorization,
as the convolution of two impact factors representing the photon to pion pair transitions and a two or three



7.5. HARD POMERON-ODDERON INTERFERENCE EFFECTS IN THE PRODUCTION OF 7~ PAIRS IN HIGH EN
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Figure 7.39: Kinematics of the reaction vy —
process.

gluon exchange. The impact factors themselves include the convolution of a perturbatively calculable hard part
with a non-perturbative input, the two pion GDA which parametrize the quark-antiquark to hadron transition.
Since the 777~ system is not a charge parity eigenstate, the GDA includes two charge parity components and
allows for a study of the corresponding interference term. The relevant GDA is here just given by the light cone
wave function of the two pion system [202].

7.5.2 Kinematics

Let us first specify the kinematics of the process under study, namely the photon-photon scattering as stated
in Eq. (7.98). As usual, we decompose all particle momenta using the Sudakov light-like momenta p1, p2 with
s = 2pj1 - p2 . The initial photon momenta are written as

q" =pl, " =ph, (7.99)

The momenta of the two pion systems are given by

2 2
D ms +p
e = (1 - —) ot R
/2 12 /2
P Mo+ D
pl2l:r — <1 _ —jﬂ'> pl; + %" H +P27u_ (7100)

The (massless) quark momentum ¢; and antiquark momentum ¢, inside the upper loop before the formation of
the two pion system are parametrized as

(L+zp, )?

o= zphl+ 725_% ph + (0L + zpar i )*, (7.101)
(—L+zp, )?

= Zpi+ T_%Pg + (=€1 + Zp2r i), (7.102)

where 2 £ is the relative transverse momentum of the quarks forming the two pion system, up to small corrections
of the order p / s. As discussed in Sec. 2.1.1, in the collinear approximation the two pion formation factorizes
through a GDA and we put £ = 0 in the hard amplitude.

In a similar way as in (7.101), (7.102), and following the analysis introduced in Sec. 2.1.2, we parametrize
the momenta of the produced pions as

mZ + (p+¢p, )?
P = (i + e =2 ph + (P + Cpar1 )", (7.103)
_ mZ+(—p+Cp, )? _
L= (P + =21 p + (—p1 + Cpar1)”, (7.104)

(s
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Pb2-p+

o is the fraction of the longitudinal momentum

where 2 p is now their relative transverse momentum, ¢ =

por carried by the produced 7t, and ¢ =1 — (.
According to (2.63), the variable ¢ is related to the polar angle 6 which is defined in the rest frame of the

pion pair by
4m2
feosh=20—-1, f=4/1-—". (7.105)
maq

Since the “longitudinal part” of the two pion wave function depends only on the angle 6§ and does not depend
on the azimuthal decay angle ¢ (in the same rest frame of the pair), we focus on the calculation of charge
asymmetries expressed in terms of 6 (see below). Similar expressions as Egs. (7.101-7.105) are used for the
lower quark loop. Since we are interested in photon interactions in ultraperipheral collisions of hadrons, the
photons are quasi real and hence predominantly transversely polarized. The polarization vectors of the photons
are written as in Eq. (7.18), i.e.

et = L —i). (7.106)

We will consider spin averaged cross sections since hadron colliders do not produce polarized photon beams.

7.5.3 Scattering amplitudes

In the high energy limit (s > |t|) we are investigating, we will rely on the impact representation (4.14) of the
amplitude, which factorizes into impact factors convoluted over the two-dimensional transverse momenta of the
t-channel gluons.

For the Pomeron exchange, which corresponds in the Born approximation of QCD to the exchange of two
gluons in a color singlet state, see Fig. 7.39, the impact representation has the form

2k, ks 6D (ky + ky —
MWﬂS/ B o 02 Ko = o) g 1, ) - 077 0y ), (7.107)

2.2
(2m)% k7 k3
where @7 (k,, k) is the impact factor for the transition vy — 7+ 7~ via Pomeron exchange.

The corresponding representation for the Odderon exchange, i.e. the exchange of three gluons in a color
singlet state, is given by the formula

Mo =

8 72 Pky d?ky d?ky 6P (ky + ky + kg —
T S/ 1 2 3 (ky 2 3 E2F)(I)(’[Y)T(E1aEQaE3)'(I)(’[Y))T(EDE%EB)) (7.108)

3! (2m)0 kT k3 k3

where ®)" (k;,ky, ks) is the impact factor for the transition y7 — 77 7~ via Odderon exchange. The impact
factors are calculated by the use of the standard methods of twist 2 factorization, which we illustrated in
Sec. 6.1.1. See e.g. Ref. [586] and references therein for the Odderon case.

Impact factors for v — 7mt7~

The leading order calculation in pQCD of the impact factors gives'?

i6926ab

o) (k1 ko) = 1No

/ 0 (2 — 2) €7 Q, (k. Ey) 1= (2, ¢, m,), (7.109)
0
where the vector @, (ky, k,) is defined according to (7.16) by!4

Z‘EQTK‘ 2£2ﬂ' El — ZB27r El — 2£2ﬂ'

ky k) = - + = _ . 7.110
Dpllr, o) 2p2 +p? 2p2 A p? o (ky—2p, )P+ u? (k- Zp, )P+ P (7:110)

13 The definition of impact factor used in this manuscript differs by a factor —i with respect to the one of [W23]: ®},0pe = i<I>[W23].
This explains the additional — sign in front of Eq. (10) in [W23] in comparison with the present Eq. (7.107).

MMWe use here slightly different notations with respect to (7.16) in order to single out both momenta of t—channel gluons and
not their relative momenta. We do the same for Q@(EDEQ’ES) .
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The calculation of the Odderon exchange contribution gives

o ,iegS dabc 7 1 =0 9
(I)O (ElaEQaEB) = W dz (Z - Z) [ Q@(EI’EQ’E3) 5(1) (Z)C’m2ﬂ')’ (7111)
0
where we have used the definition
_ 3 _
zZp zZp ki—=zp ki—=zp

ki ko ks) = 2T 2T+ 2t (7112
Llokok) = o ptmp e LG v G re ) T

Generalized two pion distribution amplitudes

A crucial point of the present study is the choice of an appropriate two pion GDA which includes the full strong
interaction related to the production of the two pion system. Various models for this GDA have been proposed
in Refs. [202,584, 585,587, 588].

Based on an expansion of the GDA in Gegenbauer polynomials C7"(2z — 1) and in Legendre polynomials
P;(2¢ — 1) as discussed in Sec. 2.1.2, and keeping only the two first terms according to Eq. (2.55) for the I =1
contribution and similarly for the first term for the I = 0 one, we write

7Yz, ¢ mar) = 62261 (max) cos, (7.113)

3 52 )
5 fo(maz) + 3% fa(mar ) Pa(cos )|, (7.114)

O1=0(2,¢,may) = 523(z—2) |-

where f1(mar) can be identified with the electromagnetic pion form factor Fi(ma,). For our calculation we use
the following Fy-parametrization inspired by Ref. [589]

1 1+ aBW,(m3,)

=F ——— B EI e A AN, 24 11

f1(max) w(max) 1+0b Wp(m%r) l+a ) (7.115)
with
2
BW,(m2,) = Mo (7.116)
e mp —m3, —imarl,(m3,) '
2 2 2\ 3/2
9 _ my, (ms5,. — 4m;
Lp(miye) = Fpm%ﬂ <m% . (7.117)
2

BW.(m3,) = ——pn . (7.118)

m2, —ms5,. — imyly,

As masses and widths we use m, = 775.49 MeV, I', = 146.2MeV, m,, = 782.65 MeV, I',, = 8.49 MeV [590]. We
fit the remaining free parameters to the data compiled in Ref. [591] obtaining a = 1.78 - 1073 and b = —0.154.
Including a hypothetical radial excitation or the p, the p’ resonance, as originally used in Ref. [589], gives a
significant better fit to the data at large mo, but has only a small effect on the asymmetry which is the main
object of our studies.

For the I = 0 component we use different models. The first model follows Ref. [584] and reads

foj2(mar) = e'o/2(mar) ‘Bwfo/z (mgﬂ)| . (7.119)

The phase shifts dy/o are those from the elastic 7r+zr_ scattering, for which we use the parametrization of
Ref. [592] below and that of Ref. [593] above the KK threshold. |BWy, ,(m3,)| is the modulus of the Breit-
Wigner amplitudes

BWy, ,,(m3,.) Mo
foy2\Mog) = —5 3 - )
Tnfo/2 — My, — 1 mf0/2Ff0/2

with my, = 980MeV, I'yy = 40 — 100 MeV, my, = 1275.1 MeV, T'y, = 185 MeV [590].

(7.120)
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In the second model — elaborated in Ref. [588] — the functions fy/o are the corresponding Omnes functions
for S— and D—waves constructed by dispersion relations from the phase shifts of the elastic pion scattering:

2 oo 1 oo
fi(mar) = exp (le + %/ ds ou(s) - ) , with I; = —/ ds(sl(;). (7.121)
e 4 T Ja

m2 52(5 - m%w - ZE) m2 S

The assumption that the phases of the GDA equal those of the elastic scattering looses its solid base beyond
the K K threshold. As discussed in Refs. [588,594] it might well be that the actual phases of the GDA are closer

to the phases of the corresponding 7 matrix elements %H The third model for the I = 0 component of the
GDA takes this into account by using the technique of model 2 with these phases §7; of the 7 matrix elements.

While the first and the second model give quite compatible results, model three differs from them significantly.
The most striking difference is the absence of pronounced fy resonance effects in model 3. In fact, measurements
at HERMES [250] do not observe a resonance effect at the fo-mass even though a confirmation by an independent
experiment would be desirable. From the same measurements at HERMES one can draw the conclusion that
using o2 and 0z for the fo region are both compatible with data [588]. Having this in mind, we consider also a
fourth model — a mixed description with the fy contribution from model 3 and the f; contribution from model
2.

Photon exchange amplitude

The photon has the same C-parity as the Odderon. Therefore, its exchange between the two quark-antiquark
systems can mimic an Odderon exchange. The according amplitude is straightforward to calculate and reads

= S, T, 122
My = @) (7.122)
with

2 p =

(& z z
=— [ dz(z— H1=0 2). 7.123
,y B / z Z Z p2 (MQ + 22 pgﬂ— =+ u2 + 2 p§ﬂ> (’Za Cv m27‘r) ( )

, p p

In our concrete process the photon exchange amplitude amounts to the order of 10% of the Odderon exchange
amplitude. Although we do not neglect this contribution, it is clear that the asymmetry described in the following
section is driven by the Odderon/ Pomeron-interference.

7.5.4 Charge asymmetries and rates
Charge asymmetry and P — O interference

The key to obtain an observable which linearly depends on the Odderon amplitude Mg is the orthogonality of the
C-even GDA (entering Mg) and the C-odd one (entering the Pomeron amplitude Mp) in the space of Legendre
polynomials in cosf. As a consequence, in the total cross section the interference term completely vanishes.
In contrast only the interference term survives, when the amplitude squared is multiplied by cosf before the
angular integration which corresponds to selecting the charge asymmetric contribution. The asymmetry we are
interested in is defined as

[ cosb cost do(t, m%w,m%ﬁ )

f do—(tvm%m m27r’ 0 9/)
fil dcosf fil dcos®' 2cosf cost Re Mp(Mo + M )*] (7.124)
f_ll dcosQf_l1 d cos 6’ {|M[P|2 + Mg + M, ? - -

A(t m27r ’ m/227'r) =

The obtained landscape as a function of the two invariant masses is not particularly illuminating and would
be difficult to measure. To reduce the complexity, we integrate over the invariant mass of one of the two pion
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systems to obtain

2
m_, .
[ dmigy [ cos O cost do(t, m3,, ms,0,0")

7\ 2 ., 2 2 _ i
A(ta Mo Mmins mmax) - =

2
S dmi [ do(t,m3,,mi.0,0")

frzlzi’f‘“‘ dmf f_11 dcosf f_ll dcos®' 2cosf cost Re [Mp(Mg + M4)*] (7.125)
i dm JLy deost [, deost” [|Mef + 1Mo+ Mo

Let us note that since the two pion pairs are always in the same C-parity state, because of C' = + parity
of the initial v state, it is necessary to keep in Eq. (7.125) the integration weight cos#’. Without this weight
the single charge asymmetry would vanish. The deviations from this vanishing of the asymmetry may serve as
a measure of experimental uncertainties.

Numerical evaluation

Considering an analytic calculation of the matrix element in Eq. (7.108), it turns out that it would require
the calculation of two dimensional two-loop box diagrams, whose off-shellness for all external legs is different.
The techniques developed in Refs. [568, W15, W20] which rely on the transformation (7.28) can not be applied
here due to the very elaborated topology of the most complicated diagrams involved (square box with one
additional diagonal line), illustrated in Fig. 7.40. As far as we know, such a diagram has not been evaluated in

Figure 7.40: Left: most complicated Feynman diagram which need to be evaluated. Right: corresponding
scalar-reduced contribution. Thick lines are off-shell lines, while thin lines are massless lines.

the literature. Instead we rely on a numerical evaluation by Monte Carlo methods. In particular we make use
of a modified version of VEGAS as it is provided by the CUBA library [441]. The result for the asymmetry A at
t=—1GeV? (resp. t = —2GeV?) is shown in Fig. 7.41 (resp. Fig. 7.42). Since our framework is only justified
for m3, < —t, (in fact strictly speaking, one even needs m3_ < —t ), we keep ma, below 1 GeV (resp 1.4 GeV).

In each case, we present the expected asymmetry with the GDAs parametrized as discussed above.

Asymmetry in ultraperipheral collisions

In order to evaluate the feasibility of the Odderon search, we need to supplement the calculation of the asym-
metry with rate estimates in ultraperipheral collisions at hadron colliders. This rate depends on the Pomeron
dominated photon-photon cross section and on the equivalent photon flux. The total photon-photon cross sec-
tion falls off rapidly with increasing |¢| (see Fig. 7.43). Therefore, the integration mainly depends on the lower
limit of |t|-integration (tmin). Already for ¢y, = —1 GeV? we find o4y = 1.1pb.

Although in Ref. [550] it is claimed that the photon flux is best for medium-weight ions, and especially
superior to that of protons, this is in fact not true. To obtain Fig. 6 of Ref. [550] the effective vy luminosity
has been calculated for protons and ions by the Monte Carlo program TPHIC [595] which is based on the
Fermi-Weizsécker-Williams method [547-549] with the additional condition of non-overlapping ions [596,597],
but the authors used a quite small luminosity for proton-proton collisions at the LHC (14 000 mb~!s~! instead
of the official design luminosity 107 mb~'s~! [598,599]). Very unfortunately, the identical figure is reprinted in
Ref. [551] while a non consistent p-p luminosity of 107 mb~'s! is cited.

As already was shown by Cahn and Jackson [597], the vy luminosity in case of ions can be expressed in
terms of a universal function £(z), where z = M R ~ 5.6654%3 with M being the mass and R the radius of the



244 CHAPTER 7. ONIUM-ONIUM SCATTERING IN ~*)~(*) COLLIDERS

0.15 ]
0.10 - /]

0.05 F — T — 1

<t 000 e~
005 |

-0.10 - / f

-0.15F ]

B 1 1 e S T T S S S T S S “‘\: L L L L L L L |
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

mar [GeV] mar [GeV]

Figure 7.41: Asymmetry A at ¢t = —1 GeV? for model 1 (solid), 2 (dashed), 3 (dotted), and 4 (dash-dotted) —
model 3 and 4 are nearly on top of each other. Left column has muyin = .3 GeV and mmax = m,, while right
column has mmin = m, and mpax = 1 GeV.
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Figure 7.42: Asymmetry A at t = —2GeV? for model 1 (solid), 2 (dashed), 3 (dotted), and 4 (dash-dotted).
Left column has mmin = .3 GeV and mpmax = m,, while right column has mmin = my, and mmax = 1.4 GeV.

ion, and a prefactor proportional to Z*. Since the luminosity for ions at the LHC decreases roughly as Z =4,
the prefactor’s Z dependence is more or less compensated and only the universal function £ remains which is
exponentially decreasing with z. Hence, lighter projectiles provide a larger effective vy luminosity, with the
protons offering the highest luminosity.

Therefore, we provide a corrected overview over the various effective v+ luminosities in Fig. 7.44. For the
different ion scenarios that are discussed in Ref. [600] we use the parametrization of Ref. [597] which relies on the
Fermi-Weizsécker-Williams method [547-549] with the additional condition of non-overlapping ions [596,597].

For protons usually a calculation based on the proton electric dipole form factor Fr(Q?) = 1/(1+ ﬁ%) in
combination with the Weizsacker-Williams method is used, as it can be found in Ref. [601]. In Ref. [602] a slightly
improved version is given, which lowers the photon flux. An inclusion of the corresponding magnetic dipole
moment [603] would lead to a flux between those both. For this reason, we use the formulas given in Ref. [601]
and Ref. [602] for the case of proton-proton collisions. We also provide the results for the proton treated as a
heavy ion because it might be that the non-overlap condition — reducing the flux — is of importance [602], even
if such a procedure does not include the proton form factor. We consider such a lower result as a conservative
lower estimate. Since the luminosity factors will cancel in the asymmetry, this uncertainty does not affect our
conclusions on the Odderon effects. For comparison, we provide also the effective 4 luminosities at the intended
ILC where the design luminosity for e*e~ collisions is 2 - 1034 em =25~ [604] 5.

As shown in Fig. 7.44, the effective vy luminosity decreases rapidly with increasing energy. Since our

151n the calculation of the equivalent photon spectrum [221] we used gmax = 100 GeV.
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Figure 7.43: t-dependence of photon-photon cross section.

intermediate hard scale ¢ is quite small, we are not forced to consider extremely large photon-photon energies.
The only condition on the minimal photon-photon energy (Smin) iS Smin >> |t| to ensure the validity of high
energy factorization into two separated pion systems. Hence, a syin of 400 GeV? could be already enough. The
effect of varying snyiy is displayed in Fig. 7.45.

For pp collisions, the rates are high and even for ty;, = —2 GeV? sizable. Although heavy ions would
offer the possibility to trigger on ultraperipheral collisions by detecting neutrons from giant dipole resonances
(GDR) in the Zero Degree Calorimeters, the rates that can be read off from Fig. 7.45 are rather low. Only
for medium-weight ions there might be the possibility to measure the process. The best compromise may be
Oxygen-Oxygen collisions, which is by no means the priority of the heavy ion physics community.

In hadron-hadron collisions the process of interest could as well be connected by Pomerons to the colliding
hadrons. Indeed, in contrast to electromagnetic processes which have been proposed to be studied in ultrape-
ripheral collisions, pions are produced by pure QCD processes as well. In that case one would have to deal
with the unknown hadron-Pomeron and Pomeron-Pomeron-two-pion couplings. Therefore, we consider that
process as background. This circumstance would make heavy ions preferable because of the different scaling of
Pomeron and photon coupling when changing from proton to nuclei scattering. However, experimentally such a
background can be suppressed by refusing events with a total pr larger than some small cut-off. Indeed, the v~
events dominates, due to the photon propagator singularities, when each of the transverse momentum is small,
which on the average is satisfied when the total transverse momentum of our four pion system is imposed to be
small. Unfortunately, in practice, it is not easy to demonstrate quantitatively that one can separate these two
processes by just relying on the fact that ultraperipheral processes are strongly peaked at low ¢, contrarily to
the flatter depence of the Pomeron induced ones [553], as we discussed in Sec. 7.1.1.

Additionally, although photon fluxes are important in pp collisions at the designed LHC luminosity
(103*ecm~2s71), data collected under these conditions will suffer from the pile up of events, which will prevent
an analysis of the process considered here from being performed. At lower luminosity, rates may be marginally
sufficient for values of —t ~ 1GeV?, but designing a trigger strategy to record interesting events seems very
difficult: typical triggers on high pr mesons demand a minimum pr of a few GeV, which is incompatible with
such low values of —t and the corresponding limit of ma, < v/—t. It could be marginaly be acchieved within a
dedicated study of a few days of run at low luminosity.

One may think about the effect of BFKL type enhancement. Indeed, this would increase the total cross
section, which varies like | Mp|? but at the same time diminish the asymmetry ~ Mg/ Mp, since the Odderon
including BJKP evolution [297-300], as discussed in Sec. 4.6.1, has a smaller intercept, which is presumably
equal to unity [354, W11, 355, 356], than the Pomeron one. Our Born order estimate should be corrected by
BFKL effects which can be estimated semi-phenomenologically from HERA data, in which the intercept is of
the order of ap ~ 1.3. This leads for /s, = 20 GeV to an increase of ~ 6 for the counting rates and to
a slight decrease of the asymmetry ~ Mg/ Mp. This effect is thus not enough to increase dramatically the
counting rates in the low luminosity run of LHC.

In contrast, an electron-positron collider such as the projected ILC would be the ideal environment to
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Figure 7.44: Effective v luminosities for the collision of p-p based on Ref. [601] (dash-dotted) and Ref. [602]
(dashed). The results using the parametrization of Ref. [597] for ions are given by solid lines for p-p, O%4-O%,
Ars-Args, KrdS-Kral, Snfo-Sn3),, Phiog-Pbias from top to bottom. For ions we used the average luminosities
as given in Ref. [600], for proton we used Ly, = 103> cm=2s~!. For comparison also effective v+ luminosities at
the ILC are given for /s.1.- = 250 GeV and ,/S.1.— = 500 GeV (both as dotted lines).

study the process under consideration. Photon photon collisions are indeed the dominant processes there
and the background from strong interactions would be completely absent in an ete™ collider. As we saw in
Sec. 7.1.2, an ete™ collider, via Compton-back-scattering, could work as a very effective 4y collider. At the
ILC [604] for a nominal electron beam energy of 250 GeV the luminosity for photon-photon collisions would be
3.5-103% cm 2571 [561] for the high energy photons (energy fraction at least 80% of the maximal possible energy
fraction) or even higher, if optimized for photon-photon collisions [605]. As Fig. 7.44 reveals, even running in
the electron-positron mode the effective 7y luminosity is slightly larger than at the LHC. Additionaly, at ILC no
pile up phenomenon can blur the picture of a scattering event in comparison with LHC at the same luminosity.
For these reasons, the ILC would provide an ideal environment to study the process of interest.

Maybe an alternative, which we did not study, is a large energy electron ion collider in its ultraperipheral
mode.

7.5.5 Summary and prospects

We have investigated in real photon-photon collision the production of two 7 7~ -pairs well separated in rapidity.
Due to the non fixed C-parity of these pairs, beside a Pomeron exchange an Odderon exchange is possible as
well. We have calculated both contributions in a perturbative approach — justified by ¢ providing the hard scale
— where the only soft building blocks needed are the GDAs of the pion pairs. We have shown that a charge
asymmetry in the polar angle 6 (defined in the rest frame of the pion pairs) is linearly dependent on the Odderon
amplitude and moreover is sizable but GDA-model dependent.

In fact, the predicted asymmetry depends much on the two pion GDAs, which are still not really known. The
unfavorable situation would be the scenario supported by HERMES measurements of two pion electroproduction
[250], which disfavor models with a strong fo coupling to the 777~ state. We however think that higher statistics
data, which may come from a JLab experiment at 6 or 12 GeV, are definitely needed before one can trust a
definite model of the GDAs. Because two pion deep electroproduction in the low energy domain is dominated
by quark exchanges, this test of the GDA models is independent of any Odderon search. This looks like a
prerequisite to a trustable extraction of the Odderon signal — or of an upper bound on Odderon exchange
amplitudes — from ultraperipheral collisions.

Recently the BaBar experiment reported a new measurement of the reaction 7*y — 7 up to photon
virtualities squared of 40 GeV? [606]. In this study, the reaction vy — 777 was investigated in the fo(980)
and fo(1270) resonance regions as a potential background for the study of the 7 transition form factor. This



7.5. HARD POMERON-ODDERON INTERFERENCE EFFECTS IN THE PRODUCTION OF 7~ PAIRS IN HIGH EN

number of events number of events
s00]\
1000
T~ _ 100
VN T — 50 - _
100 — \ — _

\ —_
\\\ \ - —
\ 10

D

\\\

N
N N
. N

\ AN T - N N .

\ N - v/ Smin ", o> ‘ ‘ v/ Smin

T L L P
0 50 100 150 200 [GeV] 0 20 40 60 80 100 [GeV]

Figure 7.45: Rate of production of two pion pairs in ultraperipheral collisions in dependence on the lower cut
Smin given in ‘events per month’ in case of ions, and ‘events per six months’ in case of protons which in both cases
correspond to one year of running of LHC. The Lh.s. plot shows the rate for tym = —1 GeV?, the r.h.s. that
for for tmin = —2 GeV2. The solid line displays the result for p-p collision using Ref. [601], the dashed-dotted
that for protons treated as heavy ions, the dashed one that for Ar-Ar collisions, and the dotted line that for
Pb-Pb collisions. On the left figure, also the much smaller rates coming from the Odderon exchange are shown
(with the same dashing).

low-W? kinematical region should soon be analysed in the framework of two-meson GDAs.

A first positive indication for a favorable scenario appeared recently. Indeed, CLAS experiment at JLab
has recently reported on studies of the reaction yp — pm+ 7™, in the photon energy range 3.0 — 3.8 GeV and
momentum transfer range 0.4 < —t < 1.0 GeV?. Besides the dominant contribution of the p(770) meson, CLAS
found evidence [607] for the fp(980) and the f2(1270). It this is confirmed, this would be very positive for P— O
interference, since it would select scenarios 1 or 2, for which the interference effect is much higher.

These results are signs that there is a hope to get experimental informations on GDAs, which are at the
moment very poor and confusing, in a rather short time. This will settle the question of the adequate model to
be used, in particular for the Odderon observable we have discussed.

In conclusion, our proposal to discover the perturbative Odderon through asymmetries in the production
of two pion pairs in ultraperipheral collisions at the LHC seems to have a hard time to win over quite severe
experimental constraints. However, we believe that the concept is viable, and could be used at ILC.
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Conclusion

QCD have reached a degree of maturity in many domains, in particular for PDFs which are now measured and
whose evolution is now understood from first principles in a very wide range in zp; and Q?, with an impressive
precision. This is one the main achievement of HERA experiments. Meanwhile, the understanding of QCD for
more and more exclusive observables has also reached a certain degree of maturity. Data for DVCS and hard
electroproduction are now coming more and more, and one can expect the emergence of a rather comprehensive
picture of GPDs and related quantities within a decade, with a reasonable degree of precision. All these results
have been based on very fruitful interplays between theory and experiment at medium and large energy.

Much of our understanding of QCD at medium energies relies on the collinear factorization, which gave a
single framework when dealing with hard exclusive processes. The recent development lead to the introduction
of various off-diagonal non-perturbative correlators. It is not an overstatement to stress that this activity is
very likely to shed light on the confinement dynamics of QCD through the detailed understanding of the quark
and gluon structure of hadrons.

Starting from extension of the conventional PDF's to the GPDs, its has been realized that many observables
and thus experiments could be used in order to understand QCD, though the introduction of GDAs, TDAs...
In particular, it proved its efficency in describing the more and more DVCS data which are now coming.

From the theory side, the number of processes for which there is a full understanding of factorization
from first principles is very small, basically reducing to DVCS and hard electroproduction of longitudinally
polarized mesons. For other processes, factorization is plagued by end-point contributions, which require a
special treatment for which there is at the moment no single framework. On top of Sudakov contributions, it
has been proposed to consider transverse momentum dependent partonic distributions. This leads at the moment
to many developments from the theory side. Despite the complications and new playground it introduces, it is
at the moment not clear how such objects will participate in a coherent way to the picture of hard exclusive
processes.

Still, the number of experiments in which efforts have been devotted to the study of hard exclusive process
as a meanstream is rather small, and it is only recently that high luminosity B-factories started to exploit their
high potential for studying exclusive processes, which should lead to a first understanding of GDAs, which is a
the moment rather poor from phenomenological side.

After more than three decades of theoretical developments after the seminal papers of BFKL, the understand-
ing of QCD in the particular Regge limit is still uncomplete. There are at the moment several approaches which
coexist when dealing with unitarity corrections. This has suggested many fruitful developments in various do-
mains like integrable models, statistical physics, perturbative approaches to non-linear dense systems... Except
the special limit of the BK equation, which sums up diagrams which are equivalently obtained from EGGLA,
dipole model, QCD shock waves and JIMWLK, there is however no clear comprehension of the relations between
these various approaches. Important progresses were made concerning the generic ultra-asymptotic behaviour of
scattering amplitudes, based on statistical mecchanics methods, in particular using reaction-diffusion equations
with noise, which takes into account in an effective way (unknown) higher order QCD corrections. However,
starting from first principle, there is at the moment no practical realization of these equations outside of low
dimension toys models, and we are far from having a tractable complete theory which could be used at physical
energies.

From the phenomenological side, saturations models implements the main features of linear DGLAP and
BFKL evolutions, in the color transparency regime, combined with a functional form which realizes saturation.
They can now successfully describes the data in the whole HERA range, implementing the main features of
partonic distributions in the high density region which any LHC experiment will face, with a very small number
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of fitted parameters.

In the linear regime at small-z , studies of higher order corrections lead to the conclusion that the LLx BFKL
resummation predicts a Pomeron intercept which is by far too steep, a fact which was meanwhile confirmed by
HERA, Tevatron (and LEP) experiments. Various studies have also shown that there is some room to see a
linear Regge evolution, not modified by saturation effects, for which NLLx resumation corrections are important
and presumably much more in agreement with data. This requires the implementation of additional procedures,
to evaluate the effects of higher order corrections and have a compatibility with usual renormalization group
predictions. Recents results have shown that the NLLx corrections to impact factors are by no means negligible,
and should be included when computed, in order to get reliable predictions. At the moment, despite tremendous
efforts both from theoretical and from experimental sides, signals of BFKL linear evolution are rather weak.
This is even worse for the elusive Odderon, for which any attempt to catch it failed until now. On one hand, the
example of MN jets maybe a hint that new coming consistent NLLx BFKL type of descriptions are becoming
stable and should be competitive with DGLAP treatments, in a rather large range of phase space. On the other
hand, this latter example also provide an explicit case where “natural“ observables for revealing the peculiar
small-z dynamics with respect to fixed order treatments can be much modified when including NLLx corrections,
and become rather close from the fixed order predictions. Finding observables which are stable with respect to
NLLx corrections and differs significantly with NLLQ prediction thus remains in our opinion a still open task,
which might be achieved when considering exclusive final states.

When considering specific exclusive final states, we have shown that a rather coherent picture emerges at
small-z , which can incorporate the effect of twist beyond the usual twist 2 description. We hope that the tools
we have developped based on LCCF factorization will in the near future provide an efficient way for describing
other exclusive processes. Studies of small-z physics at the moment focussed mainly on the gluonic Green
function. This was also the essence of the dipole model, where the elementary gluonic degree of freedom is
replaced by color dipoles. Only very few investigations of exclusive processes, when based on dipole models,
focused on the higher twist corrections when coupled to a final state starting from first principle. We believe
that our momentum space treatment beyond twist 2 could be implemented within the dipole model, i.e. in
coordinate space.

QCD in the perturbative Regge limit leads naturally to the introduction of unintegrated kr parton (gluons)
distribution involved in the impact representation of high-energy scattering amplitude. On the other hand, such
unintegrated distributions where introduced in another context, in relation with spin-physics on which we almost
did not elaborate in this manuscript, in particular for transverse spin effects. Indeed, starting form the single
transverse spin asymmetries a la Collins [608] or & la Sivers [609,610], one gets access to the number density of
unpolarized partons with intrinsic transverse fixed momentum [611,612] inside a transversally polarized proton.
It would be of much interest to have a single picture for such unintegrated partonic distributions, which appeared
naturally in these two very different contexts [613,614], as well as in k7 —dependent parton showers, which are of
much interest of Monte Carlos in jet physics at small-x, and thus presumably for LHC which will be dominated
by multi-particle final states. On the other hand, due to the recent developpements within processes involving
helicity flip GPDs, it may well be that the notion of transverse momentum dependent GPDs should require
special attention.

To end up, let us hope that the future ILC project will be build. As any ete~collider, it is a very clean ma-
chine. Based on its expected luminosity and on the new kind of detector facilities which are under development,
its potentialities in 4*)y(*) are very great and it would be a fantastic tool both for clean experiments beyond
the standard model as well as for any kind of QCD studies, in particular for exclusive processes whose rates are
too low to be studied at the moment. Besides, lower energy machines with high luminosity like B—factories,
existing or planned, like the super-B factory, are very interesting from the point of view of QCD (spectroscopy
e.g. exotic states, DAs, GDAs; ...). Let us hope that such possibilities will be taken into account by the whole
community, in particular when designing detectors.



Abreviations and notations used

PDF': Parton Distribution Function

DGLAP: Dokshitser, Gribov, Lipatov, Altarelli, Parisi (equation)
BFKL: Balitskii, Fadin, Kuraev, Lipatov (equation)

LLx: Leading Logarithmic approximation in In1/z or ln s

NLLx: Next Leading Logarithmic approximation in In1/z or In s
LLQ: Leading Logarithmic approximation in In Q? or any collinear logarithm
NLLQ: Next Leading Logarithmic approximation in In Q>
DVCS: Deep Virtual Compton Scattering

DDVCS: Double Deeply Virtual Compton Scattering

TCS: Timelike Compton Scattering

DA: Distribution Amplitude

GDA: Generalized Distribution Amplitude

GPD: Generalized Parton Distribution

OPE: Operator Product Expansion

CMS: Center of Mass System

CCFM: Ciafaloni Catani Fiorani Marchesini

MN: Mueller Navelet (jets)

SCHC: s—channel helicity conservation

WW: Wandzura-Wilczek (approximation)

LCCEF: light-cone collinear factorization

CCF: covariant collinear factorization
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EOM: equation of motion

BLM: Brodsky Lepage Mackenzie

PMS: principle of minimal sensitivity

MRT: Martin, Ryskin, Teubner (model for electroproduction of mesons)
GBW: Golec-Biernat, Wiisthoff (model for saturation)

PSF: Pomeron Structure Function (for diffractive DIS)

BEKW: Bartels, Ellis, Kowalski, Wiisthoff (model for diffraction)

pQCD: perturbative QCD

P : Pomeron

O : Odderon

z=1—-2

k,k, Et are two-dimensional euclidean vector

k. is a four-dimensional minkowskian vector, with thus k3 = —k* = —Kk2

k is the euclidean part of the four-dimensional vector k
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