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Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsExtensions from DISDIS: in
lusive pro
ess → forward amplitude (t = 0) (opti
al theorem)(DIS: Deep Inelasti
 S
attering)ex: e±p → e±X at HERAStru
ture Fun
tion= Coe�
ient Fun
tion ⊗ Parton Distribution Fun
tion(hard) (soft) PSfrag repla
ements γ∗ γ∗

s

p p

Q2 Q2

x xPDFCF
DVCS (TCS): ex
lusive pro
ess → non forward amplitude (−t ≪ s = W 2)(DVCS: Deep Vitual Compton S
attering; TCS: Timelike Compton S
attering)Amplitude= Coe�
ient Fun
tion ⊗ Generalized Parton Distribution(hard) (soft) PSfrag repla
ements γ∗ (Q2) [γ] γ [γ∗ (Q2)]

s

t

p p′GPDCF
x + ξ x − ξMüller et al. '91 - '94; Radyushkin '96; Ji '97 2 /34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsDVCS and TCS at NLOOne loop 
ontributions to the 
oe�
ient fun
tionBelitsky, Mueller, Niedermeier, S
hafer,Phys.Lett.B474, 2000Pire, Szymanowski, WagnerPhys.Rev.D83, 2011
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Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsResummations e�e
ts are expe
tedPSfrag repla
ements
Γ2

q

γ∗ γ

T q

(x + ξ)p (x − ξ)p

S

U

PSfrag repla
ements Γ1

F q

The renormalized quark 
oe�
ient fun
tions T q is
T q = Cq

0 + Cq
1 + Cq

coll log
|Q2|

µ2
F

Cq
0 = e2

q

„
1

x − ξ + iε
− (x → −x)

«

Cq
1 =

e2
qαSCF

4π(x − ξ + iε)

»

log2

„
ξ − x

2ξ
− iε

«

+ ...

–

− (x → −x)Usual 
ollinear approa
h: single-s
ale analysis w.r.t. Q2Consider the invariants S and U :
S =

x − ξ

2ξ
Q2 ≪ Q2 when x → ξ

U = −
x + ξ

2ξ
Q2 ≪ Q2 when x → −ξ

⇒ two s
ales problem; threshold singularities to be resummedanalogous to the log(x− xBj) resummation for DIS 
oe�
ientfun
tions 4 /34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsResummation for Coe�
ient fun
tions: our resultSoft-
ollinear resummation e�e
ts for the 
oe�
ient fun
tionThe resummation easier when using the axial gauge p1 · A = 0 (pγ ≡ p1)The dominant diagram are ladder-like
PSfrag repla
ements

γ∗ γ

x + ξ x − ξ

resummed formula (for DVCS), for x → ξ :
(T q)res =

„
e2

q

x − ξ + iǫ



cosh

»

D log

„
ξ − x

2ξ
− iǫ

«–

−
D2

2

»

9 + 3
ξ − x

x + ξ
log

„
ξ − x

2ξ
− iǫ

«–ff

+Cq
coll log

Q2

µ2
F

«

− (x → −x) with D =

r

αsCF

2πT. Altinoluk, B. Pire, L. Szymanowski, S. W.JHEP 1210 (2012) 049 [arXiv:1206.3115℄ 5 /34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsKinemati
s, gauge, et
...We expand any momentum in the Sudakov basis p1, p2 :
k = α p1 + β p2 + k⊥

p2 is the light-
one dire
tion of the two in
oming and outgoing partons
p2
1 = p2

2 = 0 , 2 p1 · p2 = s =
Q2

2ξMomenta of the in
oming and outgoing photons:
qγ∗ = p1 − 2 ξ p2 , p1 ≡ qγThe extra
tion of soft-
ollinear singularities in the limit x → ±ξ iseasier in the light-like gauge p1 · A = 0: in this gauge, gluon physi
aldegrees of freedom are manifest and heli
ity 
onservation at ea
h verteximplies that 
ollinear singularities only arise in ladder-like diagrams

Kn is the 
ontribution of a n-loop ladder to the CF :
Kn = − 1

4
e2

q

“

−i CF αs
1

(2π)2

”n

InThe issue related to the iǫ pres
ription is solved by 
omputing the CF inthe unphysi
al region ξ > 1. After analyti
al 
ontinuation to the physi
alregion 0 ≤ ξ ≤ 1, the physi
al pres
ription is then obtained through theshift ξ → ξ − iǫ . 6 /34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsFull one-loop analysisanalyzing the one-loop diagrams
PSfrag repla
ements PSfrag repla
ements

PSfrag repla
ements PSfrag repla
ementsno approximations!redu
e the number of denominators in order to simplify the 
al
ulation.aims (we now assume x → +ξ):to understand whi
h diagrams give 
ontribution at order
[αs log2(ξ − x)]/(x − ξ)identify the part of the phase spa
e that is responsible for this 
ontribution 7 /34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsSelf energy diagramPSfrag repla
ements
p1 − 2ξ p2 p1

k

p1 + (x − ξ)p2 p1 + (x − ξ)p2

(x + ξ)p2 (x − ξ)p2numerator for S.E. diagram :
(Num)S.E. = tr

/p2γ
σ
⊥

ˆ/p1 + (x − ξ)/p2

˜
γν
ˆ/p1 + (x − ξ)/p2 − /k˜γµ

ˆ/p1 + (x − ξ)/p2

˜
γ⊥σ

ff

×



gµν−
kµp1ν + kνp1µ

k · p1

ff

.a simple algebra shows that (Num)gauge = 0 ⇒ S.E. diagram is the samein Feynman gauge and in light-like gauge.In Feynman gauge S.E. diagram gives only single log's![B. Pire, L. Szymanowski, J. Wagner, Phys.Rev. D83 (2011) 034009℄S.E. diagram doesn't 
ontribute to [log2(ξ − x)]/(x − ξ) terms! 8 /34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsRight vertex, left vertex and box diagramRight Vertex:
(Num)R.V. = 8s

k2
⊥

β
(β + x − ξ)

PSfrag repla
ements p1 + (x − ξ) p2
p1 − 2ξ p2 p1

k

p1 + (x − ξ) p2 + k

(x + ξ)p2 (x − ξ)p2

k + (x − ξ)p2

IR.V. =−
s

2

Z

dα dβ d2k 8s
k2

β
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1

s(x − ξ)

1
ˆ
k + (x − ξ)p2)

˜2

1

k2

1
ˆ
k + p1 + (x − ξ)p2)

˜2Left Vertex:
(Num)L.V. = 8s
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β
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PSfrag repla
ements
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p1 − 2ξ p2 p1

k
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IL.V. =−
s

2

Z

dαdβ d2k 8s
k2

β
(β + x + ξ)

1

s(x − ξ)

1
ˆ
k + (x + ξ)p2)

˜2

1

k2

1
ˆ
k + p1 + (x − ξ)p2)

˜2 9 /34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsRight vertex, left vertex and box diagramBox diagram :PSfrag repla
ements
k + p1 + (x − ξ) p2

p1 − 2ξ p2 p1

k + (x + ξ) p2 k + (x − ξ) p2

k(x + ξ)p2 (x − ξ)p2The gµν part of the box diagram reads
(Num)box gµν = −2 tr


ˆ/k + (x + ξ)/p2

˜/p2

ˆ/k + (x − ξ)/p2

˜
γσ
⊥

ˆ/k + /p1 + (x − ξ)/p2

˜
γ⊥σ

ffNoting that p2 
an be written as (Ward identity)
pµ
2 =

1

2ξ

„
ˆ
k + (x + ξ)p2

˜
−
ˆ
k + (x − ξ)p2

˜
«µone gets

(Num)box gµν =−
8

ξ

ˆ
k + (x + ξ)p2

˜2


k2
⊥−(β+x−ξ)

s

2

ff

+
8

ξ

ˆ
k + (x − ξ)p2

˜2


k2
⊥−(β+x+ξ)

s

2
+ξαs

ff10/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsRight vertex, left vertex and box diagramThe gauge part of the numerator for the box diagram reads
(Num)box gauge = −

2

βs
tr


ˆ/k + (x + ξ)/p2

˜/p1/p2/kˆ/k + (x − ξ)/p2

˜
γσ
⊥

ˆ/k + /p1 + (x − ξ)/p2

˜
γ⊥σ

ff

−
2

βs
tr


ˆ/k + (x + ξ)/p2

˜/k/p2/p1

ˆ/k + (x − ξ)/p2

˜
γσ
⊥

ˆ/k + /p1 + (x − ξ)/p2

˜
γ⊥σ

ffUsing the fa
t that p2
2 = 0, then one 
an write k → k + (x ± ξ)p2 inside the tra
e and gets

(Num)box = 8
ˆ
k + (x − ξ)p2

˜2


1

ξ

»

k2
⊥ − (β + x + ξ)

s

2
+ ξαs

–

+
s

β
(1 + α)(β + x + ξ)

ff

− 8
ˆ
k + (x + ξ)p2

˜2


1

ξ

»

k2
⊥ − (β + x − ξ)

s

2

–

−
s

β
(1 + α)(β + x − ξ)

ff

=⇒ box diagram = right + left verti
es:PSfrag repla
ements
=

PSfrag repla
ements
+

PSfrag repla
ements
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Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsRight vertex, left vertex and box diagramCombining right vertex, left vertex and box diagram
Ibox+ L.V. + R.V. = IE.L.V. + IE.R.V.E�e
tive Left Vertex: IE.L.V. =

PSfrag repla
ements
+

PSfrag repla
ements

IE.L.V. = −
s

2

Z

dα dβ d2k 8


1

ξ

»

k2 + (β + x + ξ)
s

2
− ξαs

–

−
s

β
(1 + α)(β + x + ξ) +

k2

β

(β + x + ξ)

(x − ξ)

ff

×
1

k2

1
ˆ
k + (x + ξ)p2

˜2

1
ˆ
k + p1 + (x − ξ)p2

˜2E�e
tive Right Vertex: IE.R.V. =

PSfrag repla
ements
+

PSfrag repla
ements

IE.R.V. = −
s

2

Z

dα dβ d2k (−8)


1

ξ

»
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s

2

–

+
s

β
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k2

β
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ff

×
1
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ˆ
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˜2

1
ˆ
k + (x − ξ)p2

˜212/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsLoop integration
IE.L.V.Write d4k = s

2
dα dβ d2 k⊥ (k2

⊥ = −k2)We use Cau
hy integration to integrate over αThere are two 
ontributions :
utting the gluoni
 line → αg = k2

sβ
utting the fermioni
 line → αf = k2

s(β+x+ξ)distribution of the poles in α sets the integration region of β:
IE.L.V. = −2πi

» Z ξ−x

0

dβ

Z ∞

0

dNk Resαg +

Z ξ−x

−ξ−x

dβ

Z ∞

0

dNk Resαf

–integration over k is performed by using dimensional regularization:
N = 2 − ǫUV = 2 + ǫIRthe ultraviolet divergen
e in k integral is taken into a

ount byrenormalizationthe IR divergent part is absorbed by the DGLAP-ERBL evolution kernelWe are only interested in the �nite part, whi
h is reminis
ent of the IRsoft and 
ollinear divergen
ies 13/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsLoop integration
IE.L.V.: the gluoni
 pole 
ontribution

IE.L.V.,g =

PSfrag repla
ements

−

+

PSfrag repla
ements

−The integration over k gives
IE.L.V.,g = 4

2πi

x − ξ

Z ξ−x

0

dβ

»
β

ξ(x + ξ)
−

1

(x + ξ)
+

(β + x + ξ)

(x + ξ)(x − ξ)
−

(β + x + ξ)

2ξ(β + x − ξ)

–

Γ(ǫUV )

×

»
sβ(β + x − ξ)

x − ξ

–ǫIRWe are only interested in terms that 
ontribute to log2(ξ−x)
(x−ξ)

termsThese 
orresponds to most singular terms, at the limits of β integration.For IE.L.V.
1
β

terms that are singular at 0
1

β+x−ξ
terms that are singular at ξ − xThere are no 1

β
terms in IE.L.V.,gFor 1

β+x−ξ
type of singularity, the 
ontribution is

IE.L.V.,g = −4
2πi

x − ξ

1

2!
log2(ξ − x)A
tually, this 
ontributions originates from the box diagram term 14/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsLoop integration
IE.L.V.: the fermioni
 pole 
ontribution

IE.L.V., f =

PSfrag repla
ements
−

+

PSfrag repla
ements
−The integration over k gives

IE.L.V., f = 4
2πi

(x + ξ)2ξ

Z ξ−x

−ξ−x

dβ



(β + x + ξ)

»
1

ξ
+

1

x − ξ
+

(x + ξ)

(x − ξ)

1

(β + x − ξ)

–

− 1

ff

Γ(ǫUV )

×

»
s(β + x + ξ)(β + x − ξ)

2ξ

–ǫIRThere are no 1
β+x+ξ

type of terms!For 1
β+x−ξ

type of singularity, the 
ontribution is
IE.L.V., f = 4

2πi

x − ξ

1

2!
log2(2ξ)this term is less singular than the term we are looking for 15/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsLoop integration
IE.R.V.

IE.R.V. =

PSfrag repla
ements
+

PSfrag repla
ements

gluoni
 
ontribution → αg = k2

sβ
fermioni
 
ontribution → αf = k2

s(β+x−ξ)

IE.R.V. = −2πi

» Z ξ−x

0

dβ

Z
∞

0

dNk Resαg +

Z ξ−x

−ξ−x

dβ

Z
∞

0

dNk Resαf

–with
Resαg = 4

1

(x − ξ)2

»
β

ξ
+1−

(β + x − ξ)

x − ξ
−

(x − ξ)

2ξ

–
1

k2 + β(β+x+ξ)s
x−ξ

+4
1

(x − ξ)

»
1

2ξ
+

1

β

–
1

k2

Resαf
= −4

1

(x − ξ)

»
1

ξ(β + x − ξ)
+

1

β(β + x − ξ)
−

1

β(x − ξ)

–

+ s

„
1

2ξ
+

1

β

«
1

k2

ff

⇒ fermioni
 
ontribution vanishes
⇒ no 1/β or 1/(β + x − ξ) type of singularity in gluoni
 
ontributionno 
ontribution from IE.R.V. 16/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsFull one-loop analysis: summaryThe only 
ontribution to [log2(ξ − x)]/x − ξ terms 
ome from the box diagram in the 
ase of
utting the gluoni
 line around β + x − ξ ≈ 0 in the phase spa
eThe pre
ision of our 
al
ulation does not permit us to �x the multipli
ative 
oe�
ient a of
(ξ − x) under logarithm, i.e. our result 
an be equivalently written as

Idominant
one loop ≈ −4

2πi

x − ξ

1

2!
log2[a(ξ − x)]The 
oe�
ient a is �xed to 1

2ξ
by 
omparing the log2(ξ − x) terms in the exa
t NLOresult.The shift ξ → ξ − iǫ 
orre
tly takes into a

ount the imaginary part.our �nal formula reads:

Idominant
one loop ≈ −4

2πi

x − ξ + iǫ

1

2!
log2

»
ξ − x

2ξ
− iǫ

–

⇒ First rule:(i) To extra
t the dominant behavior of the amplitude, it is su�
ient to restri
tourselves to the 
ontribution of the gluoni
 pole. 17/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsOne-loop in semi-eikonal approximationAim : obtain the same result by using eikonal te
hniques on the left fermioni
 line of the box diagramPSfrag repla
ements
Sp1 − 2ξ p2 p1

L1 R1

k1(x + ξ)p2 (x − ξ)p2

−→

PSfrag repla
ements

dominant momentum �ow along p2 dire
tionThe 
orresponding integral → I1 = s
2

R
dα1 dβ1 d2k1 (Num)1

1
L2

1

1
S2

1
R2

1

1
k2
1with (Num)1 = tr

˘
6 p2γµ[6 k1 + (x − ξ) 6 p2]θ[6 k1 + (x + ξ) 6 p2]γν

¯
dµνand L2

1 =
ˆ
k1 + (x + ξ)p2

˜2
, S2 =

ˆ
k1 + p1 + (x − ξ)p2

˜2
, R2

1 =
ˆ
k1 + (x − ξ)p2

˜2use eikonal 
oupling on the left quark line and treat the gluon as soft with respe
t to this quark
⇒ in the quark numerator L1:

[k1 + (x + ξ)p2] → (x + ξ)p2gluon is soft w.r.t. s-
hannel fermioni
 line ⇒ α1 ≪ 1.
θ = γσ

⊥[/k1 + /p1 + (x − ξ)/p2]γσ⊥ → −2/p1 18/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsOne-loop in semi-eikonal approximationThe dominant 
ontribution 
omes from the gluon pole.on mass shell: dµν = −
X

λ

ǫµ

(λ)ǫ
ν
(λ)The numerator be
omes

(Num)1 = −2(x + ξ)
X

λ

tr
˘
6 p2γµ[6 k1 + (x − ξ) 6 p2] 6 p1 6 p2 6 ǫ(λ)

¯
(−ǫµ

(λ))Sudakov de
omposition of ǫµ

(λ) in p1 gauge → ǫµ

(λ) = ǫµ

⊥(λ) − 2
ǫ⊥(λ)·k⊥1

β1s
pµ
1Summing over the polarizations → P

λ
ǫ⊥(λ) · k⊥1 ǫµ

(λ) =

„

− kµ
⊥1 + 2

k2
⊥1

β1s
pµ
1

«Then (Num)1 =
2(x + ξ)

β1

»
2(x − ξ)

β1
+ 1

–

4 s k2
1

ր ↑ տleft eikonal 
oupling right eikonal 
oupling non eikonal 
orre
tionAfter Cau
hy integration over α1 and 
onsidering only the 1/(β + x− ξ) type of singularities one gets
I1 = −4

2πi

x − ξ

Z ξ−x

0

dβ1

Z
∞

0

dNk1

1

(β1 + x − ξ)

1

k2
1 − (β1 + x − ξ)sThe integration over k and β leads to

Idominant
one loop =

PSfrag repla
ements
−

= −4
2πi

x − ξ + iǫ

1

2!
log2

»
ξ − x

2ξ
− iǫ

– 19/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsTwo-loop in semi-eikonal approximationPSfrag repla
ements
p1 − 2ξ p2 p1

k2

k1
(x + ξ) p2

L1

L2

(x − ξ) p2

R1

R2

S

−→

PSfrag repla
ements

dominant momentum �ow along p2 dire
tionThe log2 terms we are resumming arise from soft-
ollinear singularities :Dominan
e of on-shell gluons 
ontributionsStrong ordering in |ki| and βi

|k2| ≫ |k1| and x ∼ ξ ≫ |β1| ∼ |x − ξ| ≫ |x − ξ + β1| ∼ |β2| and 1 ≫ |α2| ≫ |α1|

20/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsTwo-loop in semi-eikonal approximationThe integral for the 2-loop 
ase is
I2 =

„
s

2

«2 Z

dα1 dβ1 d2k1

Z

dα2 dβ2 d2k2(Num)2
1

L2
1

1

R2
1

1

S2

1

L2
2

1

R2
2

1

k2
1

1

k2
2Using eikonal 
oupling on the left fermioni
 line, the numerator is given as

(Num)2 = −4 s
−2k2

1 (x + ξ)

β1

»

1 +
2(x − ξ)

β1

–
−2k2

2 (x + ξ)

β2

»

1 +
2(β1 + x − ξ)

β2

–

| {z } | {z }gluon 1 gluon 2and the propagators
L2

1 = α1(x + ξ)s , R2
1 = −k2

1 + α1(β1 + x − ξ)s , S2 = −k2
2 + (β1 + β2 + x − ξ)s

L2
2 = α2(x + ξ)s , R2

2 = −k2
2 + α2(β1 + β2 + x − ξ)s ,After integrating over α1 and α2 and using the properties of dimensional regularization

I2 = −4
(2πi)2

x − ξ

Z ξ−x

0

dβ1

Z ξ−x−β1

0

dβ2
1

β1 + x − ξ

1

β1 + β2 + x − ξ

×

Z ∞

0

dNk2

Z ∞

k2
2

dNk1

1

k2
1

1

k2
2 − (β1 + β2 + x − ξ)sIntegrating over βi and ki and using the mat
hing 
ondition, the �nal result is

Ifin.
2 = −4

(2πi)2

x − ξ + iǫ

1

4!
log4

»
ξ − x

2ξ
− iǫ

– 21/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsSuppressed 2-loop diagrams Cross diagramPSfrag repla
ements
p1 − 2ξ p2 p1S

(x + ξ) p2 (x − ξ) p2

k2

k1

L1

L2

R1

R2

The dominant 
ontribution is provided by a strong orderingof transverse momentaof 
ollinear momenta
|k2| ≫ |k1| and x ∼ ξ ≫ |β1| ≫ |β2|Within this ordering:

I = 4s(2πi)2
Z ξ−x

0

dβ1

Z ξ−x−β1

0

dβ2

Z
∞

0

d2k2

Z k2
2

0

d2k1

1

x − ξ

1

k2
2(x − ξ)

1

k2
2

1

k2
2 − (β1 + β2 + x − ξ)sno k1 dependen
e! ⇒ one less power of log(ξ − x)this 
ross diagram does not generate maximal 
ollinear singularity! 22/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsSuppressed 2-loop diagramsLadder diagram with reverse orderingPSfrag repla
ements
k2

k1

−
−

k2
1

k2
2

k2
1

k2
2

k2
2 + ∆

PSfrag repla
ements

k2

k1

−
−

k2
1

k2
1

k2
1

k2
1

k2
1 + ∆

|k1| ≪ |k2| |k2| ≪ |k1|dominates suppressedLeft : natural ordering gives log4(ξ − x). Maximal number of ki for ea
h iRight : reverse ordering gives less powers of log4(ξ − x). No k2!
⇒ Se
ond rule:(ii) Ea
h loop should involve a maximal number of 
ollinear singularities,whi
h manifest themselves as maximal powers of 1/k2

i for ea
h i, afterthe αi integration. 23/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsSuppressed 2-loop diagramsDiagram with gluon 
oupled to the s−
hannel quarkPSfrag repla
ements
k1

k2

k2
2 + ∆ k2

2 + ∆′

k2
2

k2
1

k2
2

−

−

PSfrag repla
ements

k1

k2

k2
2 + ∆

k2
1

k2
2

−

−

k2
1 + ∆′

k2
1

Left: k2
2 ≫ k2

1 : the number of 
ollinear singularities originating from k1 isnot maximal ⇒ violates rule (ii)!Right: k1 ≫ k2 : the virtuality of the upper left fermioni
 propagator is
k2

2 + ∆ where ∆ = −(x − ξ + β2)s. This lowers the level of singularity,again leading to a suppressed 
ontribution.
⇒ Third rule :(iii) Any 
oupling of a gluon to the s−
hannel fermioni
 line leads to asuppressed 
ontribution. 24/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsSuppressed 2-loop diagramsFermion self-energy diagramsPSfrag repla
ements
k2

1 + ∆

k2
1

k2
2

k2
1

k2
1

k1

− k2
−

PSfrag repla
ements

k2
1 + ∆

k2
1

k2
1

k2
1

k2
1

k1

− k2

−

k2
2 ≫ k2

1 k2
2 ≪ k2

1key point : s-
hannel fermion virtuality = k2
1 + ∆, where ∆ = −(x − ξ + β1)s .

∆ does not involve β2 ⇒ redu
es the power of log(ξ − x) after β2 integration
⇒ Fourth rule :(iv) The diagram should be su�
iently non-lo
al in order that the
s−
hannel fermioni
 line involves the whole p2 �ux. 25/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsSuppressed 2-loop diagramsOther suppressed diagrams (rule (ii))PSfrag repla
ements PSfrag repla
ements PSfrag repla
ements

violate the rule:(ii) Ea
h loop should involve a maximal number of 
ollinear singularities,whi
h manifest themselves as maximal powers of 1/k2
i for ea
h i, afterthe αi integration. 26/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsSuppressed 2-loop diagramsOther suppressed diagrams (rule (iii))
PSfrag repla
ements PSfrag repla
ements PSfrag repla
ements

PSfrag repla
ements PSfrag repla
ements

violate the rule:(iii) Any 
oupling of a gluon to the s−
hannel fermioni
 line leads to asuppressed 
ontribution. 27/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsSuppressed 2-loop diagramsOther suppressed diagrams (rule (iv))
PSfrag repla
ements PSfrag repla
ements
PSfrag repla
ements PSfrag repla
ements

violate the rule:(iv) The diagram should be su�
iently non-lo
al in order that the
s−
hannel fermioni
 line involves the whole p2 �ux. 28/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsBeyond the 2-loop levelDominan
e of the ladder-like diagramsThe two-loop analysis showed that only ladder-like diagrams give 
ontributionto α2
s

log4(ξ−x)
x−ξ

terms.Beyond the 2-loop level : re
ursive argument.at 3-loop level the only missing building blo
k is the four-gluon vertexfour-gluon vertex = 
ontra
tion of two 3-gluon (subleading) diagrams withone less propagator.
⇒ this kind of diagrams are also subleadingDress a 2-loop (or n loop) ladder diagram from the right fermioni
 line :only abelian-like diagrams are allowed
an not end on the right fermioni
 line → (lo
al) violates rule (iv)
an not end on the s-
hannel fermioni
 line → violates rule (iii)
rossing of any gluon line is not permitted → violates rule (ii)PSfrag repla
ements ?

⇒ Only ladder-like diagrams are allowed 29/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsComputation of the n-loop ladder-like diagramGeneralisation of the 1- and 2-loop diagrams
PSfrag repla
ements x − ξ + β1 + · · · + βn ,

k⊥1 + · · · + k⊥n

p1 − 2 ξ p2 p1

βn, k⊥ n

βn−1, k⊥ n−1

β1, k⊥1

x + ξ + β1 + · · · + βn,
k⊥1 + · · · + k⊥n

x + ξ + β1 + · · · + βn−1,
k⊥1 + · · · + k⊥n−1

x + ξ + β1, k⊥1

(x + ξ) p2

x − ξ + β1 + · · · + βn,
k⊥1 + · · · + k⊥n

x − ξ + β1 + · · · + βn−1,
k⊥1 + · · · + k⊥n−1

x − ξ + β1, k⊥1

(x − ξ) p2

All gluons areassumed to be onmass shell.Strong ordering in
ki, αi and βi.The dominantmomentum �owsalong p2 areindi
ated 30/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsComputation of the n-loop ladder-like diagramStrong ordering is given as :
|kn| ≫ |kn−1| ≫ · · · ≫ |k1| , 1 ≫ |αn| ≫ |αn−1| ≫ · · · ≫ |α1|

x ∼ ξ ≫ |β1| ∼ |x − ξ| ≫ |x − ξ + β1| ∼ |β2| ≫· · ·≫ |x − ξ + β1 + β2 − · · · + βn−1| ∼ |βn|eikonal 
oupling on the left
oupling on the right goes beyond eikonalIntegral for n-loop:
In =

„
s

2

«n Z

dα1 dβ1 d2k1 · · ·

Z

dαn dβn d2kn (Num)n
1

L2
1

· · ·
1

L2
n

1

S2

1

R2
1

· · ·
1

R2
n

1

k2
1

· · ·
1

k2
nNumerator:

(Num)2 = −4 s
−2k2

1 (x + ξ)

β1

»

1 +
2(x − ξ)

β1

–
−2k2

2 (x + ξ)

β2

»

1 +
2(β1 + x − ξ)

β2

–

· · ·
−2k2

n (x + ξ)

βn

»

1 +
2(βn−1 + · · · + β1 + x − ξ)

βn

–

| {z } | {z } | {z }gluon 1 gluon 2 gluon nPropagators:
L2

1 = α1(x + ξ)s , R2
1 = −k2

1 + α1(β1 + x − ξ)s ,

L2
2 = α2(x + ξ)s , R2

2 = −k2
2 + α2(β1 + β2 + x − ξ)s ,...

L2
n = αn(x + ξ)s , R2

n = −k2
n + αn(β1 + · · · + βn + x − ξ)s , 31/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsComputation of the n-loop ladder-like diagramFinal step
In = −4

(2πi)n

x − ξ

Z ξ−x

0

dβ1 · · ·

Z ξ−x−β1−···−βn−1

0

dβn
1

β1 + x − ξ
· · ·

1

β1 + · · · + βn + x − ξ

×

Z ∞

0

dNkn · · ·

Z ∞

k2
2

dNk1

1

k2
1

· · ·
1

k2
n−1

1

k2
n − (β1 + · · · + βn + x − ξ)sintegration over ki and βi leads to our �nal result :

Ifin.
n = −4

(2πi)n

x − ξ + iǫ

1

(2n)!
log2n

»
ξ − x

2ξ
− iǫ

–Resummation :remember that Kn = − 1
4
e2

q

“

−i CF αs
1

(2π)2

”n

In

 
∞X

n=0

Kn

!

− (x → −x) =
e2

q

x − ξ + iǫ
cosh

»

D log

„
ξ − x

2ξ
− iǫ

«–

− (x → −x)where D =
q

αsCF

2π 32/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsResummed formulaIn
lusion of our resummed formula into the NLO 
oe�
ient fun
tionThe in
lusion pro
edure is not unique and it is natural to propose two 
hoi
es:modifying only the Born term and the log2 part of the Cq
1 and keeping therest of the terms untou
hed :

(T q)res1 =

„
e2

q

x−ξ+iǫ



cosh

»

D log

„

ξ−x

2ξ
− iǫ

«–

− D2

2

»

9 + 3 ξ−x

x+ξ
log

„

ξ−x

2ξ
− iǫ

«–ff

+Cq
coll log

Q2

µ2
F

«

− (x → −x)the resummation e�e
ts are a

ounted for in a multipli
ative way for Cq
0and Cq

1 :
(T q)res2 =

„
e2

q

x−ξ+iǫ
cosh

»

D log

„

ξ−x

2ξ
−iǫ

«–»

1 − D2

2



9 + 3 ξ−x

x+ξ
log

„

ξ−x

2ξ
− iǫ

«ff–

+Cq
coll log

Q2

µ2
F

«

− (x → −x)These resummed formulas di�er through logarithmi
 
ontributions whi
hare beyond the pre
ision of our study. 33/34



Introdu
tion One-loop analysis Two-loop order All-loop analysis Con
lusionsCon
lusionsThe resummation of soft-
ollinear gluon radiation e�e
ts allowed us to geta 
lose all-order formula that modi�es signi�
antly the 
oe�
ient fun
tionin the spe
i�
 region x near ±ξ.Our analysis 
an be used for the gluon 
oe�
ient fun
tion [In progress℄.The measurement of the phenomenologi
al impa
t of this pro
edure onthe data analysis needs further analysis with the implementation ofmodeled generalized parton distributions [ba
kup℄.Our analysis 
ould and should be applied to other pro
esses:TCS [done℄, ex
lusive meson produ
tion, form fa
tors... [In progress℄.A formulation of resummation in our ex
lusive 
ase in terms of(
onformal) moments is not yet available. This would generalize analogousresummation of in
lusive DIS 
ross-se
tion whi
h were performed in termsof Mellin moments.Our one-loop treatment involves a non-symmetri
 treatment for gluonemission. This whole result 
an be obtained based on the Low theorem(known for the Bremsstrahlung in QED) [F. Low 1958 PRD℄:the 
lassi
al radiation is fully extra
ted from the elasti
 amplitude (in our
ase the Born order hand-bag diagram) 34/34



ba
kupPhenomenologi
al impli
ationsWe use a Double Distribution based modelS. V. Goloskokov and P. Kroll, Eur. Phys. J. C 50, 829 (2007)Blind integral in the whole x−range: amplitude = NLO result ± 1%To respe
t the domain of appli
ability of our resummation pro
edure:restri
t the use of our formula to ξ − aγ < |x| < ξ + aγwidth aγ de�ned through |D log(γ/(2ξ))| = 1theoreti
al un
ertainty evaluated by varying aa more pre
ise treatment is beyond the leading logarithmi
 approximation
Ra(ξ)=

[
R ξ+aγ

ξ−aγ
+
R

−ξ+aγ

−ξ−aγ
] dx(Cres − C0 − C1)H(x, ξ, 0)

|
R 1

−1
dx (C0 + C1)H(x, ξ, 0)|

.
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ξ

Re[Ra(ξ)] : bla
k upper 
urves
Im[Ra(ξ)] : grey lower 
urves
a = 1 (solid)
a = 1/2 (dotted)
a = 2 (dashed) 35/34
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