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Ab Initio Determination of
Light Hadron Masses
S. Dürr,1 Z. Fodor,1,2,3 J. Frison,4 C. Hoelbling,2,3,4 R. Hoffmann,2 S. D. Katz,2,3
S. Krieg,2 T. Kurth,2 L. Lellouch,4 T. Lippert,2,5 K. K. Szabo,2 G. Vulvert4
More than 99% of the mass of the visible universe is made up of protons and neutrons. Both
particles are much heavier than their quark and gluon constituents, and the Standard Model of
particle physics should explain this difference. We present a full ab initio calculation of the
masses of protons, neutrons, and other light hadrons, using lattice quantum chromodynamics.
Pion masses down to 190 mega–electron volts are used to extrapolate to the physical point,
with lattice sizes of approximately four times the inverse pion mass. Three lattice spacings are
used for a continuum extrapolation. Our results completely agree with experimental
observations and represent a quantitative confirmation of this aspect of the Standard Model
with fully controlled uncertainties.
he Standard Model of particle physics
predicts a cosmological, quantum chromodynamics (QCD)–related smooth transition between a high-temperature phase dominated
by quarks and gluons and a low-temperature phase
dominated by hadrons. The very large energy densities at the high temperatures of the early universe
have essentially disappeared through expansion
and cooling. Nevertheless, a fraction of this energy
is carried today by quarks and gluons, which are
confined into protons and neutrons. According to
the mass-energy equivalence E = mc2, we experience this energy as mass. Because more than
99% of the mass of ordinary matter comes from
protons and neutrons, and in turn about 95% of
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their mass comes from this confined energy, it is
of fundamental interest to perform a controlled ab
initio calculation based on QCD to determine the
hadron masses.
QCD is a generalized version of quantum electrodynamics (QED), which describes the electromagnetic interactions. The Euclidean Lagrangian
with gauge coupling g and a quark mass of m
can be written as L ¼ −1=ð2g2 ÞTrFmu Fmu þ
y½gm ð∂m þ AmÞ þ my, where Fmn = ∂mAn − ∂nAm +
[Am,An]. In electrodynamics, the gauge potential
Am is a real valued field, whereas in QCD it is a
3 × 3 matrix field. Consequently, the commutator
in Fmn vanishes in QED but not in QCD. The y
fields also have an additional WcolorW index in
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QCD, which runs from 1 to 3. Different WflavorsW
of quarks are represented by independent
fermionic fields, with possibly different masses.
In the work presented here, a full calculation of the
light hadron spectrum in QCD, only three input
parameters are required: the light and strange
quark masses and the coupling g.
The action S of QCD is defined as the fourvolume integral of L. Green's functions are
averages of products of fields over all field configurations, weighted by the Boltzmann factor
exp(−S). A remarkable feature of QCD is asymptotic freedom, which means that for high energies (that is, for energies at least 10 to 100 times
higher than that of a proton at rest), the interaction gets weaker and weaker (1, 2), enabling perturbative calculations based on a small coupling
parameter. Much less is known about the other
side, where the coupling gets large, and the physics describing the interactions becomes nonperturbative. To explore the predictions of QCD in
this nonperturbative regime, the most systematic
approach is to discretize (3) the above Lagrangian
1
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on a hypercubic space-time lattice with spacing a,
to evaluate its Green's functions numerically and
to extrapolate the resulting observables to the continuum (a→0). A convenient way to carry out this
discretization is to place the fermionic variables on
the sites of the lattice, whereas the gauge fields
are treated as 3 × 3 matrices connecting these
sites. In this sense, lattice QCD is a classical fourdimensional statistical physics system.
Calculations have been performed using the
quenched approximation, which assumes that
the fermion determinant (obtained after integrating over the y fields) is independent of the
gauge field. Although this approach omits the
most computationally demanding part of a full
QCD calculation, a thorough determination of
the quenched spectrum took almost 20 years. It

was shown (4) that the quenched theory agreed
with the experimental spectrum to approximately
10% for typical hadron masses and demonstrated
that systematic differences were observed between quenched and two-flavor QCD beyond
that level of precision (4, 5).
Including the effects of the light sea quarks
has dramatically improved the agreement between experiment and lattice QCD results. Five
years ago, a collaboration of collaborations (6)
produced results for many physical quantities
that agreed well with experimental results. Thanks
to continuous progress since then, lattice QCD
calculations can now be performed with light sea
quarks whose masses are very close to their physical values (7) (though in quite small volumes).
Other calculations, which include these sea-quark

Fig. 1. Effective masses
aM = log[C(t/a)/C(t/a +
1)], where C(t/a) is the
correlator at time t, for
p, K, N, X, and W at our
lightest simulation point
with Mp ≈ 190 MeV (a ≈
0.085 fm with physical
strange quark mass). For
every 10th trajectory, the
hadron correlators were
computed with Gaussian
sources and sinks whose
radii are approximately
0.32 fm. The data points
represent mean T SEM.
The horizontal lines indicate the masses T SEM,
obtained by performing
single mass-correlated cosh/sinh fits to the individual hadron correlators with a method similar to that
of (29).

effects in the light hadron spectrum, have also
appeared in the literature (8–16). However, all of
these studies have neglected one or more of the
ingredients required for a full and controlled calculation. The five most important of those are, in
the order that they will be addressed below:
1) The inclusion of the up (u), down (d), and
strange (s) quarks in the fermion determinant
with an exact algorithm and with an action
whose universality class is QCD. For the light
hadron spectrum, the effects of the heavier
charm, bottom, and top quarks are included in
the coupling constant and light quark masses.
2) A complete determination of the masses of
the light ground-state, flavor nonsinglet mesons
and octet and decuplet baryons. Three of these
are used to fix the masses of the isospin-averaged
light (mud) and strange (ms) quark masses and the
overall scale in physical units.
3) Large volumes to guarantee small finitesize effects and at least one data point at a
significantly larger volume to confirm the smallness of these effects. In large volumes, finite-size
corrections to the spectrum are exponentially
small (17, 18). As a conservative rule of thumb,
Mp L > 4, with Mp the pion mass and L the lattice
e
size, guarantees
that finite-volume errors in the
spectrum are around or below the percent level
(19). Resonances require special care. Their finite
volume behavior is more involved. The literature
provides a conceptually satisfactory framework
for these effects (20, 21), which should be included in the analysis.
4) Controlled interpolations and extrapolations of the results to physical mud and ms (or
eventually directly simulating at these mass
values). Although interpolations to physical ms,
corresponding to MK ≅ 495 MeV, are straightforward, the extrapolations to the physical value of

A

B

Fig. 2. Pion mass dependence of the nucleon (N) and W for all three values of
the lattice spacing. (A) Masses normalized by MX, evaluated at the
corresponding simulation points. (B) Masses in physical units. The scale in
this case is set by MX at the physical point. Triangles on dotted lines correspond
to a ≈ 0.125 fm, squares on dashed lines to a ≈ 0.085 fm, and circles on solid
lines to a ≈ 0.065 fm. The points were obtained by interpolating the lattice
results to the physical ms (defined by setting 2 MK2 – Mp2 to its physical value).

The curves are the corresponding fits. The crosses are the continuum
extrapolated values in the physical pion mass limit. The lattice-spacing
dependence of the results is barely significant statistically despite the factor of
3.7 separating the squares of the largest (a ≈ 0.125 fm) and smallest (a ≈
0.065 fm) lattice spacings. The c2/degrees of freedom values of the fits in (A)
are 9.46/14 (W) and 7.10/14 (N), whereas those of the fits in (B) are 10.6/14
(W) and 9.33/14 (N). All data points represent the mean T SEM.
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mud, corresponding to Mp ≅ 135 MeV, are difficult.
They need computationally intensive calculations,
with Mp reaching down to 200 MeV or less.
5) Controlled extrapolations to the continuum limit, requiring that the calculations be
performed at no less than three values of the
lattice spacing, in order to guarantee that the
scaling region is reached.
Our analysis includes all five ingredients
listed above, thus providing a calculation of the
light hadron spectrum with fully controlled systematics as follows.
1) Owing to the key statement from renormalization group theory that higher-dimension,
local operators in the action are irrelevant in the
continuum limit, there is, in principle, an unlimited freedom in choosing a lattice action.
There is no consensus regarding which action
would offer the most cost-effective approach to
the continuum limit and to physical mud. We use
an action that improves both the gauge and
fermionic sectors and heavily suppresses nonphysical, ultraviolet modes (19). We perform a
series of 2 + 1 flavor calculations; that is, we
include degenerate u and d sea quarks and an
additional s sea quark. We fix ms to its approximate physical value. To interpolate to the physical value, four of our simulations were repeated
with a slightly different ms. We vary mud in a
range that extends down to Mp ≈ 190 MeV.
2) QCD does not predict hadron masses in
physical units: Only dimensionless combinations
(such as mass ratios) can be calculated. To set the
overall physical scale, any dimensionful observable can be used. However, practical issues influence this choice. First of all, it should be a
quantity that can be calculated precisely and
whose experimental value is well known. Second, it should have a weak dependence on mud,
so that its chiral behavior does not interfere with
that of other observables. Because we are considering spectral quantities here, these two conditions should guide our choice of the particle
whose mass will set the scale. Furthermore, the
particle should not decay under the strong interaction. On the one hand, the larger the strange
content of the particle, the more precise the mass
determination and the weaker the dependence on
mud. These facts support the use of the W baryon,
the particle with the highest strange content. On
the other hand, the determination of baryon decuplet masses is usually less precise than those of
the octet. This observation would suggest that
the X baryon is appropriate. Because both the
W and X baryon are reasonable choices, we
carry out two analyses, one with MW (the W set)
and one with MX (the X set). We find that for all
three gauge couplings, 6/g2 = 3.3, 3.57, and 3.7,
both quantities give consistent results, namely
a ≈ 0.125, 0.085, and 0.065 fm, respectively. To
fix the bare quark masses, we use the mass ratio
pairs Mp/MW,MK/MW or Mp/MX,MK/MX. We
determine the masses of the baryon octet (N, S,
L, X) and decuplet (D, S*, X*, W) and those
members of the light pseudoscalar (p, K) and
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vector meson (r, K*) octets that do not require
the calculation of disconnected propagators.
Typical effective masses are shown in Fig. 1.
3) Shifts in hadron masses due to the finite
size of the lattice are systematic effects. There
are two different effects, and we took both of
them into account. The first type of volume dependence is related to virtual pion exchange between the different copies of our periodic system,
and it decreases exponentially with Mp L. Using
Mp L > 4 results in masses which coincide, for
e
all practical
purposes, with the infinite volume
results [see results, for example, for pions (22)
and for baryons (23, 24)]. Nevertheless, for one
of our simulation points, we used several volumes and determined the volume dependence,
which was included as a (negligible) correction at
all points (19). The second type of volume dependence exists only for resonances. The coupling between the resonance state and its decay
products leads to a nontrivial-level structure in
finite volume. Based on (20, 21), we calculated
the corrections necessary to reconstruct the resonance masses from the finite volume groundstate energy and included them in the analysis
(19).
4) Though important algorithmic developments have taken place recently [for example

(25, 26) and for our setup (27)], simulating directly at physical mud in large enough volumes,
which would be an obvious choice, is still extremely challenging numerically. Thus, the standard strategy consists of performing calculations
at a number of larger mud and extrapolating the
results to the physical point. To that end, we use
chiral perturbation theory and/or a Taylor expansion around any of our mass points (19).
5) Our three-flavor scaling study (27) showed
that hadron masses deviate from their continuum
values by less than approximately 1% for lattice
spacings up to a ≈ 0.125 fm. Because the statistical errors of the hadron masses calculated in
the present paper are similar in size, we do not
expect significant scaling violations here. This is
confirmed by Fig. 2. Nevertheless, we quantified
and removed possible discretization errors by a
combined analysis using results obtained at three
lattice spacings (19).
We performed two separate analyses, setting
the scale with MX and MW. The results of these
two sets are summarized in Table 1. The X set is
shown in Fig. 3. With both scale-setting procedures, we find that the masses agree with the
hadron spectrum observed in nature (28).
Thus, our study strongly suggests that QCD
is the theory of the strong interaction, at low

Table 1. Spectrum results in giga–electron volts. The statistical (SEM) and systematic uncertainties
on the last digits are given in the first and second set of parentheses, respectively. Experimental
masses are isospin-averaged (19). For each of the isospin multiplets considered, this average is
within at most 3.5 MeV of the masses of all of its members. As expected, the octet masses are more
accurate than the decuplet masses, and the larger the strange content, the more precise is the
result. As a consequence, the D mass determination is the least precise.
X

Experimental (28)

r
K*
N
L
S
X
D
S*
X*
W

0.775
0.894
0.939
1.116
1.191
1.318
1.232
1.385
1.533
1.672

MX (X set)
0.775
0.906
0.936
1.114
1.169
1.318
1.248
1.427
1.565
1.676

(29)
(14)
(25)
(15)
(18)

(13)
(4)
(22)
(5)
(15)

(97)
(46)
(26)
(20)

(61)
(35)
(15)
(15)

Fig. 3. The light hadron
spectrum of QCD. Horizontal lines and bands are
the experimental values
with their decay widths.
Our results are shown by
solid circles. Vertical error
bars represent our combined statistical (SEM) and
systematic error estimates.
p, K, and X have no error
bars, because they are
used to set the light quark
mass, the strange quark
mass and the overall
scale, respectively.
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MX (W set)
0.778
0.907
0.953
1.103
1.157
1.317
1.234
1.404
1.561
1.672

(30)
(15)
(29)
(23)
(25)
(16)
(82)
(38)
(15)

(33)
(8)
(19)
(10)
(15)
(13)
(81)
(27)
(15)
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4D Imaging of Transient Structures
and Morphologies in Ultrafast
Electron Microscopy
Brett Barwick, Hyun Soon Park, Oh-Hoon Kwon, J. Spencer Baskin, Ahmed H. Zewail*
With advances in spatial resolution reaching the atomic scale, two-dimensional (2D) and 3D
imaging in electron microscopy has become an essential methodology in various fields of study.
Here, we report 4D imaging, with in situ spatiotemporal resolutions, in ultrafast electron
microscopy (UEM). The ability to capture selected-area-image dynamics with pixel resolution and to
control the time separation between pulses for temporal cooling of the specimen made possible
studies of fleeting structures and morphologies. We demonstrate the potential for applications with
two examples, gold and graphite. For gold, after thermally induced stress, we determined the
atomic structural expansion, the nonthermal lattice temperature, and the ultrafast transients of
warping/bulging. In contrast, in graphite, striking coherent transients of the structure were
observed in both image and diffraction, directly measuring, on the nanoscale, the longitudinal
resonance period governed by Young’s elastic modulus. The success of these studies demonstrates
the promise of UEM in real-space imaging of dynamics.
lectrons, because of their wave-particle
duality, can be accelerated to have picometer wavelength and focused to image
in real space (1). With the impressive advances
made in transmission electron microscopy (TEM),
augmented by scanning and aberration-correction
features, it is now possible to image with high
resolution (2–7), reaching the sub-angstrom scale.
Together with the progress made in electron crystallography, tomography, and single-particle imaging (8–13), today the electron microscope in
different variants of two-dimensional (2D) and
3D recordings has become a central tool in many
fields, from materials science to biology (14–16).
For all conventional microscopes, the electrons
are generated either thermally by heating the
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cathode or by field emission, and as such the
electron beam is made of random single-electron
bursts with no control over the temporal behavior. In these microscopes, time resolution of
milliseconds or longer, being limited by the video
rate of the detector, can be achieved, while maintaining the high spatial resolution, as demonstrated in environmental-TEM studies (17).
Ultrafast imaging, using pulsed photoelectron
packets, provides opportunities for studying, in
real space, the elementary processes of structural
and morphological changes. In electron diffraction, ultrashort time resolution is possible (18),
but the data are recorded in reciprocal space.
With nanosecond and submicron image resolutions (19, 20) limited by space charge, ultrashort
processes cannot be observed. To achieve ultrafast resolution in microscopy, the concept of
single-electron pulse imaging (18) was realized
as a key to the elimination of the Coulomb
repulsion between electrons while maintaining
the high temporal and spatial resolutions. As long
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as the number of electrons in each pulse is below
the space-charge limit, the packet can have a few
or tens of electrons, and the temporal resolution is
still determined by the femtosecond (fs) optical
pulse duration and the energy uncertainty, which
is also on the fs time scale (21), and the spatial
resolution is atomic scale (22). However, the goal
of full-scale dynamic imaging can be attained
only when, in the microscope, the problems of in
situ high-spatiotemporal resolution for selected
image areas and of heat dissipation (for reversible
processes) are overcome.
Here, we present the methodology of ultrafast imaging with applications in studies of
structural and morphological changes in singlecrystal gold and graphite films, which exhibit
entirely different dynamics. For both, the changes
were initiated by in situ fs impulsive heating,
while image frames and diffraction patterns were
recorded in the microscope at well-defined times
after the temperature jump. The time axis in the
microscope is independent of the response time
of the detector, and it is established using a
variable delay-line arrangement; a 1-mm change
in optical path of the initiating (clocking) pulse
corresponds to a time step of 3.3 fs.
Shown in Fig. 1 is a picture of the secondgeneration ultrafast electron microscope (UEM-2)
built at the California Institute of Technology
(Caltech). The integration of two laser systems
to a modified electron microscope is indicated in
the figure, together with a representative image
showing the resolution of a 3.4 Å lattice spacing
obtained in UEM without the field-emissiongun (FEG) arrangement of conventional TEM.
In the figure, the fs laser system is used to generate the single-electron packets, whereas the ns
laser system was used for both single-shot and
stroboscopic recordings (23). In the single-electron
mode of operation, as in UEM-1 (24), the coherence volume is well defined and appropriate
for image formation in repetitive events (25). The
dynamics are fully reversible, retracing an identical evolution after each initiating laser pulse; each
image is constructed stroboscopically, in seconds,
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energies as well, and furthermore that lattice
studies have reached the stage where all systematic errors can be fully controlled. This will
prove important in the forthcoming era in which
lattice calculations will play a vital role in
unraveling possible new physics from processes
that are interlaced with QCD effects.
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