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Dirac gamma matrices

γ0 =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 , γ1 =


0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0

 ,

γ2 =


0 0 0 −i
0 0 i 0
0 i 0 0
−i 0 0 0

 , γ3 =


0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0

 .

γaγb + γbγa = 2ηab1, a, b = 0, 1, 2, 3.

η = ‖ηab‖ = diag(1,−1,−1,−1).

Dirac P.A.M., Proc. Roy. Soc. Lond. A117 (1928).

Dirac P.A.M., Proc. Roy. Soc. Lond. A118 (1928).

Dmitry Shirokov Paris, France 2016 2 / 19



Pauli's fundamental theorem

Theorem (Pauli)

Consider 2 sets of square complex matrices

γa, βa, a = 1, 2, 3, 4.

of size 4. Let these 2 sets satisfy the following conditions

γaγb + γbγa = 2ηab1, η = diag(1,−1,−1,−1),

βaβb + βbβa = 2ηab1.

Then there exists a unique (up to multiplication by a complex constant) complex
matrix T such that

γa = T−1βaT , a = 1, 2, 3, 4.

W.Pauli, Contributions mathematiques a la theorie des matrices de Dirac,
Ann. Inst. Henri Poincare 6, (1936).
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Cli�ord algebras C̀ R(p, q) and C̀ C(p, q) = C⊗ C̀ R(p, q)

linear spaceE overR, dimE = 2n, basis: {e, ea1 , ea1a2 , . . . , e1...n},
1 ≤ a1 < · · · < ak ≤ n, multiplication:

1 distributivity, associativity, e - identity element,
2 ea1 . . . eak = ea1...ak , 1 ≤ a1 < · · · < ak ≤ n,
3 eaeb +ebea = 2ηabe, η = ||ηab|| = diag(1, . . . , 1︸ ︷︷ ︸

p

,−1, . . . ,−1︸ ︷︷ ︸
q

), p+q = n.

C̀ (p, q) 3 U = ue +
∑
a

uae
a +

∑
a<b

uabe
ab + · · ·+ u1...ne

1...n = uAe
A.

C̀ (p, q) =
n⊕

k=0

C̀ k(p, q), C̀ k(p, q) = {
∑
|A|=k

uAe
A}.

C̀ (p, q) = C̀ Even(p, q)⊕ C̀ Odd(p, q),

C̀ Even(p, q) =
⊕

k−even

C̀ k(p, q), C̀ Odd(p, q) =
⊕

k−odd

C̀ k(p, q).
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Theorem

cenC̀ (p, q) =

{
C̀ 0(p, q), if n - even;
C̀ 0(p, q)⊕ C̀ n(p, q), if n - odd.

Theorem (Cartan 1908, Bott 1960)

C̀ R(p, q) '



Mat(2
n
2 ,R), if p − q ≡ 0; 2 mod 8;

Mat(2
n−1

2 ,R)⊕Mat(2
n−1

2 ,R), if p − q ≡ 1 mod 8;

Mat(2
n−1

2 ,C), if p − q ≡ 3; 7 mod 8;

Mat(2
n−2

2 ,H), if p − q ≡ 4; 6 mod 8;

Mat(2
n−3

2 ,H)⊕Mat(2
n−3

2 ,H), if p − q ≡ 5 mod 8.

Theorem

C̀ C(p, q) '
{

Mat(2
n
2 ,C), if n - even;

Mat(2
n−1

2 ,C)⊕Mat(2
n−1

2 ,C), if n - odd.
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Let the set of Cli�ord algebra elements satis�es the conditions

βa ∈ C̀ (p, q), βaβb + βbβa = 2ηabe.

Then the set
γa = T−1βaT , ∀ invertibleT ∈ C̀ (p, q)

satis�es the conditions
γaγb + γbγa = 2ηabe.

Really,
γaγb + γbγa = T−1βaTT−1βbT + T−1βbTT−1βaT =

= T−1(βaβb + βbβa)T = T−12ηabeT = 2ηabe.
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Theorem (Case of even n)

Consider real (or complexi�ed) Cli�ord algebra C̀ (p, q) of even dimension
n = p + q. Let the following 2 sets of Cli�ord algebra elements
γa, βa, a = 1, 2, . . . , n satisfy conditions

γaγb + γbγa = 2ηabe, βaβb + βbβa = 2ηabe.

Then both sets of elements generate bases of Cli�ord algebra and there exists a
unique (up to multiplication by a real (complex) constant) element T ∈ C̀ (p, q)
such that

γa = T−1βaT , ∀a = 1, . . . , n.

Moreover, we can always �nd this element T in the form

T =
∑
A

βAFγA, γA = (γA)−1

where F is any element of a set

1) {γA,A ∈ IEven} ifβ1...n 6= −γ1...n; 2) {γA,A ∈ IOdd} ifβ1...n 6= γ1...n

such that corresponding T is nonzero T 6= 0.
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Case of even n in matrix formalism

Theorem

Let n - even and 2 sets of square matrices γa, βa, a = 1, 2, . . . , n satisfy conditions

γaγb + γbγa = 2ηab1, βaβb + βbβa = 2ηab1.

If matrices are complex of the order 2
n
2 , then there exists a unique (up to a

complex constant) matrix T such that

If signature is p − q ≡ 0, 2 mod 8 and matrices are real of the order 2
n
2 , then

there exists a unique (up to a real constant) matrix T such that

If signature is p − q ≡ 4, 6 mod 8 and matrices are over the quaternions of

the order 2
n−2

2 , then there exists a unique (up to a real constant) matrix T
such that

γa = T−1βaT , a = 1, . . . n.
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The case of odd n

Example 1: C̀ R(2, 1) ' Mat(2,R)⊕Mat(2,R) with generators e1, e2, e3. We can
take

γ1 = e1, γ2 = e2, γ3 = e1e2.

Then γaγb + γbγa = 2ηab1. Elements γ1, γ2, γ3 generate not C̀ R(2, 1), but
generate C̀ R(2, 0) ' Mat(2,R).
Example 2: C̀ R(3, 0) ' Mat(2,C) with generators e1, e2, e3.

β1 = σ1 =

(
0 1
1 0

)
, β2 = σ2 =

(
0 −i
i 0

)
, β3 = σ3 =

(
1 0
0 −1

)
.

γa = −σa, a = 1, 2, 3.

Then γ123 = −β123. Suppose, that we have such T ∈ GL(2,C) that
γa = T−1βaT . Then

γ123 = T−1β1TT−1β2TT−1β3T = T−1β1β3β3T = β123

and we obtain a contradiction (we use that β123 = σ123 = i

(
1 0
0 1

)
= i1).

But we have such element T = 1 that γa = −T−1βaT .
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Theorem

Consider real (or complexi�ed) Cli�ord algebra C̀ (p, q) of odd dimension
n = p + q. Let the following 2 sets of Cli�ord algebra elements
γa, βa, a = 1, 2, . . . , n satisfy conditions

γaγb + γbγa = 2ηabe, βaβb + βbβa = 2ηabe.

Then in the case of Cli�ord algebra C̀ (p, q) of signature p − q ≡ 1 mod 4
elements γ1...n and β1...n equals ±e1...n and then corresponding sets generate
bases of Cli�ord algebra or equals ±e and then corresponding sets don't generate
bases.
In the case of Cli�ord algebra C̀ (p, q) of signature p − q ≡ 3 mod 4 elements
γ1...n and β1...n equals ±e1...n, and then corresponding sets generate bases of
Cli�ord algebra or (only for C̀ C(p, q)) equals ±ie and then corresponding sets
don't generate bases.
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There exists a unique (up to a invertible element of Cli�ord algebra center)
element T such that

1) γa = T−1βaT , ∀a = 1, . . . , n ⇔ β1...n = γ1...n,

2) γa = −T−1βaT , ∀a = 1, . . . , n ⇔ β1...n = −γ1...n,
3) γa = e1...nT−1βaT , ∀a = 1, . . . , n ⇔ β1...n = e1...nγ1...n,

4) γa = −e1...nT−1βaT , ∀a = 1, . . . , n ⇔ β1...n = −e1...nγ1...n,
5) γa = ie1...nT−1βaT , ∀a = 1, . . . , n ⇔ β1...n = ie1...nγ1...n,

6) γa = −ie1...nT−1βaT , ∀a = 1, . . . , n ⇔ β1...n = −ie1...nγ1...n.

Note, that all 6 cases can be written in the form γa = (β1...nγ1...n)T−1βaT .

Dmitry Shirokov Paris, France 2016 11 / 19



Moreover, in the case of real Cli�ord algebra C̀ R(p, q) of signature p − q ≡ 3
mod 4 we can always �nd this element T in the form∑

A∈IEven

βAFγA,

where F is any element of the set

γA, A ∈ IEven,

such that corresponding T is nonzero T 6= 0.
In the case of real Cli�ord algebra C̀ R(p, q) of signature p − q ≡ 1 mod 4 and
complexi�ed Cli�ord algebra C̀ C(p, q) we can always �nd this element T in the
form ∑

A∈IEven

βAFγA,

where F is one of the elements of the set

γA + γB , A,B ∈ IEven.
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Cli�ord �eld vectors

Rp,q, p + q = n, η = ‖ηµν‖, µ, ν = 1, . . . , n

xµ → x́µ = pµν x
ν , O(p, q) = {P = ‖pµν ‖ ∈ Mat(n,R) : PTηP = η}.

Tensor �elds with values in Cli�ord algebra: Uµ1...µr
ν1...νs ∈ C̀ (p, q)Tr

s where
components Uµ1...µr

ν1...νs are considered as functions Rp,q → C̀ (p, q).
If hµ = hµ(x) are components of vector �eld with values in C̀ (p, q)

hµ(x) = uµ(x)e + uµa (x)ea +
∑
a1<a2

uµa1a2(x)ea1a2 + . . .+ uµ1...n(x)e1...n,

that satisfy the following relations:

hµ(x)hν(x) + hν(x)hµ(x) = 2ηµνe, µ, ν = 1, . . . , n (1)

for any ∀x ∈ Rp,q and the condition

π0(h1 . . . hn) = 0, (2)

then the vector hµ ∈ C̀ (p, q)T1 is called a Cli�ord �eld vector.
We call an algebra with the basis {e, hµ, hµν , . . . , h1...n} an algebra of h-forms
C̀ [h](p, q). It is a generalization of the Atiyah-K�ahler algebra.

U = ue +
n∑

k=1

∑
ν1<...<νk

uν1...νkh
ν1 . . . hνk ∈ C̀ [h](p, q).
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Theorem (Local generalized Pauli's theorem in the case of even n)

Let n be even number and ha = ha(x), a = 1, . . . , n are functions Ω→ C̀ (p, q) of
class C k(Ω) such that

ha(x)hb(x) + hb(x)ha(x) = 2ηabe, a, b = 1, . . . , n, ∀x ∈ Ω.

Then for any x0 ∈ Ω there exists ε > 0 and there exists a function
T = T (x) : Oε(x0)→ C̀ (p, q), satisfying the conditions

1 T (x) � function of class C k(Oε(x0));

2 T (x) � an invertible element of Cli�ord algebra C̀ (p, q) for any x ∈ Oε(x0);

3 ea = T−1(x)ha(x)T (x), a = 1, . . . , n, ∀x ∈ Oε(x0);

4 The function T (x) is de�ned up to multiplication by (real in the case
C̀ R(p, q) or complex in the case C̀ C(p, q)) function of class C k(Oε(x0)) that
is not equal to zero for any point of Oε(x0).
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Primitive �eld equation, gauge invariance

Lie algebra: C̀ s(p, q) = C̀ (p, q) \ cenC̀ (p, q).

Theorem

Let hν ∈ C̀ s(p, q)T1 be a Cli�ord �eld vector and Cµ ∈ C̀ s(p, q)T1 satisfy the
primitive �eld equation

∂µhρ − [Cµ, hρ] = 0, ∀µ, ρ = 1, . . . , n.

Let S : Rp,q → C̀ ×(p, q) be a function with values in C̀ ×(p, q) such that

S−1∂µS ∈ C̀ s(p, q)T1.

Then, the following components of covectors

h́ρ = S−1hρS ∈ C̀ s(p, q)T1, Ćµ = S−1CµS − S−1∂µS ∈ C̀ s(p, q)T1

also satisfy the equation

∂µh́ρ − [Ćµ, h́ρ] = 0, ∀µ, ρ = 1, . . . , n.
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General solution of primitive �eld equation

Theorem

Let hν ∈ C̀ s(p, q)T1 be a Cli�ord �eld vector and Cµ ∈ C̀ s(p, q)T1. Then the
following two systems of equations are equivalent:

∂µhρ − [Cµ, hρ] = 0, µ, ρ = 1, . . . , n ⇔ Cµ =
ń∑

k=1

µkπ[h]k((∂µh
ρ)hρ), (3)

where ń = n for even n, ń = n − 1 for odd n and

µk =
1

n − (−1)k(n − 2k)
.

In the case n = 2

Cµ =
2∑

k=1

µkπ[h]k((∂µh
ρ)hρ) =

1

2
π[h]1((∂µh

ρ)hρ) +
1

4
π[h]2((∂µh

ρ)hρ)

=
1

2
(∂µh

ρ)hρ −
1

16
hα(∂µh

ρ)hρhα −
3

32
hβhα(∂µh

ρ)hρhαhβ .
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In the case n = 3

Cµ =
2∑

k=1

µkπ[h]k((∂µh
ρ)hρ) =

1

4
π[h]1((∂µh

ρ)hρ) +
1

4
π[h]2((∂µh

ρ)hρ)

=
1

4
π[h]12((∂µh

ρ)hρ) =
3

16
(∂µh

ρ)hρ −
1

16
hα(∂µh

ρ)hρhα.

In the case n = 4

Cµ =
4∑

k=1

µkπ[h]k((∂µh
ρ)hρ) =

1

6
π[h]1((∂µh

ρ)hρ) +
1

4
π[h]2((∂µh

ρ)hρ)

+
1

2
π[h]3((∂µh

ρ)hρ) +
1

8
π[h]4((∂µh

ρ)hρ)

=
1

4
(∂µh

ρ)hρ +
67

576
hα(∂µh

ρ)hρhα +
73

2304
hβhα(∂µh

ρ)hρhαhβ

− 19

2304
hγhβhα(∂µh

ρ)hρhαhβhγ −
25

9216
hδhγhβhα(∂µh

ρ)hρhαhβhγhδ.
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Global Pauli's theorem and primitive �eld equation

Example: n = 2, (p, q) = (2, 0), γa = ea, βa = ha(x), a = 1, 2.
From ∂µeρ − [Cµ, eρ] = 0 we obtain Cµ = 0. From ∂µhρ − [Ćµ, hρ] = 0 in

particular case hµ = uµa (x)ea ∈ C̀ 1(p, q) we obtain Ćµ = 1
4

(∂µh
ρ)hρ.

Using gauge invariance

h́ρ = S−1eρS , Ćµ = S−1CµS − S−1∂µS

we obtain equation Ćµ = −S−1∂µS or ∂µ(S−1) = ĆµS
−1.

If

h1(x) = cosϕ(x)e1 + sinϕ(x)e2, h2(x) = −sinϕ(x)e1 + cosϕ(x)e2,

then

Ćµ =
1

4
(∂µh

ρ)hρ = −∂µϕ
2

e12.

We obtain ∂µ(S−1) = −∂µϕ
2

e12S−1 and S−1 = exp(−ϕ
2
e12)C , C ∈ C̀ (p, q).

Finally,

S(x) = exp(
ϕ

2
e12) = cos

ϕ

2
e + sin

ϕ

2
e12, hρ(x) = S−1(x)eρS(x).
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