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Dirac gamma matrices
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VP 4 4Py =291, a,b=0,1,2,3.

n= ||773bH = dlag(17 _17 _17 _1)

[d Dirac P.A.M., Proc. Roy. Soc. Lond. A117 (1928).

[@ Dirac P.A.M., Proc. Roy. Soc. Lond. A118 (1928).
Paris, France 2016 2/ 19



Pauli's fundamental theorem

Theorem (Pauli)

Consider 2 sets of square complex matrices
737 /337 a:172?374'
of size 4. Let these 2 sets satisfy the following conditions

VP +4Py = 21, p=diag(l,-1,-1,-1),
ﬁaﬁb‘i',BbBa _ 2nab1.

Then there exists a unique (up to multiplication by a complex constant) complex
matrix T such that

V=T8T, a=1234

[3 W.Pauli, Contributions mathematiques a la theorie des matrices de Dirac,
Ann. Inst. Henri Poincare 6, (1936).
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Clifford algebras C/%(p, q) and C/%(p, q) = C @ C®(p, q)

linear space EoverR, dimE =2" basis: {e,e™* e
1<ay<---<ak<n, multiplication:
@ distributivity, associativity, e - identity element,
Q e%1... e% = et 3, 1<a<---<ae<n,
Q el tele? = 2175"6, n = ||n?*|| = diag(1,...,1,-1,...
\‘,_/

q

Cl(p,q) > U=uve+ Z uze? + Z Uap€® 4 -+ up et

a<b

ai1az
g

771)7

= uAeA.

9) =P clp.q).  Clp.q)={ uae*}
k=0

|A|l=k
Cg(p7 ) = CgEven(p7 q) S Cg()dd(p, q)a

Cliven(P,q) = €D Culp.@),  Cloaa(p,q) = €D Cl(p,q)

k—even k—odd
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Theorem

[ C(p. q), if n - even;
cenCl(p, q) = { Clo(p,q) ®Clu(p,q), ifn - odd.

Theorem (Cartan 1908, Bott 1960)

Mat(2§ R) ifp—qg=0;2 mod 8;
R)® Mat(2" ,R), ifp—qg=1 mod 8;
C®(p,q) ~ { Mat(2" ,(C), ifp—q=3;7 mod 8;
Mat (22 ,]HI), ifp—qg=4,6 mod8;
Mat(2"2",H) & Mat(2"2",H), ifp—q=5 mod 8.
Theorem
Mat(22,C) if n - even;
C ~ —’1 ’ n—1
&P, q) = { Mat(22",C) & Mat(2°2,C), ifn - odd.

Paris, Franca 2016 5/ 19



Let the set of Clifford algebra elements satisfies the conditions
B eClp,q),  BB°+B°B7 = 2ne.

Then the set
N2 =T8T, Vinvertible T € Cl(p, q)

satisfies the conditions
’Ya’Yb + ’Yb’}/a _ 2nabe.

Really,
,Ya,yb + ,_yb,_ya — T*lﬁa TT*lﬁb T =+ T*lﬁb TTflﬁa T =

_ Tfl(ﬁaﬂb +ﬂbﬂa)7— _ TflznabeT _ 2nabe'
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Theorem (Case of even n)

Consider real (or complexified) Clifford algebra C/(p, q) of even dimension
n= p+ q. Let the following 2 sets of Clifford algebra elements
v, 52, a=1,2,...,n satisfy conditions

’Ya’Yb + ’)/b’}’a _ 2,’7abe7 5aBb + 5b5a _ 2773be.

Then both sets of elements generate bases of Clifford algebra and there exists a
unique (up to multiplication by a real (complex) constant) element T € C/(p, q)
such that

v =T8T, Va=1,...,n.

Moreover, we can always find this element T in the form

T=> BFya  va=0(""
A

where F is any element of a set

1) {'VA7A c IEven} Ifﬁln 7& —’}/1'“”; 2) {’7A7A € IOdd} Ifﬁln 7& Pyl...n

such that corresponding T is nonzero T # 0.
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Case of even n in matrix formalism

Theorem

Let n - even and 2 sets of square matrices v°, 3%, a = 1,2, ..., n satisfy conditions
73717 + ,beya _ 2nab1, 5aﬂb + ﬁbﬂa _ 2772b1.

o If matrices are complex of the order 22, then there exists a unique (up to a
complex constant) matrix T such that

o If signature is p — q = 0,2 mod 8 and matrices are real of the order 2%, then
there exists a unique (up to a real constant) matrix T such that

o If signature is p — q = 4,6 mod 8 and matrices are over the quaternions of

the order 2°%", then there exists a unique (up to a real constant) matrix T
such that

v =T8T, a=1,...n.
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N
The case of odd n

Example 1: C/®(2,1) ~ Mat(2, R) & Mat(2,R) with generators e, e?, e3. We can
take

— el A2 =2 A3 = ele?,

Then 27?4 vP42 = 2?1, Elements 71, 72,73 generate not C/%(2,1), but
generate C/%(2,0) ~ Mat(2, R).
Example 2: C€R( ,0) ~ Mat(2,C) with generators e', €2, &3.

1

0

ﬁl :0_1 _ <
v = —0o?, a=1,223.

Then 123 = — 3123 Suppose, that we have such T € GL(2,C) that
~? = T7182T. Then

123
~

=3

I—low

T71B1 TT7152 TT7153 T = T716163ﬁ3 T = /6123
and we obtain a contradiction (we use that 51?3 = ¢123 = j ( (1) (1) ) =il).

But we have such element T =1 that v = —T 132 T.
Pars, France 2016 919



Theorem

Consider real (or complexitied) Clifford algebra C{(p, q) of odd dimension
n= p+ q. Let the following 2 sets of Clifford algebra elements

~2, B2, a=1,2,..., n satisfy conditions

')/a')/b + ,Yb,ya _ 2773be7 ﬂa,Bb + 6bIBa _ 2nabe.

Then in the case of Clifford algebra Cl(p, q) of signature p— g =1 mod 4
elements v*" and B'" equals =e'*" and then corresponding sets generate
bases of Clifford algebra or equals +e and then corresponding sets don't generate
bases.

In the case of Clifford algebra Cl(p, q) of signature p — g = 3 mod 4 elements
At and B1+" equals +e'", and then corresponding sets generate bases of
Clifford algebra or (only for C¢®(p, q)) equals +ie and then corresponding sets
don't generate bases.
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There exists a unique (up to a invertible element of Clifford algebra center)
element T such that

P=T7PT, Va=1,...,n &  phl=ybn

1) =

2) A =-T7'BT, Va=1,....n & "=

3) ,ya — el'""T_lﬂaT, Va = 1,...,[7 PN Bl...n — e1...n,}/1..,n7

4) ,ya: —el'“nT_lﬂaT, Vg = 1,.“7,7 o Bl...n — _el...n,yl...n’
5) ,ya _ I-el...n Tflﬁa T, Va = 17 con o 61.‘.n _ I-el...n,yl...n’

6) =—ie""TTIET,  Va=1,...,n & L= —jelylen

Note, that all 6 cases can be written in the form 72 = (8%, ,)T13°T.
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Moreover, in the case of real Clifford algebra C/%(p, q) of signature p — g =3
mod 4 we can always find this element T in the form

> BAFra,

AEZEven

where F is any element of the set

,)/A, Ac IEvena

such that corresponding T is nonzero T # 0.
In the case of real Clifford algebra C/%(p, q) of signature p — g = 1 mod 4 and
complexified Clifford algebra C/(p, q) we can always find this element T in the

form
Z BAF’VAa

A€TgRven

where F is one of the elements of the set

7A+’YB) AvB e-,Z'-Even-
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N
Clifford field vectors

Rp,q’ p+qg=n, 77:”77le3 u,l/:1,...,n
Xt — X = ptx”,  O(p,q) = {P =|p"| € Mat(n,R) : PTnP =n}.
Tensor fields with values in Clifford algebra: UL +t'» € Cl(p, q)T; where
components UL/ are considered as functions RP9 — C/(p, q).
If h* = h*(x) are components of vector field with values in C(p, q)

W(x) = u(x)e + uf (x)e + D uho, (x)e™ ™+ (x)et ",
ag<az

that satisfy the following relations:

R (x)h" (x) + A (x)h*(x) =2n""e, p,v=1,...,n (1)
for any Vx € RP-9 and the condition
mo(h*...A") =0, (2)
then the vector h* € C/(p, q)T" is called a Clifford field vector.
We call an algebra with the basis {e, h*, h*V ... h'“"} an algebra of h-forms

Cllh](p, q). It is a generalization of the Atiyah-K&hler algebra.
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Theorem (Local generalized Pauli’s theorem in the case of even n)

Let n be even number and h® = h®(x), a=1,..., n are functions Q — Cl(p, q) of
class C*(Q) such that

h*(x)hP(x) 4+ hP(x)h*(x) = 2n?Pe, a,b=1,...,n, Vx€Q.

Then for any xg € Q there exists € > 0 and there exists a function
T = T(x): O.(x0) — Cl(p, q), satisfying the conditions
@ T(x) — function of class CK(O.(x0));
@ T(x) — an invertible element of Clifford algebra C{(p, q) for any x € O:(xg);
Q =T Y x)h(x)T(x), a=1,...,n, Vx € O-(x);
@ The function T(x) is defined up to multiplication by (real in the case

Cl®(p, q) or complex in the case C/“(p, q)) function of class C*(0O.(xo)) that
is not equal to zero for any point of O:(xp).

v
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-
Primitive field equation, gauge invariance

Lie algebra: Clg(p, q) = Cl(p, q) \ cenCl(p, q).

Theorem

Let h* € Clg(p, q)T* be a Clifford field vector and C,, € Clg(p, q)T1 satisfy the
primitive field equation

Ouh, —[Cu,hpl =0, Vu,p=1,...,n.
Let S : RP9 — C0*(p, q) be a function with values in C*(p, q) such that
5719,S € Ug(p, q)Ts.
Then, the following components of covectors
h,=S"h,S € Ue(p,q)T1, C.=S"1C.S—5719,S¢eUs(p,q)Ts

also satisfy the equation

3th—[C“,hp]:0, Vu,p=1,...,n.
v
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General solution of primitive field equation

Theorem

Let h” € Clg(p, q)T* be a Clifford field vector and C,, € (lg(p, q)T1. Then the
following two systems of equations are equivalent:

8,uhp - [C,uv hp] = Oa .uap = 13 R} n < C,LL = Zukﬁ[h]k((aﬂhp)hp)7 (3)
k=1

where i = n for even n, i =n — 1 for odd n and

_ 1
Pk T (C)*(n — 2k) |
In the case n =2
Cu= 3 el hl((B,h ) = SlBL (D)) + 3[R (D))
k=1

1 1, 3 5.0
= 50uh"Yhy = 26 h* (0’ )hpha - 3—2h5h (0uh?)hyho hg.
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In the case n =3

= 3 el B(@,4)hy) = GBI (@h)h,) + rlb((0,h)hy)

k=1

= %W[h]u((auhp)hp) = %(auhp)hp - %ha(auhp)hph
In the case n =4
Co = > wenlble(Bh*)h,) = Glhla(8,4)h,) + Z7lhla((D,h)h,)
k=1

+5w[h13((auhﬂ>hp) + 5l ((0,0)hy)

67 73
h*)h,ha
576 H(Ouh’) * 2304 2304

——h h?h*(8,h*)hyhahshy — 9216h‘sh”’hﬁh"‘(aﬂhp)hphahgh,yh(;.

- (a hP)hy + ——

19
2304

hP? h*(8,,h*)h,hahp
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Global Pauli’s theorem and primitive field equation

Example: n =2, (p,q) = (2,0), v* =€, 3% = h?(x), a= L2
From 0,e, — [Cy, e,] = 0 we obtain C, = 0. From 9, h, — [C,, h,] =0 in
particular case h* = u(x)e® € Cl1(p, q) we obtain C, = 3(0,h")h,,.
Using gauge invariance

h,=51eS, C,=51CS-519,S

we obtain equation C, = —$719,S or 9,(S7*) = C, S .
If

h*(x) = cosp(x)et + sinp(x)e?, h?(x) = —singp(x)e’ + cosp(x)e?,
then

.1
Cu = 7 (0uh*)h, = —6;—%12.

We obtain 9,(57t) = —3;—“’&25—1 and S7 =exp(5£e?)C, Cel(p.q).
Finally,

S(x) = exp(%elz) = cos%e + sin%elz, h*(x) = S~ (x)e”S(x).
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